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This volume is dedicated to Oleg Viro on the occasion of his 60th birthday.
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Preface

Encounters between the fields of analysis, geometry, and topology are widespread
and often provide major impetus for breakthroughs in these domains. Recent de-
velopments in low-dimensional topology, algebraic geometry, symplectic geometry,
complex analysis, and tropical geometry are so rich with impressive examples that
any attempt to reflect a major portion of them in a single volume would be too
ambitious.

For example, recent exciting progress in low-dimensional topology and geometry
would have been unthinkable without powerful techniques from analysis; new
achievements in topology and symplectic geometry have been influencing complex
analysis; methods of tropical geometry are being used in algebraic geometry, sta-
tistical physics, and complex analysis; differential equations coming from complex
analysis have applications in algebraic geometry.

The variety of topics presented by leading experts in this volume should
nonetheless give some sense of recent developments in these fields and their
interactions with one another.

A Marcus Wallenberg Symposium on Perspectives in Analysis, Geometry, and
Topology was held at Stockholm University in May 2008. The choice of subjects for
this symposium and this volume was motivated by the work and the mathematical
interests of Oleg Viro, to whom the symposium and this collection are dedicated.
As a mathematician with broad education and interests, Viro has a deep feeling
for the unity of mathematics. Viro is famous for fundamental results in several
areas of geometry and topology. As a professor at Uppsala University, Viro has
made invaluable contributions to Swedish research by complementing the country’s
longstanding tradition in analysis with his own renowned expertise in geometry and
topology.

ix






A Glimpse into Viro’s Work

Oleg Viro graduated from the Leningrad (now St. Petersburg) school of topology,
one of the strongest that ever existed. He defended his PhD thesis in 1974 under the
supervision of V. A. Rokhlin, the founder and head of this school.

Viro’s first publications date back to his undergraduate years. They are devoted to
branched coverings and braids. He proved that any closed orientable 3-manifold of
genus two is a two-fold branched covering of the three-dimensional sphere branched
over a link with three bridges (this was proved independently by J. Birman and
H. Hilden).

Viro’s results on branched coverings also include interpretations of the signature
invariants of a link of codimension 2 as signature invariants of cyclic branched
covering spaces of a ball, and estimates for the slice genus of links and the genus of
non-locally-flat surfaces in 4-manifolds.

During the year of Viro’s thesis defense, Rokhlin was stricken with a severe
heart attack, and Viro, then 26 years old, took over Rokhlin’s course in topology
for second-year undergraduates. Teaching Rokhlin’s course was no easy task. On
one hand the brilliance of Rokhlin’s lectures was unique, meeting his standard
of lecturing seemed to be out of reach. On the other hand, the novelty and level
of abstractness provided difficulties for many students, which was reflected in
examination scores that displeased the University administration.

As a result of increasing antisemitism and suppression of intellectual freedom
in the Soviet Union during the 1970s, Viro was at that time the only graduate
of Rokhlin’s extremely strong school of topology to be hired by the department.
He took on himself the responsibility for topology as a research subject at the
department and for the education of students in this field. In the years 1975-1985 he
became a central figure in the scientific and pedagogical life at the Mathematical—
Mechanical Department of Leningrad University.

A. Vershik has communicated to us that in 1979, Rokhlin remarked to him, “Do
you know why it is worthwhile for a student to study in this department? Because
Oleg Viro is working there.” Anyone who is aware of Rokhlin’s high standards and
restrained praise can imagine the value of these words of appreciation.

xi



Xii A Glimpse into Viro’s Work

In this period, Oleg Viro introduced the patchworking technique, his best-
known contribution to real algebraic geometry. Viro’s investigation followed a
breakthrough made in topology of real algebraic varieties in the late 1960s and
1970s. The work of Gudkov, Arnold, Rokhlin, Utkin, and Kharlamov provided
answers to questions formulated in the first part of Hilbert’s 16th problem (isotopy
classification of nonsingular curves of degree 6 in the real projective plane RP> and
topological classification of nonsingular quartic surfaces in the three-dimensional
real projective space) and gave a conceptional understanding of many general
phenomena concerning the topology of real algebraic varieties.

For curves of higher degree, an isotopy classification was not accessible by the
previous techniques. The patchworking construction allowed Oleg Viro to complete
the isotopy classification of nonsingular curves of degree 7 in RP? (the largest
degree for which such a classification is available even today) and to disprove
Ragsdale’s conjecture from 1906 concerning curves of even degree.

The impact of the patchworking technique is much wider. Patchworking rev-
olutionized real algebraic geometry by linking together real algebraic geometry,
toric geometry, and combinatorics of convex polytopes. It results in a powerful
construction of real algebraic varieties with prescribed topology. Almost all recent
constructions of real algebraic varieties use Viro’s theorem. Patchworking was
a fundamental idea in motivating the appearance of tropical geometry. In fact,
Viro established a relation between patchworking and Maslov’s dequantization of
positive real numbers that was one of the starting points of tropical geometry.

A combinatorial version of Viro’s theorem is as follows. Let n be a positive
integer and A a convex lattice polytope in R". Consider a lattice triangulation of
A and a distribution of signs at the vertices of the triangulation. In this situation,
Viro constructs a piecewise-linear hypersurface H in the real part RT(A) of the
toric variety 7T (A) associated with A. His theorem then produces, under a certain
condition on the triangulation, a real algebraic hypersurface in RT(A) that is
isotopic to H and defined by a polynomial of Newton polytope A. This version of
Viro’s theorem is called combinatorial patchworking and provides a rich collection
of real algebraic hypersurfaces. The piecewise-linear hypersurfaces appearing in
this construction can be seen as real tropical hypersurfaces.

The achievements of Viro in real algebraic geometry also include important
restrictions on the topology of real algebraic curves and a notion of complex
orientations of real algebraic varieties of dimension > 2 (generalizing the notion
of complex orientations of a real algebraic curve dividing its complexification).

Viro was invited to the International Congress of Mathematicians in Warsaw in
1983. His article on real algebraic varieties was published in the proceedings, but he
was forbidden by the administration of Leningrad University to attend the congress.
The reason behind the denial was the following story. In a wave of antisemitism
and personal attacks against Rokhlin, whose independence and nonconformity were
taken by the authorities as a provocation, the administrators of the Mathematics
Department tried to force Rokhlin, then 60 years old and mathematically active,
into early retirement. One of the measures was an attempt to prevent Rokhlin from
supervising his graduate student Mikhail Goussarov and to assign Goussarov to
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Oleg Viro. Viro declined, and Goussarov remained Rokhlin’s student. Viro was thus
punished for his display of loyalty and human decency. He never lost the remarkable
personality trait that emerged on this occasion: a disposition to protect others, to ease
their burdens, and to expose himself to the slings and arrows of outrageous fortune.
His empathy and his courage to speak the truth and take a principled stand have
always been unquestioned.

Viro’s best-known contribution to low-dimensional topology is his joint work
with Vladimir Turaev that defines “quantum invariants” of 3-manifolds as a certain
state sum over an arbitrary triangulation. The state sum is based on so-called
quantum 6j-symbols related to the representation theory of the quantum group
Uysl(2) for a root of unity g. Notably, the construction leads to a (2 4+ 1)-
dimensional topological quantum field theory — the first rigorous realization of an
approach by the physicists Ponzano and Regge to (2 + 1)-dimensional quantum
gravity. The paper contributes to the relationship — for mathematicians still largely
mysterious — between topology and mathematical physics. Remarkable parallels
were revealed concerning the relationship between analysis and theoretical physics:
for instance, the interest of Sweden’s world-renowned analyst Lennart Carleson in
two-dimensional conformal field theory paved the way for Stanislav Smirnov to
prove a formula for critical site percolation predicted by the physicist Cardy.

We also mention the following articles among the numerous papers of Viro in
topology. The volume of Lecture Notes in Mathematics dedicated to the memory of
V. A. Rokhlin contains a paper that caused McPherson to refer jokingly to Viro as the
guy “who is able to integrate the Euler characteristic.” In this paper Viro discussed
one of the manifestations of certain “universality” of the Euler characteristic.
The same volume contains a construction of the first infinite series of surfaces
smoothly embedded in the four-dimensional sphere, which are pairwise ambiently
homeomorphic but not diffeomorphic (joint work with S. Finashin and M. Kreck).
A joint work of Viro with M. Goussarov and M. Polyak treats diagrammatic
formulas for finite-type knot invariants for classical and virtual knots.

Viro has spent a great deal of time and energy with his graduate students. His
former students, many of them now renowned professors of mathematics, represent
diverse areas of geometry and topology. Viro’s principle is to put high demands on
his students but to be generous and supportive of them. He believes that education
of the next generation of mathematicians cannot be reduced to imparting knowledge
and skills. It is also important to mold responsible personalities capable of mastering
the challenges of the age, which is often accomplished less through words than by
example, through nonverbal messages conveyed by the personality of the teacher, as
Viro experienced himself as a student of Rokhlin.

Viro’s activities are not limited to research in topology and geometry and
the education of graduate students. He is concerned as well about the role of
mathematics as an irreplaceable part of human culture and about its survival — in
his view a very complex task. This includes an understanding of the development
of mathematics as a whole and of its interaction with other sciences, as well as an
open mind for promising areas of mathematics, a careful choice of research subjects,
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and above all, the education of the next generation beginning with the foundations
of mathematics. Viro has striven to return geometry to its important place in the
educational program. While still in St. Petersburg, he participated in a project to
provide students their first approach to mathematics and mathematical rigor through
developing geometric intuition rather than through developing the ability to formally
manipulate mathematical symbols. In Uppsala, Viro initiated a special program for
strong students following similar lines and offered a newly developed course on
basic geometry.

Viro taught at Uppsala University until his forced resignation in 2007. Now he is
professor at State University of New York, Stony Brook.

Despite all the difficulties he has experienced, Viro has maintained his ability to
meet people with a delightfully warm and sincere smile.

Paris, France Ilia Itenberg
Bures-sur-Yvette, France Burglind Joricke
Stockholm, Sweden Mikael Passare



On the Content of This Volume

The papers of the volume represent various topics in geometry, topology, and
analysis. To give an impression of the diversity of these papers, we have divided
them provisionally into groups and have included a short description of each.
A complete list of the symposium talks appears after the description of the content
of this volume.

Algebraic Geometry

K. Kaveh and A. Khovanskii: Algebraic Equations and Convex Bodies. This paper is
a summary of the authors’ recent work on intriguing relationships between algebraic
geometry on the one hand, and convex bodies and their combinatorics on the
other. Their results can be seen as far-reaching generalizations of the Bernstein—
Kushnirenko theorem, which relates algebraic geometry and the theory of mixed
volumes.

N. Mok: Projective Algebraicity of Minimal Compactifications of Complex-
Hyperbolic Space Forms of Finite Volume. This paper considers quotients of
the unit ball in complex affine space by lattices (i.e., by discrete subgroups of
the holomorphic automorphism group with quotients of finite Bergman volume).
The author shows that for (possibly nonarithmetic) quotients, the minimal
compactification (obtained by adding a finite number of points to the cusps) is
projective algebraic.

E. Shustin: Tropical and Algebraic Curves with Multiple Points. This paper is
devoted to a new patchworking theorem allowing one to construct algebraic curves
with multiple points. This theorem can be seen as a generalization of Viro’s
patchworking construction and has important applications. It can be used to obtain
a new correspondence theorem between the complex algebraic and tropical worlds.
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XVi On the Content of This Volume

Real Algebraic Geometry

The topics of this group are intimately related to the work of Oleg Viro in topology
of real algebraic varieties.

A. Degtyarev: Toward a Generalized Shapiro and Shapiro Conjecture. The Shapiro
and Shapiro conjecture, proposed in 1993, is the following: if all flattening points
of a rational curve CP' — CP" lie on the real line RP' ¢ CP!, then the curve is
conjugate to a real algebraic curve under an appropriate projective automorphism
of CP". The conjecture was proved in 2005 by E. Mukhin, V. Tarasov, and A.
Varchenko. The present paper is devoted to a generalization of the conjecture
to curves of arbitrary genus (this generalization was proposed by T. Ekedahl,
B. Shapiro, and M. Shapiro). A new, asymptotically better, bound on the genus of a
curve that may violate the generalized conjecture is obtained.

A. Degtyarev, 1. Itenberg, and V. Kharlamov: On the Number of Components of
a Complete Intersection of Real Quadrics. This paper concerns the topology of
complete intersections of three real quadrics. The main result is the following: The
maximal possible number Bg (N) of connected components of a regular complete
intersection of three real quadrics in PV differs by at most one from the maximal
number of ovals of the submaximal depth [(N — 1)/2] of a real plane projective
curve of degreed = N + 1.

S. Orevkov: Some Examples of Real Algebraic and Real Pseudoholomorphic
Curves. The paper contains several results concerning the embedded topology
of algebraic and pseudoholomorphic curves in the real projective plane. The
comparison between real algebraic and real pseudoholomorphic curves can be seen
as a natural continuation of the study of flexible curves which was initiated by Viro.

E. Shustin: Tropical and Algebraic Curves with Multiple Points (see under Algebraic
Geometry).

Differential Geometry and Differential Equations

Y. Eliashberg and N. Mishachev: Topology of Spaces of S-immersions. This paper
discusses the A-principle for maps between equidimensional manifolds whose only
singularities are prescribed folds.

Symplectic and Contact Geometry

K. Baker and J. Etnyre: Rational Linking and Contact Geometry. The authors extend
the self-linking number of transverse knots and the Thurston-Bennequin invariant
and rotation number of Legendrian knots to the case of rationally null-homologous
knots. The paper contains a generalization of Bennequins inequality for these knots,
a study of sharpness of the Bennequin bound for fibered knot types, and a proof of



On the Content of This Volume XVii

the fact that rational unknots in tight contact structures on lens spaces are weakly
transversely simple and Legendrian simple.

T. Ekholm: Rational SFT, Linearized Legendrian Contact Homology, and La-
grangian Floer Cohomology. This paper relates the version of rational symplectic
field theory for exact Lagrangian cobordisms introduced in a previous article of the
author with linearized Legendrian contact homology.

M. Entov, L. Polterovich, and P. Py: On Continuity of Quasimorphisms for
Symplectic Maps. With an appendix by Michael Khanevsky. This paper is devoted
to C-continuous homogeneous quasimorphisms on the identity component of the
group of compactly supported symplectomorphisms of a symplectic manifold. The
authors give a topological characterization of such quasimorphisms in the case
of surfaces and show that for standard symplectic balls of any dimension and for
compact oriented surfaces other than the sphere, the space of such quasimorphisms
is infinite-dimensional.

D. Gay and A. Stipsicz: On Symplectic Caps. This paper gives an explicit construc-
tion of symplectic caps (concave fillings) of links of minimal rational singularities.
As an application, new examples of surface singularities are obtained that do not
admit rational homology disk smoothing.

C. Manolescu and Ch. Woodward: Floer Homology on the Extended Moduli Space.
The goal of this paper is to approach the Atiyah—Floer conjecture by suitably
modifying its symplectic side. The Atiyah—Floer conjecture relates Floer’s instanton
homology and his Lagrangian homology. Given a Heegaard splitting of a 3-
manifold, the authors construct, using Lagrangian Floer homology, a relatively
7./8Z-graded abelian group that is conjecturally a 3-manifold invariant.

S. Orevkov: Some Examples of Real Algebraic and Real Pseudoholomorphic Curves
(see under Real Algebraic Geometry).

Complex Analysis

R. Berman and J.-P. Demailly: Regularity of Plurisubharmonic Upper Envelopes in
Big Cohomology Classes. The subject of this paper originates from constructions of
Hermitian metrics with minimal singularities on a big line bundle over a compact
complex manifold. The developed analytic tool, the proof of a certain regularity
of an upper envelope of “quasiplurisubharmonic” functions, is applied to study the
Dirichlet problem for a degenerate Monge—Ampere operator as well as geodesics in
the space of Kéhler metrics.

G. Henkin: Cauchy—Pompeiu-Type Formulas for d on Affine Algebraic Riemann
Surfaces and Some Applications. The author gives explicit formulas for solving
0- and perturbed d-problems on complex affine algebraic curves in complex two-
space and applies them to the two-dimensional inverse conductivity problem
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on surfaces with boundary. This is related to electric impedance tomography,
geophysics, and other topics.

N. Mok: Projective Algebraicity of Minimal Compactifications of Complex-
Hyperbolic Space Forms of Finite Volume (see under Algebraic Geometry).

Three- and Four-Dimensional Manifolds, Invariants of Links

S. Akbulut: Exotic Structures on Smooth Four-Manifolds. This survey treats topo-
logical methods of constructions of exotic copies of 4-manifolds (smooth manifolds
that are homeomorphic but not diffeomorphic to the original one). One of the
methods (gluing “corks”) consists of the following. Cut off a smoothly bounded
domain that admits the structure of a relatively compact strictly pseudovonvex
domain in a Stein manifold. Glue it back by an involution of the boundary that
extends to the domain homeomorphically but not diffeomorphically.

L. Kauffman: Remarks on Khovanov Homology and the Potts Model. This paper ex-
plores relationships between the Potts model in statistical mechanics and Khovanov
homology. The author proves in particular that the Euler characteristics of Khovanov
homology (precisely, of its subcomplexes for fixed quantum grading) figure in the
computation of the Potts model at certain imaginary temperatures.

N. Reshetikhin, C. Stroppel, and B. Webster: Schur-Weyl-Type Duality for Quan-
tized gl(1|1), the Burau Representation of Braid Groups, and Invariants of Tangled
Graphs. This paper is a concise survey of the authors’ results in the subject. The
paper clarifies the relationship between reduced Burau representations of braid
groups, nonreduced Burau representations, and the representation of the braid group
defined by R-matrices related to U, (gl(1]1)).

A. Shumakovich: Khovanov Homology Theories and Their Applications. This
survey presents various versions of Khovanov homology theories. The author
discusses relationships between these theories, as well as their properties and
applications to other areas of knot theory and low-dimensional topology.

Ilia Itenberg
Burglind Joricke
Mikael Passare
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In memoriam notice On September 15, 2011 our friend, colleague and co-editor
Mikael Passare unexpectedly passed away in the result of an accident. He has been
widely appreciated as a mathematician, teacher, supervisor and unresting organizer
on behalf of mathematics. The symposium would hardly have taken place without
his energy and organizational skills. He is missed sadly.

Ilia Itenberg
Burglind Joricke
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On the Unity of Mathematics

Opening speech by Lennart Carleson
Transcript by the Editors

Itis a great pleasure for me to have this opportunity to welcome you all to Stockholm
(and on such a beautiful day as we have today—we are not always so lucky!), and
to this conference on “Perspectives in Analysis, Geometry, and Topology.”

There is, of course, also a very special reason for such a conference at this time
and in this place, namely Sweden, and this is that it gives us an opportunity to
congratulate Oleg Viro on his 60th birthday, which will happen this year—and may
have happened. He had a great influence on the development of mathematics in
Uppsala, and on the infusion of geometry and topology in this land of analysis and
algebra. Therefore his work is very much in the spirit of this conference, and it is
rightly dedicated to him.

Many mathematicians, like myself, are very upset by the way that he was treated
by the administration in the University of Uppsala, and by the very unconstructive
and exceptional ways in which the administration decided to handle the difficulties
there. We were not able to reverse anything, but you should think of this conference
as a way of expressing our sentiments to what has happened here.

The subject of the conference defines a subset of the greater issue of the unity of
Mathematics. This problem arose really during the 1800s in two different ways. It
started with the introduction of the notion of applied mathematics. Gauss might be
considered the last universal mathematician in the sense of also including applied
mathematics, and what happened during the nineteenth century is the introduction
of serious rigor in what we now call pure mathematics, and also the separation of
the applied fields, first into different kinds of sciences, and later now also into all
kinds of biology and social sciences. And this is a development that still goes on.

This is of course a great issue, which I am not really going to talk about, because
the conference here belongs to the second movement, namely the separation of
smaller areas of what we now call pure mathematics. This fragmentation I think
is a serious business that has been going on for one hundred years now. You can

XXiX
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probably say that Hilbert and Poincaré were the last generation of people who could
somehow be considered to represent all of mathematics.

Then the fragmentation has continued, and this is seen in the names of
professorships and the creation of journals and I don’t know what. We have journals
in, for example, approximation, in semigroups, or in inequalities. This specialization
has really accelerated with the introduction of the electronic way of searching for
information, which means that you can now define what you are looking for so well
that you are sure that you don’t see anything else. It is really difficult to have general
colloquia and information outside the specialties.

I remember when I was a student and I was looking for information, I went to
the library and found the book which contained the article in question, and I was
reading that. Often I took it home and and kept it there, and I looked at the other
articles in the journal. Very often you found something that interested you, and very
often (mostly, I would say) you found something you couldn’t understand. But still
you got some information, and you got some impression of the field and of what
you had around you.

I think that this possibility of finding unexpected information is what corresponds
really to what one has in experimental sciences by making mistakes. There are very
famous examples here, for instance the Curies, who found radioactivity by putting a
stone on a photographic plate, or Fleming, who found penicillin by similarly having
contamination of bacteria.

I think the closest we can get here is that we get information that we didn’t
really expect about something that we didn’t know in advance what it was. I have
been trying to find an example of this, but I can’t really remember any well-known
problem being solved by somebody by mistake reading an article on something else.
The most well known story that I can recall (probably untrue, but still) is the story
about Heisenberg going to the wrong lecture and learning about matrices. But it
could be true!

This conference is, of course, an example of this, but I should like to make a
personal illustration of something that happened recently to me. I was in Helsinki to
give a description of Lars Ahlfors’s work, so I had a reason to look at what he had
done, and I looked at his famous 1935 paper on Riemann surfaces. It occurred to
me that his approach to Nevanlinna theory, which is purely geometric and doesn’t
contain any formulas or any integration, but still gives a complete description of
the value distribution of a meromorphic function, could be the way to understand
Vojta’s observations on the formal similarity between valuations and Nevanlinna
theory, which nobody understands today. I think the reason one doesn’t understand
it is that one has the wrong model, and Ahlfors’s model is of course completely
different from the Nevanlinna model. So if I could suggest a good subject where
infusion of ideas from a different field could give something, I would suggest that
one look more carefully at this.

So I think it is very important that we take actions in the organization of education
which make us all and future students more aware of fields outside their specialty,
and that we avoid specialization in the narrow way that has been done here. What
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you could do is to make sure that the programs of graduate studies are more varied
and that specialization comes later.

In terms of journals I think the development accelerates now with the electronic
journals, and I should think it is very important that we keep a number of the really
best journals, so that they still get printed, and so that people still can go to the
library and by mistake read an article on something that they didn’t really expect. I
think it is a great risk that we make everything computerized, and by doing that, as
I said, you make sure that you don’t learn anything unexpected.

One more and final point would be that one organizes conferences, not only like
this one, but also makes sure that the International Congresses are kept. There is
a great risk that people criticize them and say that they don’t give anything, it is
too wide, there are too many people, and so on. One should resist that. It is very
important that we keep the subject together.

And then I have avoided the greatest issue, that is, the relation to applied
mathematics, which I think takes a very serious reorganization of mathematics. But
this is not the time and place for that.

Thank you!
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1 Corks

Let M be a smooth closed simply connected four-manifold, and M’ an exotic
copy of M (a smooth manifold homeomorphic but not diffeomorphic to M).
Then we can find a compact contractible codimension-zero submanifold W C M
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Fig. 1 Popping a cork
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with complement N, and an involution f : dW — JdW giving decompositions
(identifications are by diffeomorphisms)

M=NUyW, M =NUW (1)

The existence of this structure was first observed in an example in [A1]. Then in
[M] and [CFHS], this was generalized to the general form discussed above. Also,
the 5-dimensional #-cobordisms induced by corks were studied in [K]. Since then,
the contractible pieces W appearing in this decomposition have come to be known
as corks.

Recall that a properly embedded complex submanifold of an affine space X ¢ CV
is called a Stein manifold. Also, in topology, a smooth submanifold M C X is called a
compact Stein manifold if it is cut out from X by f < ¢, where f : X — Ris a strictly
plurisubharmonic (proper) Morse function and c is a regular value. In particular, M
is a symplectic manifold with convex boundary and the symplectic form @ = %89 f-
The form o induces a contact structure & on the boundary oM. We call (M, ®) a
Stein filling of the boundary contact manifold (M, &). Stein manifolds have been a
useful tool for studying smooth four-manifolds. In this paper, we will sometimes for
the sake of brevity abuse conventions and call compact Stein manifolds just Stein
manifolds.

By [AM], in the cork decomposition (1), each W and each N piece can be made
Stein. This is achieved by a useful technique (called “creating positrons” in [AM])
that amounts to moving the common boundary ¥ = dW = dN in M by a convenient
homotopy: First, by handle exchanges we can assume that each W and N side has
only 1- and 2-handles. Eliashberg’s criterion (cf. [G]) says that manifolds with 1-
and 2-handles are Stein if the attaching framings of the 2-handles are sufficiently
negative (let us call these admissible). This means that any 2-handle H has to be
attached along a knot K with framing less than the Thurston—-Bennequin framing
tb(K) of any Legendrian representative of K (i.e., K is tangent to £, and tb(K) is the
framing induced by &). The idea is that when the attaching framing is bigger than
tb(K) — 1, by local handle exchanges near H (but away from H) to alter X ~~ X',
which results in an increase in the Thurston—-Bennequin numbers tb(K) ~ th(K') =
tb(K) +3.

H --. improved H _ _

~

- >

positron
move

Fig. 2 Carving to make Stein
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For example, as indicated in Fig.3, carving out a tubular neighborhood of a
properly embedded 2-disk a from the interior of N increases tb(K) by 3. Carving
in the N side corresponds to attaching a 2-handle A from the W side, which itself
might be attached with a “bad” framing. To prevent this, we also attach a 2-handle
B to N near a, which corresponds to carving out a 2-disk from the W side. This
makes the framing of the 2-handle A in the W side admissible. Furthermore, B
itself is admissible. So by carving a 2-disk a and attaching a 2-handle B, we have
improved the attaching framing of the 2-handle H without changing other handles
(we changed X by a homotopy). This technique gives the following result.

Theorem 1. ([AM]) Given any decomposition of a closed smooth four-manifold
M = N; Uy Ny by codimension-zero submanifolds, with each piece consisting of
1- and 2-handles, after altering pieces by a homotopy, we can obtain a similar
decomposition M = N{ UN}, where both pieces N| and N} are Stein manifolds.

K K’ 0 K’
View from N : o @@ \Jd/*@
move / a a B
o) - 7
0
View from W : (\

Fig. 3 Making W and N Stein

Using [Gi], one can also assume that the two open books on the common contact
three-manifold boundaries match, but with the wrong orientation [B1].

Definition 1. A cork is a pair (W, f), where W is a compact Stein manifold and
f: dW — JW is an involution that extends to a self-homeomorphism of W but does
not extend to a self-diffeomorphism of W. We say that (W, f) is a cork of M if we
have the decomposition (1) for some exotic copy M’ of M.

In particular, a cork is a fake copy of itself. There are some natural families of
corks W,, n =1,2,..., which are generalizations of the Mazur manifold W used
in [Al], and W,,, n = 1,2,.... (Fig. 4), which were introduced in [AM] (so-called
positrons). Recently, in [AY1], all these infinite families were shown to be corks.
Now it is a natural question to ask whether these small standard corks are sufficient
to explain all exotic smooth structures on four-manifolds? (Fig. 5). For example, we
know that W is a cork of the blown-up Kummer surface E(2)#CP2 [A1], and W, is
a cork of the Dolgachev surface E(1); 3 [A2], where E(n) is the elliptic surface of
signature —8n.
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W= W,

Fig. 4 Variety of corks

Fig. 5 Do all corks decompose into standard corks?

We require corks to be Stein manifolds in order to rule out trivial examples, as
well as to introduce rigidity in their structures. For example, a theorem of Eliashberg
says that if a Stein manifold has boundary $* or §' x §2, then it has to be a B* or
S' x B3, respectively.

1.1 How to Recognize a Cork

In general, it is hard to recognize when a codimension-zero contractible submanifold
W C M* is a cork of M. In fact, all the corks obtained in the general cork
decomposition theorem of [M] have the property that W U —W = §* and W Uy
—W =8* So it is easy to embed W’s into charts of M without being corks of M.
One quick way of showing that (W, f) is a cork of a manifold M with nontrivial
Seiberg—Witten invariants is to show that the change M ~» M’ in (1) gives a split
manifold M’, implying zero (or different) Seiberg—Witten invariants. In [AY 1] and
[A2], many interesting corks were located using this strategy.
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There are also some hard-to-calculate algebraic ways of checking whether W C
M is a cork, provided that we know the Heegard—Floer homology groups of the
boundary of W [OS]. This follows from the computation of the Ozsvith—Szab6
4-manifold invariant, i.e., by first removing two B*’s from M as shown in Fig. 6,
and computing a certain trace of the induced map on the Floer homology of the two
S3 boundary components (induced from the cobordism). For example, we have the
following theorem.

Theorem 2. ([AD]): Let M = N Uy W be a cork decomposition of a smooth closed
Sfour-manifold, where W is the Mazur manifold and b;r (M) > 1 (the union is along
the common boundary X). Let Ny be the cobordism from S° and X obtained from N
by removing a B* from its interior. Then Q' = N Ut W is a fake copy of Q if the image
of the “mix map” F("I\‘,:;) (defined in [OS]) lies in T0+ for some Spin® structure s.

Fiyy s HF~(S%) = HFF(2) = TyF ©Z0) © Zgg).-

Fig. 6 Cobordism to compute Ozsvath-Szabo invariant

1.2 Constructing Exotic Manifolds from Corks

By thickening a cork in two different ways one can obtain absolutely exotic manifold
pairs (i.e., homeomorphic but not diffeomorphic manifolds). Here is a quick review
of [A3]: Let (W, f) be the Mazur cork. Then its involution f : dW — JW has an
amazing property: There is a pair of loops o, § with the following properties:

© fla)=B.

* M :=W + (2-handle to o with — 1 framing) is a Stein manifold.

e B is slice in W; hence M’ := W + (2-handle to § with — 1 framing) contains an
embedded (—1)-sphere.

So M’ is an absolutely exotic copy of M; if not, M’ would be a Stein manifold
also, but any Stein manifold compactifies into an irreducible symplectic mani-
fold [LM], contradicting the existence of the smoothly embedded (—1)-sphere
(Fig. 7).
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Fig. 7 Inflating a cork to exotic manifold pairs

Interestingly, by handle slides one can show that each of M, M’ is obtained by
attaching a 2-handle to B* along a knot, as shown in Fig. 8 [A3]. The reader should
contrast this with [A5], where examples of other knot pairs K,L C S° are given (one
is a slice; the other is not a slice) such that attaching 2-handles to B* along K, L
gives diffeomorphic four-manifolds, as in Fig. 9.

0 ) 0 f ()
NG LR
\\W”’

Fig. 8 Exotic manifold pairs
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k
J
&AL
> L (slice) K (not slice)

Fig. 9 Diffeomorphic manifold pairs

2 PALFs

It turns out that Stein manifolds admit finer structures as primitives. They are
“positive allowable Lefschetz fibrations” over the 2-disk, where the regular fibers
are surfaces F' with boundaries; in [AO1], we called them PALFs. Here “allowable”
means that the monodromies of Lefschetz singularities over the singular points are
products of positive Dehn twists along nonseparating loops (this last condition is
not a restriction; it comes for free from the proofs).

"~ Regular fiber
Surface with bondary

So PALFs are certain topological structures underlying a Stein manifold: Stein =
|PALF|. Existence of these structure on Stein manifolds was first proven in [LP];

later, in [AO1], a constructive topological proof along with its converse was given,
thereby establishing the following result.

Fig. 10 PALF

Theorem 3. There is a surjection
{PALFs} = {Stein manifolds} .
Here, by Eliashberg’s characterization [G], a Stein manifold means a handlebody

consisting of 1- and 2-handles, where the 2-handles are attached along a Legendrian
framed link, with each of its components K framed with tb(K) — 1 framing.



8 S. Akbulut

The proof that a PALF F gives a Stein manifold | F| goes as follows: By [Ka],
is obtained by starting with the trivial fibration Xy = F x B> — B? and attaching a
sequence of 2-handles to the curves k; C F,i=1,2,..., on the fibers, with framing
one less than the page framing: Xy ~» X| ~~ --- ~» X,, = F. On an F x B?, we start
with the standard Stein structure and assume that to the contact boundary F there is
a convex surface with the “dividing set” dF [T]. Then by applying the “Legendrian
realization principle” of [H], after an isotopy we make the surface framings of
ki C F into the Thurston-Bennequin framings, and then the result follows from
Eliashberg’s theorem.

Conversely, to show that a Stein manifold W admits a PALF (here we indicate the
proof only for the case in which there are no 1-handles), we isotope the Legendrian
framed link to square bridge position (by turning each component counterclockwise
45°), and put the framed link on a fiber F of the (p,q) torus knot L as indicated in
Fig. 11. This gives a PALF structure on B* = | F|. Attaching handles to this framed
link has the effect of enhancing the monodromy of the (p, ) torus knot by the Dehn
twist along them, resulting in a bigger PALF. An improved version of this theorem
is given in [Ar].

mlERsils
| S TE e T
] e erSrams T
| - EemeTs |||
("k%)oi‘”ﬁ“ mm

Fig. 11 Surgery on a framed link induces Dehn twists on the page

A PALF structure F, like a triangulation or handlebody structure on a smooth
manifold, should be viewed as an auxiliary topological structure on a Stein manifold
X = | F|. On the boundary, a PALF gives an open book compatible with the induced
contact manifold dX = |dF|. Usually, geometric structures come as primitives of
topological structures: topology = |geometry|, such as the real algebraic structures
or complex structures on a smooth manifold; but surprisingly, in this case the roles
are reversed: geometry = |topology|. For example, B* has a unique Stein structure,
whereas it has infinitely many PALF structures corresponding to fibered links.

Choosing an underlying PALF is often useful for solving problems in Stein
manifolds. A striking application of this principle was the approach in [AO2] to the
compactification problem of Stein manifolds, which was later strengthened by [E]
and [Et]. The problem of compactifying a Stein manifold W into a closed symplectic
manifold was first solved in [LM]. Then in [AO2], an algorithmic solution was given
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using PALFs. An analogous case involves compactifying the interior of a compact
smooth manifold to a closed manifold by first choosing a handlebody on W, then
canonically closing it up by attaching dual handles (doubling).

In the symplectic case, we first choose a PALF on W = | F|, then attach a 2-handle
to the binding of the open book on the boundary (Fig. 12), thereby obtaining a
closed surface F*-bundle over the 2-disk with monodromy a product of positive
Dehn twists o - & - - - 0. We then extend this fibration F by doubling monodromies
O -0 O 0 ! oy ! (i.e., attaching corresponding 2-handles) and capping
off with F* x B? on the other side. We do this after converting each negative Dehn
twist ocfl in this expression into products of positive Dehn twists using the relation
(aby -+ agbg)**? = 1 among the standard Dehn twist generators of the surface F*
of genus g (cf. [AO2]).

2-handle to
binding
Binding ... -

-

Fig. 12 Adding a 2-handle to a binding

B T —— e il >
choose double handles
<>

(canonical) Closed smooth
W = Handlebody | manifold

(canonical)

= i
choose double monodromies
w

Closed symplectic

W = PALF | manifold

Fig. 13 Natural compactification after choosing an auxiliary structure
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Choosing a PALF on W makes this an algorithmic canonical process. Even in
the case of the Stein ball B*, using different PALF structures on B* we get a variety
of different symplectic compactifications of B*. For example, B* = |U| ~ §? x S,
where U is the trivial PALF D? x D?> — D?, whereas B* = | T| ~ K3 Surface, where
T is the PALF induced by the trefoil knot.

3 BLFs

Lack of a uniqueness result in the “cork decompositions” and the differing
orientations of the two Stein pieces obtained from Theorem 1 make it hard to
define four-manifold invariants. In [ADK], a more general version of the Lefschetz
fibration (or pencil) structure on four-manifolds is introduced, namely the “broken
Lefschetz fibration” BLF (or broken Lefschetz pencil BLP), where Lefschetz
fibrations or pencils 7 : X* — 2 (with closed surfaces as regular fibers) are allowed
to have circle singularities; that is, on a neighborhood of some circles, & can look
like a map S' x B> — R? given by (t,x1,x2,%3) = (¢,47 +x3 — x3) (otherwise, it is
a Lefschetz fibration). In [ADK], using analytic techniques, it was shown that every
four-manifold X with bi > 0 is a BLP. Also, after a useful partial result in [GK], in
[L] and [AK] two independent proofs that all four-manifolds are BLFs were given;
the first proof uses singularity theory, and the second uses handlebody theory (in
[B2], another singularity approach is employed, resulting in a weaker version of
[L]). In [P] there is an approach using BLFs to construct four-manifold invariants.

The proof in [AK] proceeds along the lines of Theorems 1 and 3, discussed
earlier. Roughly, it goes as follows: First define ALFs, which are weaker versions of
PALFs. They are “achiral Lefschetz fibrations” over the 2-disk with bounded fibers,
where we allow Lefschetz singularities to have monodromies that are negative Dehn
twists. From the proof in [AO1], we get the surjection

{ALFs} = {almost Stein manifolds} .

Here an almost Stein manifold means a handlebody consisting of 1- and 2-handles,
where the 2-handles are attached to a Legendrian framed link, with each component
K framed with tb(K) £ 1 framing (it turns out that every 4-dimensional handlebody
consisting of 1- and 2-handles has this nice structure).

First, we make a tubular neighborhood X, of any embedded surface in X a
“concave BLF” (e.g., [GK]). A concave BLF means a BLF with 2-handles attached
to circles transversal to the pages on the boundary (open book), as indicated in
Fig. 15 (so a concave BLF fibers over the whole S?, with closed-surface regular
fibers on one hemisphere, and 2-disk regular fibers on the other hemisphere). Also
we make sure that the complement X; = X — X, has only 1- and 2-handles; hence it is
an ALF. Applying [Gi], we ensure that the boundary open books induced from each
side X;, i = 1,2, match. So we have a (matching) union X = X; UX> consisting of an
ALF X, and concave BLF X;. This would have made X a BLF had X, been a PALF.
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Now comes the crucial point. In analogy to obtaining a butterfly by drilling into
its cocoon, we will turn the ALF X; into a PALF by removing a disk from it, i.e.,
we will apply the positron move of Theorem 1: For each framed knot representing a
2-handle of X, we pick an unknot (K in Fig. 14) with the properties that (1) it lies on
a page and (2) it links that framed knot twice, as in Fig. 14. These conditions allow
us to isotope K to the boundary of a properly embedded 2-disk in X; meeting each
fiber of the ALF once (here K is isotoped to the meridian of the binding curve).
Therefore, carving out the tubular neighborhood of this disk from X; preserves
the ALF structure (this is indicated by putting a dot in K in the figure, a notation
from [AS5]), where the new fibers are obtained by puncturing the old ones. But this
magically changes the framings of each framed knot by tb(K) + 1 ~ tb(K) — I;
hence after carving out X;, we end up with a PALF. On the other, X», side, this
carving corresponds to attaching 2-handles to X to circles transverse to fibers, so
the enlarged X5 is still a concave BLF, and so the open books of each side still match.

th+l tb-1
framed > framed — >

o s

K
K

Fig. 14 Turning an ALF into a PALF by carving

Z U H = Concave BLF

Fig. 15 Extending to concave BLF
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4 Plugs

To understand exotic structures of four-manifolds better, recently in [AY 1], Yasui
and I started to search for corks in the known examples of exotic four-manifolds,
since we knew theoretically that they exist [AY1, Sect. 0]. From this endeavor we
learned two important lessons: First, as in the case of corks, there are differently be-
having codimension-zero submanifolds that are also responsible for the exoticness
of four-manifolds (we named them plugs). Second, the position of corks and plugs in
four-manifolds plays an important role. For example, it helps us to construct exotic
Stein manifolds in Theorem 4, whose existence had eluded us for a long time. In
some sense, plugs generalize the Gluck twisting operation, just as corks generalize
the Mazur manifold. The rest of this section is a brief summary of [AY 1, AY2].

Definition 2. A plug is a pair (W, f), where W is a compact Stein manifold and
f: dW — JdW is an involution that does not extend to a self-homeomorphism of W
and such that there is the decomposition (1) for some exotic copy M’ of M.

Plugs might be deformations of corks (to deform corks into each other, we
might have to go through plugs). We can think of corks and plugs as freely
moving particles in four-manifolds (Fig. 21), like fermions and bosons in physics,
functioning like little knobs on a wall to turn on and off the ambient exotic lights.

An example of a plug that frequently appears in four-manifolds is W,, ,, where
m > 1,n > 2 (Fig. 16). By canceling the 1-handle and the —m-framed 2-handle, we
see that W, , is obtained from B* by attaching a 2-handle to a knot with —2n —n’m?
framing. The involution f is induced from the symmetric link.

Fig. 16 W,,,,

Here the degenerate case is also interesting. Removing W o and gluing with f
corresponds to the Gluck twisting operation. Previously, we knew only one example
of an exotic manifold that is obtained from the standard one by the Gluck operation,
and that manifold is nonorientable [A4].



Exotic Structures on Smooth Four-Manifolds 13

Observe that if this obvious involution f : dW,,, — dW,,, extended to a
homeomorphism, we would get homeomorphic manifolds Wn'm and W,fm, obtained

by attaching 2-handles to o and f (o) with —1 framings, respectively. But W,,zm and
W,},,n have the following nonisomorphic intersection forms, which is a contradiction:

—2n—mn* 1 —2n—mn®> —1 —mn
1 -1)’ —1l-mn —1-m )’
The following theorem implies that (W, ,, f) is a plug, and also it says that this
plug can be inflated to exotic Stein manifold pairs.

Theorem 4. ([AY2]) The simply connected Stein manifolds shown in Fig. 17 are
exotic copies of each other.

Fig. 17 Inflating a plug to an exotic Stein manifold pair

Notice that the transformation Q; ~~» O, is obtained by twisting along the plug
(W13, f) inside. It is easy to check that both are Stein manifolds, and clearly the
boundaries of Q; and Q, are diffeomorphic, and the boundary diffeomorphism
extends to a homotopy equivalence inside, since they have isomorphic intersection
forms (—1) @& (1); cf. [Bo]. Hence by Freedman’s theorem they are homeomorphic.
The fact that they are not diffeomorphic follows from an interesting embedding
Q1 C E(2)#2CP? (so the positions of plugs are important!), where the two
homology generators (x1,x2) of H»(Q) intersect the basic class K = de; e, of
E(2)#2CP? with x; - e; = &;j, (here ¢; are the two CPP! factors). Now by applying
the adjunction inequality we see that there is no embedded torus of self-intersection
zero in Q1, whereas there is one in Q,.

We can also inflate corks to exotic Stein manifold pairs (compare these examples
to the construction in Sect. 1.2).

Theorem 5. ([AY2]) The simply connected Stein manifolds shown in Fig. 18 are
exotic copies of each other.
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Fig. 18 Inflating a cork to an exotic Stein manifold pair (k < 0)

The proof of this is similar to the previous theorem. The crucial point is finding
an embedding of M) into a useful closed four-manifold with nontrivial Seiberg—
Witten invariant. Note that by a result of Eliashberg, the only Stein filling of $° is
B*. The existence of simply connected exotic Stein manifold pairs was established
recently in [AEMS] using the technique of knot surgery. Now a natural question is
this: Are all exotic structures on four-manifolds induced from the corks W,,, W, and
plugs W, ,? Here is a result of some recent searches.

Theorem 6. ([AY1]) For k,r > 1, n,p,q > 2, and gcd(p,q) = 1, we have the
following:

. E(Zk)#C_P2 has corks (Way_1, for—1) and (Way, for);

e E (2k)#rC_P2 has plugs (Wyax, frok) and (Wroici 1, frors1)s
. E(n)p,q#C_P2 has cork Wy, and plug W 3;

. E(n)K#C_P2 has cork Wi, and plug W, 3;

o Yasui’s exotic E (1)#(3_P2 in [Y] has cork Wj.

An interesting question is whether any two cork embeddings (W, f) C M are
isotopic to each other. Put another way, can you knot corks inside of four-manifolds?
It turns out that there are indeed such knotted corks [AY1]. For example, there are
two nonisotopic cork embeddings (Wy, f) C M = CP?#14CP2. It is also possible
to knot some corks in infinitely many different ways [AY3]. This is proved by
calculating the change in the Seiberg—Witten invariants of the two manifolds
obtained by twisting M along the two embedded corks and getting different values.
This calculation uses the techniques of [Y].
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Fig. 19 Nonisotopic corks

Another natural question arises: Since every exotic copy of a closed 4-manifold
can be explained by cork twisting, and there are many ways of constructing exotic
copies of four-manifolds, e.g., logarithmic transform, rational blowing down, knot
surgery operations [FS1,FS2, GS], are there ways of linking all these constructions
to corks? In some cases this can be done for the rational blowing-down operation
X ~ X(;,), by showing that X, #(p — l)C_P2 is obtained from X by a cork twisting
along some W, C X [AY1]. It is already known that there is a similar relation
between logarithmic transforms and the rational blowings down. The difficult
remaining case seems to be the problem of relating a general knot surgery operation
to cork twisting.

Remark 1. We don’t know whether an exotic copy of a manifold with boundary
differs from its standard copy by a cork. It is likely that there is a relative version
of the cork theorem. Perhaps the most interesting example to check is the exotic
cusp of [A6], which is the smallest example of a simply connected exotic smooth
manifold we know that requires 1- or 3-handles in any handlebody decomposition,
whereas its standard copy has only 2-handles [AY1].

Acknowledgments The author is partially supported by NSF grant DMS 9971440 and IMBM.
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Fig. 21 Zoo of corks and plugs in a four-manifold
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Abstract In the note we study Legendrian and transverse knots in rationally
null-homologous knot types. In particular, we generalize the standard definitions of
self-linking number, Thurston—Bennequin invariant, and rotation number. We then
prove a version of Bennequin’s inequality for these knots and classify precisely
when the Bennequin bound is sharp for fibered knot types. Finally, we study rational
unknots and show that they are weakly Legendrian and transversely simple.
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In this note we extend the self-linking number of transverse knots and the Thurston—
Bennequin invariant and rotation number of Legendrian knots to the case of
rationally null-homologous knots. This allows us to generalize many of the classical
theorems concerning Legendrian and transverse knots (such as the Bennequin
inequality) as well as to put other theorems in a more naturalcontext (such as
the result in [10] concerning exactness in the Bennequin bound). Moreover, due
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to recent work on the Berge conjecture [3] and surgery problems in general, it
has become clear that one should consider rationally null-homologous knots even
when studying classical questions about Dehn surgery on knots in S°. Indeed,
the Thurston—-Bennequin number of Legendrian rationally null-homologous knots
in lens spaces has been examined in [2]. There is also a version of the rational
Thurston—-Bennequin invariants for links in rational homology spheres that was
previously defined and studied in [13].

We note that there has been work on relative versions of the self-linking number
(and other classical invariants) in the case of general (even non-null-homologous)
knots; cf. [4]. While these relative invariants are interesting and useful, many of
the results considered here do not have analogous statements. So rationally null-
homologous knots seems to be one of the largest classes of knots to which one can
generalize classical results in a straightforward manner.

There is a well-known way to generalize the linking number between two
null-homologous knots to rationally null-homologous knots; see, for example,
[11]. We recall this definition of a rational linking number in Sect. 1 and then
proceed to define the rational self-liking number slg(K) of a transverse knot K
and the rational Thurston—-Bennequin invariant tbg (L) and rational rotation number
rotg(L) of a Legendrian knot L in a rationally null-homologous knot type. We
also show the expected relation between these invariants of the transverse pushoff
of a Legendrian knot and those of stabilizations of Legendrian and transverse
knots. This leads to one of our main observations, a generalization of Bennequin’s
inequality.

Theorem 2.1. Let (M, &) be a tight contact manifold and suppose K is a transverse
knot in it of order r > 0 in homology. Further suppose that X is a rational Seifert
surface of K. Then

Slg(K) < 1 (2).

Moreover, if K is Legendrian, then
1
tho(K) + |roto(K)| < ——x(Z).

In [10], bindings of open book decompositions that satisfy equality in
the Bennequin inequality were classified. We generalize that result to the
following.

Theorem 4.2. Let K be a rationally null-homologous fibered transverse knot in a
contact 3-manifold (M, ) such that £ is tight when restricted to the complement
of K. Denote by X a fiber in the fibration of M — K and let r be the order of K.
Then rsl(% (K,X) = —x(X) if and only if either & agrees with the contact structure
supported by the rational open book determined by K or it is obtained from it by
adding Giroux torsion along tori that are incompressible in the complement of K.
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A rational unknot in a manifold M is a knot K with a disk as a rational Seifert
surface. One may easily check that if M is irreducible, then for M to admit a rational
unknot (that is not actually an unknot), it must be diffeomorphic to a lens space.

Theorem 5.1. Rational unknots in tight contact structures on lens spaces are
weakly transversely simple and Legendrian simple.

In Sect. 5 we also given an example of the classification of Legendrian rational
unknots (and hence transverse rational unknots) in L(p,1) when p is odd. The
classification of Legendrian and transverse rational unknots in a general lens space
can easily be worked out in terms of the classification of tight contact structures on
the given lens space. The example we give illustrates this.

In Sect. 6, we briefly discuss the generalization of our results to the case of links.

1 Rational Linking and Transverse and Legendrian Knots

Let K be an oriented knot of Z-homological order r > 0 in a 3-manifold M and
denote a tubular neighborhood of it by N(K). By X(K) denote the knot exterior
M\ N(K). We fix a framing on N(K). We know that half the Z-homology of X (K)
dies when included in the Z-homology of X (K). Since K has order r, it is easy to see
that there is an embedded (7, s)-curve on dX (K) that bounds an oriented connected
surface X° in X (K). We can radially cone dX° C dX(K) = dN(K) in N(K) to get
a surface ¥ in M whose interior is embedded in M and whose boundary wraps r
times around K. Such a surface X will be called a rational Seifert surface for K, and
we say that K r-bounds X. We also sometime say that X is of order r along K. We
also call ZNJdN(K) the Seifert cable of K. Notice that ¥ may have more than one
boundary component. Specifically, £ will have gcd(r, s) boundary components. We
call the number of boundary components of X the multiplicity of K. Notice that X
defines a Z-homology chain X and dX = rK in the homology 1-chains. In particular,
as Q-homology chains, d(1X) =K.

We now define the rational linking number of another oriented knot K’ with K
(and Seifert surface X) to be

1
lko(K,K')=-X-K',
r

where - denotes the algebraic intersection of X and K. It is not hard to check that
lkg is well defined given the choice of [X] € Hy(X(K),dX(K)). Choosing another
rational Seifert surface for K representing a different relative second homology class
in X (K) may change this rational linking number by a multiple of % To emphasize
this, one may prefer to write Ikg((K,[Z]),K’). Notice that if there exist rational
Seifert surfaces X; and X, for which kg ((K, [Z1]),K") # lkq((K, [X2]),K’), then K’
is not rationally null-homologous.
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Moreover, if K’ is also rationally null-homologous, then it #-bounds a rational
Seifert surface X'. In M x [0, 1] with X and X’ thought of as subsets of M x {1}, we
can perturb them relative to the boundary to make them transverse. Then one may
also check that

1
lko(K,K') = Wz-z’.

From this one readily sees that the rational linking number of rationally null-
homologous links is symmetric.

1.1 Transverse Knots

Let (M,&) be a contact 3-manifold (with orientable contact structure £) and K a
(positively) transverse knot. Given a rational Seifert surface X for K with 0% = rK,
we can trivialize & along X. More precisely, we can trivialize the pullback i*& to X,
where i : ¥ — M is the inclusion map. Notice that the inclusion map restricted to dX
is an r-fold covering map of d% to K. We can use the exponential map to identify
a neighborhood of the zero section of i*£|;s with an r-fold cover of a tubular
neighborhood of K. Let v be a nonzero section of i*£. By choosing v generically
and suitably small, the image of v|,5 gives an embedded knot K’ in a neighborhood
of K that is disjoint from K. We define the rational self-linking number to be

slo(K) = lkg(K,K').

It is standard to check that slg is independent of the trivialization of i*£ and the
section v. Moreover, the rational self-linking number depends only on the relative
homology class of ~. When this dependence is important to note, we denote the
rational self-linking number by

slg(K, [Z]).

Just as in the case of the self-linking number one can compute it by considering
the characteristic foliation on X. To this end we can always isotop X so that its
characteristic foliation Z¢ is generic (in particular has only elliptic and hyperbolic
singularities) and we denote by e+ the number of +-elliptic singular points, and
similarly, 4+ denotes the number of 4--hyperbolic points.

Lemma 1.1. Suppose K is a transverse knot in a contact manifold (M, &) that r-
bounds the rational Seifert surface X. Then

SIo(K,[Z]) = 1 (e —h-)— (s —hs). (1)

Proof. We begin by constructing a nice neighborhood of X in (M, &). To this end,
notice that for suitably small €, K has a neighborhood N that is contactomorphic
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to the image Ce of {(1,0,z) : r < —€} in (R? ker(dz +?d@)) modulo the action
z+> z+ 1. Let C’ be the r-fold cover of Ce. Taking € sufficiently small, we can
assume that X N JdN is a transverse curve 7. Thinking of T as sitting in Ce, we
can take its lift 77 to C’. Let N’ be a small neighborhood of X — (NNZX). We can
glue N’ to Ce¢ along a neighborhood of T to get a model neighborhood U for X in
M. Moreover, we can glue N’ to C’ along a neighborhood of 7’ to get a contact
manifold U’ that will map onto U so that C’ r-fold covers C¢ and N’ in U’ maps
diffeomorphically to N in U. Inside U’ we have K’ = 9%, which r-fold covers K
in U. The transverse knot K’ is a null-homologous knot in U’. According to a well-
known formula that easily follows by interpreting sl(K’) as a relative Euler class,
see [5], we have that

SIK') = (e~ —h_) — (ex —hy),

where e+ and Ay are as in the statement of the theorem. Now one easily sees that
slg(K) = Lsl(K’), from which the lemma follows. O

1.2 Legendrian Knots

Let (M,&) be a contact 3-manifold (with orientable contact structure £) and K a
Legendrian knot. Choose a framing on K. Given a rational Seifert surface X for K,
the Seifert cable of K is K.

The restriction |k induces a framing on the normal bundle of K. Define the
(rational) Thurston—Bennequin number of the Legendrian knot K to be

tbg(K) = kg (K,K'),

where K’ is a copy of K obtained by pushing off using the framing coming from &.

We now assume that K is oriented. Recall that the inclusion i: ¥ <— M is an
embedding on the interior of ¥ and an r-to-1 cover dX — K. As above, we can
trivialize £ along X. That is, we can trivialize the pullback i*£ to X. The oriented
tangent vectors Tx give a section of &|g. Thus i*Tx gives a section of R? x 9.
Define the rational rotation number of the Legendrian knot K to be the winding
number of i* Tk in R? divided by r:

1
rotg(K) = ;winding(i*TK,Rz).

Recall [8] that given a Legendrian knot K, we can always form the (positive)
transverse pushoff of K, denoted by T (K), as follows: the knot K has a neighborhood
contactomorphic to the image of the x-axis in (R? ker(dz — ydx)) modulo the action
x — x+ 1 such that the orientation on the knot points toward increasing x-values.
The curve {(x,€,0)} for € > 0 small enough will give the transverse pushoff of K.
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Lemma 1.2. If K is a rationally null-homologous Legendrian knot in a contact
manifold (M, &), then

slo(T(K)) = tbg(K) — rotg (K).

Proof. Notice that in pulling K back to a cover U’ similar to the one constructed in
the proof of Lemma 1.1, we get a null-homologous Legendrian knot K’. Here we
have the well-known formula (see [8])

sI(T(K")) = tb(K") —rot(K").

One easily computes that rsl(T(K')) = slg(T(K)),rtb(K’') = tbg(K’') and
rrot(K’) = rot(K). The lemma follows. O

We can also construct a Legendrian knot from a transverse knot. Given a
transverse knot K, it has a neighborhood as constructed in the proof of Lemma 1.1.
It is clear that the boundary of a sufficiently small closed neighborhood of K of the
appropriate size will have a linear characteristic foliation by longitudes of K. One
of the leaves in this characteristic foliation will be called a Legendrian pushoff of K.
We note that this pushoff is not unique, but that different Legendrian pushoffs are
related by negative stabilizations; see [9].

1.3 Stabilization

Recall that stabilization of a transverse and Legendrian knot is a local procedure
near a point on the knot, so it can be performed on any transverse or Legendrian
knot whether null-homologous or not.

There are two types of stabilization of a Legendrian knot K: positive and negative
stabilization, denoted by S (K) and S_(K), respectively. Recall that if one identifies
aneighborhood of a point on a Legendrian knot with a neighborhood of the origin in
(R3,ker(dz —ydx)) so that the Legendrian knot is mapped to a segment of the x-axis
and the orientation induced on the x-axis from K is toward increasing x-values, then
S+ (K), respectively S_(K), is obtained by replacing the segment of the x-axis by
a “downward zigzag,” respectively “upward zigzag”; see [8, Fig. 19]. One may
similarly define stabilization of a transverse knot K, and we denote it by S(K).
Stabilizations have the same effect on the rationally null-homologous knots as they
have on null-homologous ones.

Lemma 1.3. Let K be a rationally null-homologous Legendrian knot in a contact
manifold. Then

b (S+(K)) =tbg(K) —1 and rotg(S+(K)) = rotg(K) £ 1.
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Let K be a rationally null-homologous transverse knot in a contact manifold. Then

slg(S(K)) = slg(K) —2.

Proof. One may check that if K’ is a pushoff of K by some framing F and K" is
the pushoff of K by a framing F” such that the difference between F and F’ is —1,
then

lko(K,K") =Ikg(K,K') — 1.

Indeed, by noting that rlkg (K, K’) can easily be computed by intersecting the Seifert
cable of K on the boundary of a neighborhood of K, T = dN(K), with the curve
K’ C T?, the result easily follows. From this one obtains the change in tbg.

Given a rational Seifert surface X that is r-bounded by K, a small Darboux
neighborhood N of a point p € K intersects X in r disjoint disks. Since the
stabilization can be performed in N, it is easy to see that X is altered by adding
r small disks, each containing a positive elliptic point and negative hyperbolic point
(see [8]). The result for slg follows.

Finally, the result for rotg follows by a similar argument or from the previous
two results, Lemma 1.2, and the following lemma (whose proof does not explicitly
use the rotation number results from this lemma). O

The proof of the following lemma is given in [9].

Lemma 1.4. Tivo transverse knots in a contact manifold are transversely isotopic
if and only if they have Legendrian pushoffs that are Legendrian isotopic after
each has been negatively stabilized some number of times. The same statement
is true with “transversely isotopic” and “Legendrian isotopic” both replaced by
“contactomorphic.” a

We similarly have the following result.

Lemma 1.5. Two Legendrian knots representing the same topological knot type are
Legendrian isotopic after each has been positively and negatively stabilized some
number of times. a

While this is an interesting result in its own right, it clarifies the range of possible
values for tbg. More precisely, the following result is an immediate corollary.

Corollary 1.6. If two Legendrian knots represent the same topological knot type,
then the difference in their rational Thurston—Bennequin invariants is an integer.

2 The Bennequin Bound

Recall that in a tight contact structure, the self-linking number of a null-homologous
knot K satisfies the well-known Bennequin bound

SIK) < —x(2)



26 K. Baker and J. Etnyre

for any Seifert surface X for K; see [6]. We have the analogous result for rationally
null-homologous knots.

Theorem 2.1. Suppose K is a transverse knot in a tight contact manifold (M, &)
that r-bounds the rational Seifert surface X. Then

Slo(K,[3]) < (). n

If K is a Legendrian knot, then
1
thgy(K) + lrotg (K)| < ——x(Z).

Proof. The proof is essentially the same as the one given in [6]; see also [7]. The
first thing we observe is that if v is a vector field that directs Zg, that is, v is zero
only at the singularities of X¢ and points in the direction of the orientation of the
nonsingular leaves of X, then v is a generic section of the tangent bundle of £ and
points out of X along dX. Thus the Poincaré—Hopf theorem implies

2(E) = (s —hy)+ (e —ho).
Adding this equality to r times equation (1) gives
rslg(K,[Z])+ x(Z) =2(e— —h-).

So if we can isotop X relative to the boundary so that e_ = 0, then we clearly have
the desired inequality. Recall that if an elliptic point and a hyperbolic point of the
same sign are connected by a leaf in the characteristic foliation, then they may be
canceled (without introducing any further singular points).

Thus we are left to show that for every negative elliptic point we can find a
negative hyperbolic point that cancels it. To this end, given a negative elliptic point
p, consider the basin of p, that is, the closure of the set of points in X that limit
under the flow of v in backward time to p. Denote this set by B),. Since the flow of v
goes out the boundary of X, it is clear that B), is contained in the interior of X. Thus
we may analyze B, exactly as in [6,7] to find the desired negative hyperbolic point.

We briefly recall the main points of this argument. First, if there are repelling
periodic orbits in the characteristic foliation, then add canceling pairs of positive
elliptic and hyperbolic singularities to eliminate them. This prevents any periodic
orbits in B, and thus one can show that B), is the immersed image of a polygon
that is an embedding on its interior. If B, is the image of an embedding, then
the boundary consists of positive elliptic singularities and hyperbolic singularities
of either sign and flow lines between these singularities. If one of the hyperbolic
singularities is negative, then we are done, since it is connected to B, by a flow line.
If none of the hyperbolic points are negative, then we can cancel them all with the
positive elliptic singularities in dB,, so that dB,, becomes a periodic orbit in the
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characteristic foliation and, more to the point, the boundary of an overtwisted disk.
In the case that B), is an immersed polygon, one may argue similarly; see [6,7].
The inequality for Legendrian K clearly follows from considering the positive
transverse pushoff of K and —K and Lemma 1.2 together with the inequality in the
transverse case. O

3 Rational Open Book Decompositions and Cabling

A rational open book decomposition of a manifold M is a pair (L, 7r) consisting of

e an oriented link L in M and
* afibration w: (M \ L) — S'

such that no component of 7-!(8) meets a component of L meridionally for
any 6 € S'. We note that 7~1(8) is a rational Seifert surface for the link L. If
n=1(0) is actually a Seifert surface for L, then we say that (L, ) is an open book
decomposition of M (or sometimes we will say an integral or honest open book
decomposition of M). We call L the binding of the open book decomposition and
n~1(0) a page.

The rational open book decomposition (L,7) of M supports a contact structure
& if there is a contact form o for £ such that

* o(v) > 0 for all positively pointing tangent vectors v € T'L and
e da is a volume form when restricted to (the interior of) each page of the open
book.

Generalizing the work of Thurston and Winkelnkemper [14], the authors of this
paper in work with Van Horn-Morris proved the following result.

Theorem 3.1 (Baker et al. 2008 [1]). Let (L,m) be any rational open book
decomposition of M. Then there exists a unique contact structure &Lﬁ) that is
supported by (L, ).

It is frequently useful to deal with only honest open book decompositions. One
may easily pass from a rational open book decomposition to an honest one using
cables, as we now demonstrate.

Given any knot K, let N(K ) be a tubular neighborhood of K, choose an orientation
on K and an oriented meridian u linking K positively once, and choose some
oriented framing (i.e., longitude) A on K such that {4, u} give longitude-meridian
coordinates on dN(K). The (p, g)-cable of K is the embedded curve (or collection of
curves if p and g are not relatively prime) on dN(K) in the homology class pA + gLL.
Denote this curve (these curves) by K, ,. We say that a cabling of K is positive if
the cabling coefficients have slope greater than the Seifert slope of K. (The slope of
the homology class pA +qu is g/p.)

If K is also a transverse knot with respect to a contact structure on M, then
using the contactomorphism in the proof of Lemma 1.1 between the neighborhood
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N = N(K) and C¢ for sufficiently small €, we may assume that the cable K, ; on N
is also transverse. As such, we call K), ; the transverse (p,q)-cable.

If L=K;U---UK, is alink, then we can fix framings on each component of L and
choose n pairs of integers (p;,g;). Then after setting (p,q) = ((p1,41)s- -, (Pn,qn))s
we denote by L, ) the result of (p;, g;)-cabling K; for each i. It is easy to check (see,
for example, [1]) that if L is the binding of a rational open book decomposition of
M, then so is L(p,q)’ unless a component K; of L is nontrivially cabled by curves of
the fibration’s restriction to N (K;).

The following lemma says how the Euler characteristic of the fiber changes under
cabling as well as the multiplicity and order of a knot.

Lemma 3.2. Let L be a (rationally null-homologous) fibered link in M. Suppose K
is a component of L for which the fibers in the fibration approach as (r,s)-curves
(in some framing on K). Let L' be the link formed from L by replacing K by the
(p,q)-cable of K, where p # +1,0 and (p,q) # (kr,ks) for any k € Q. Then L' is
fibered. Moreover, the Euler characteristic of the new fiber is

X (Znew) = (Iplx (Zow) + |ps —qr|(1—|pl)),

1
ged(p,r)

where Znew is the fiber of L' and Zqq is the fiber of L. The multiplicity of each
component of the cable of K is

p(rq— SP)
gcd (gcd(p,”) "ecd(p,r) gcd(paq))

and the order of Zyey along each component of the cable of K is

.
ged(p,r)
O

The proof of this lemma may be found in [1], but it follows easily by observing

that one may construct Xy, by taking |—%— | copies of Xoq and |2 \ copies

gcdpr ged( pr

of meridional disks to K and connecting them via \%\ half-twisted bands.

Now suppose we are given a rational open book decomposition (L,7) of M.
Suppose K is a rational binding component of an open book (L, ) whose page
approaches K in an (r,s)-curve with respect to some framing on K. (Note that r # 1
and that r is not necessarily coprime to s.) For any [ # s, replacing K in L by the (r,/)-
cable of K gives a new link LKW) that by Lemma 3.2 is the binding of a (possibly
rational) open book for M and has ged(r,/) new components each having order and
multiplicity 1. This is called the (r,/)-resolution of L along K. In the resolution, the
new fiber is created using just one copy of the old fiber following the construction
of the previous paragraph. Thus after resolving L along the other rational binding
components, we have a new fibered link L' that is the binding of an integral open
book (L', 7’). This is called an integral resolution of L.
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If we always choose the cabling coefficients (/) to have slope greater than the
original coefficients (7, s), then we say that we have constructed a positive (integral)
resolution of L.

Theorem 3.3 (Baker et al. 2008 [1]). Let (L,7) be a rational open book for M
supporting the contact structure &. If L' is a positive resolution of L, then L' is the
binding of an integral open book decomposition for M that also supports &.

4 Fibered Knots and the Bennequin Bound

Recall that in [10], null-homologous (nicely) fibered links satisfying the Bennequin
bound were classified. In particular, the following theorem was proven.

Theorem 4.1 (Etnyre and Van Horn-Morris, 2008 [10]). Let L be a fibered
transverse link in a contact 3-manifold (M,£) and assume that & is tight when
restricted to M\ L. Moreover, assume that L is the binding of an (integral) open book
decomposition of M with page X. Then slg (L, X) = —x(X) if and only if either

1. & is supported by (L,X) or
2. & is obtained from é(L,E) by adding Giroux torsion along tori that are incom-
pressible in the complement of L.

In this section we generalize this theorem to allow for any rationally null-
homologous knots. The link case will be dealt with in Sect. 6.

Theorem 4.2. Let K be a rationally null-homologous fibered transverse knot in a
contact 3-manifold (M, &) such that & is tight when restricted to the complement of
K. Denote by X a fiber in the fibration of M — K and let r be the order of K. Then

rSIé(K’Z) = —x(X) if and only if either

1. & agrees with the contact structure supported by the rational open book
determined by K or

2. & is obtained from the contact structure by adding Giroux torsion along tori that
are incompressible in the complement of K.

Proof. Let K’ be a positive integral resolution of K. Then from Theorem 3.3 we
know that K’ and K support the same contact structure. In addition, the following
lemma (with Lemma 3.2) implies that if rsl%([(,z) = —x(X), then slg(K',X') =
—x(X"), where X' is a fiber in the fibration of M — K’. Thus the proof is finished by
Theorem 4.1.

The other implication is obvious from the generalization of the Thurston—
Winkelnkemper construction in [1] and (1), since the characteristic foliation on the
page of a rational open book contains only positive singularities and while adding
Giroux torsion adds negative singularities, they cancel in the computation of the
rational self-linking number and the Euler characteristic of X. a
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Lemma 4.3. Let K be a rationally null-homologous transverse knot of order r in a
contact 3-manifold. Fix some framing on K and suppose a rational Seifert surface
X approaches K as a cone on an (r,s)-knot. Let K' be a (p,q)-cable of K that is
positive and transverse in the sense described before Lemma 3.2 and let X' be the
Seifert surface for K' constructed from X as in the previous section. Then

sIK', [2']) (Iplrslg(K, [Z]) +[rg —sp|(=1+p|)).

- ged(r,p)

Proof. For each singular point in the characteristic foliation of X there are p|

ged(p,r)
|p

2ed(pir) copies of X used in

the construction of X’). For each of the gi%% meridional disks used to construct X’

we get one positive elliptic point in the characteristic foliation of X’. Finally, since
cabling was positive, the |1; (Cr(]q<;'ff')) | half-twisted bands added to create X’ each have
a single positive hyperbolic singularity in their characteristic foliation. (It is easy to
check that the characteristic foliation is as described, since the construction takes
place mainly in a solid torus neighborhood of K where we can write an explicit

model for this construction.) The lemma follows now from Lemma 1.1. O

corresponding singular points on X’ (coming from the

5 Rational Unknots

A knot K in a manifold M is called a rational unknot if a rational Seifert surface D
for K is a disk. Notice that the union of a neighborhood of K and a neighborhood of
D is a punctured lens space. Thus the only manifold to have rational unknots (that
are not actual unknots) are manifolds with a lens space summand. In particular, the
only irreducible manifolds with rational unknots (that are not actual unknots) are
lens spaces. So we restrict our attention to lens spaces in this section.

A knot K in a lens space is a rational unknot if and only if the complement of a
tubular neighborhood of K is diffeomorphic to a solid torus. This, of course, implies
that the rational unknots in L(p, q) are precisely the cores of the Heegaard tori.

Theorem 5.1. Rational unknots in tight contact structures on lens spaces are
weakly transversely simple and Legendrian simple.

A knot type is weakly transversely simple if it is up to contactomorphism
(topologically) isotopic to the identity by its knot type and (rational) self-lining
number. We have the analogous definition for weakly Legendrian simple. We will
prove this theorem in the standard way. That is, we identify the maximal value for
the rational Thurston—-Bennequin invariant, show that there is a unique Legendrian
knot with that rational Thurston—-Bennequin invariant, and finally, show that any
transverse unknot with nonmaximal rational Thurston—-Bennequin invariant can be
destabilized. The transverse result follows from the Legendrian result, as Lemma 1.4
shows.
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5.1 Topological Rational Unknots

We explicitly describe L(p,q) as follows: fix p > ¢ > 0 and set
L(p,q) = VoUy V1,

where V; = S' x D? and we are thinking of S' and D? as the unit complex circle and
disk, respectively. In addition the gluing map ¢ : dV; — 9V, is given in standard
longitude-meridian coordinates on the torus by the matrix

(4 %)

q —q)’

where p’ and ¢’ satisfy pg' — p'g=—1and p > p' >0, ¢ > ¢’ > 0. We can find such
p',q by taking a continued fraction expansion of — g,

p 1
——=a-—7
q al_

ak—lfi
with each a; > 2 and then defining
P 1
-S4 1 -

q al_...—]
U~ T

Since we have seen that a rational unknot must be isotopic to the core of
a Heegaard torus, we clearly have four possible (oriented) rational unknots:
Ko, —Ko,K1,—K1, where K; = S' x {pt} C Vi. We notice that Ky represents a
generator in the homology of L(p,q), and —Kj is the negative of that generator.
So except in L(2,1), the knots Ky and —Kj are not isotopic or homeomorphic via
a homeomorphism isotopic to the identity. Similarly for K; and —Kj. Moreover, in
homology, ¢[Ko] = [Ki]. So if ¢ # 1 or p— 1, then K] is not homeomorphic via a
homeomorphism isotopic to the identity to Ky or —Ky. We have established most of
the following lemma.

Lemma 5.2. The set of rational unknots up to homeomorphism isotopic to the

identity in L(p,q) is given by

{Kl}7 pP= 2)
{rational unknots in L(p,q)} = { {Ki,—K,}, p#£2,qg=lorp—1,

{KO7_K07K17_K1}’ q#lO}’p—l

Proof. Recall that L(p,q) is an S'-bundle over S? if and only if g = 1 or p — 1. In this
case, Ky and K| are both fibers in this fibration and hence are isotopic. We are left to
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see that Ky and —Kj are isotopic in L(2,1) = RP3. To this end, notice that K, can be
thought of as an RP'. In addition, we have the natural inclusions RP' ¢ RP?> C RP3.
It is easy to find an isotopy of RP! = K in RP? that reverses the orientation. This
isotopy easily extends to RP3. O

5.2 Legendrian Rational Unknots

For results concerning convex surfaces and standard neighborhoods of Legendrian
knots we refer the reader to [9].

Recall that in the classification of tight contact structures on L(p, ¢) givenin [12],
the following lemma was proven as part of Proposition 4.17.

Lemma 5.3. Let N be a standard neighborhood of a Legendrian knot isotopic to
the rational unknot Ky in a tight contact structure on L(p,q). Then there is another
neighborhood with convex boundary N’ such that N C N' and dN' has two dividing
curves parallel to the longitude of Vi. Moreover, any two such solid tori with convex
boundary each having two dividing curves of infinite slope have contactomorphic
complements.

We note that N’ from this lemma is the standard neighborhood of a Legendrian
knot L topologically isotopic to K;. Moreover, one easily checks that

/

tbg(L) = -2,

p

where p’ < p is defined as in the previous sections. The next possible larger value
/
for tbg is — % +1> —%, which violates the Bennequin bound.

Theorem 5.4. The maximum possible value for the rational Thurston—Bennequin
invariant for a Legendrian knot isotopic to K is —K,, and it is uniquely re-
alized, up to contactomorphism isotopic to the identity. Moreover, any Legen-
drian knot isotopic to K| with nonmaximal rational Thurston—Bennequin invariant
destabilizes.

Proof. The uniqueness follows from the last sentence in Lemma 5.3. The first part
of the same lemma also establishes the destabilization result, since it is well known
(see [9]) that if the standard neighborhood of a Legendrian knot is contained in the
standard neighborhood of another Legendrian knot, then the first is a stabilization
of the second. O

To finish the classification of Legendrian knots in the knot type of K, we need
to identify the rational rotation number of the Legendrian knot L in the knot type of
K7 with maximal rational Thurston—-Bennequin invariant. To this end, notice that if
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we fix the neighborhood N’ from Lemma 5.3 as the standard neighborhood of the
maximal rational Thurston—-Bennequin invariant Legendrian knot L, then we can
choose a nonzero section s of &|,5s. This allows us to define a relative Euler class
for &y and &|¢, where C = L(p,q) — N'. One easily sees that the Euler class of
| vanishes and the Euler class e(&) is determined by its restriction to the solid
torus C. In particular, £|c is determined by

e(8)(D) =e(Elc,s)(D) mod p,

where D is the meridional disk of C and the generator of two-chains in L(p, q).

Thinking of D as the rational Seifert surface for L, we can arrange the foliation
near the boundary to be by Legendrian curves parallel to the boundary (see [12,
Fig. 1]). From this we see that we can take a Seifert cable L. of L to be Legendrian
and satisfy

1
rotg(L) = —rot(Lc).
p

By taking the foliation on N’ = dC to be such that DN JC is a ruling curve, we see
that

rotg (L) = Il)rot(Lc) - Il)e(ﬂc,s)(D).

By the classification of tight contact structures on solid tori [12], we see that the
number ¢(&|c,s)(D) is always a subset of {p' —1—2k:k=0,1,...,p' —1} and
determined by the Euler class of £. To give a more precise classification we need to
know the range of possible values for the Euler class of tight & on L(p,q). This is
in principal known, but difficult to state in general. We consider several cases in the
next subsection.

We clearly have the analog of Theorem 5.4 for —K;. That is all Legendrian
knots in the knot type —K; destabilize to the unique maximal representative L
with tbg(L) = —%/ and rotation number the negative of the rotation number for
the maximal Legendrian representative of K.

Proof (Proof of Theorem 5.1). Notice that if ¢g*> = +1 mod p, we have a diffeo-
morphism v : L(p,q) — L(p,q) that exchanges the Heegaard tori, and if g = 1 or
p — 1, then this diffeomorphism is isotopic to the identity. Thus when p # 2 and
g =1 or p—1, we have competed the proof of Theorem 5.1. Note also that we
always have the diffeomorphism v’ : L(p,q) — L(p,q) that preserves each of the
Heegaard tori but acts by complex conjugation on each factor of each Heegaard torus
(recall that the Heegaard tori are V; = § I D%, where S! and D? are a unit circle and
disk in the complex plane, respectively). If p = 2, then this diffeomorphism is also
isotopic to the identity. Thus we have finished the proof of Theorem 5.1 in this case.
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We are left to consider the case that ¢ # 1 or p — 1. In this case we can understand
Ko and —Kj by reversing the roles of Vj and V;. That is, we consider using the

gluing map
-1 q p
o= (q’ p/>

to glue dVy to dV. O

5.3 Classification Results

To give some specific classification results we recall that for the lens space L(p, 1), p
odd, there is a unique tight contact structure for any given Euler class not equal to
the zero class in H,(L(p,q);Z). From this, the fact that p’ = p — 1 in this case, and
the discussion in the previous subsection we obtain the following theorem.

Theorem 5.5. For p odd and any integer 1 € {p —2 -2k : k=0,1,...,p —2},
there is a unique tight contact structure & on L(p,1) with e(&)(D) =1 (here D is
again the 2-cell in the CW-decomposition of L(p, 1) given in the last subsection). In
this contact structure, the knot types K| and —K| are weakly Legendrian simple and
transversely simple. Moreover, the rational Thurston—Bennequin invariants realized
by Legendrian knots in the knot type K, are

-1
{ P k : k a nonpositive integer} .
p

The range for Legendrian knots in the knot type —K is the same. The range of
rotation numbers realized for a Legendrian knot in the knot type K; with rational
Thurston—Bennequin invariant — P;—l —kis

)
{——i—k—Zm:m:O,...,k},
p

and for —K, the range is
-1
—4+k—2m:m=0,...,k ;.
p

The range of possible rational self-linking numbers for transverse knots in the knot
type K is

[—1
{— pri—l_ k : k a nonpositive integer} ,
p
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and in the knot type —K; is

—1—1
{p— —k : k anonpositive integer} .
p

Results for other L(p,q) can easily be written down after the range of Euler
classes for the tight contact structures is determined.

6 Rationally Null-Homologous Links and Uniform Seifert
Surfaces

Much of our previous discussion for rational knots also applies to links, but many
of the statements are a bit more awkward (or even uncertain) if we do not restrict to
certain kinds of rational Seifert surfaces.

Let L = K; U--- UK, be an oriented link of Z-homological order r > 0 in a 3-
manifold M, and let us denote a tubular neighborhood of L by N(L) = N(K;)U---U
N(K,). By X (L) we denote the link exterior M \ N(L). Fix a framing for each N(K;).
Since L has order r, there is an embedded (r,s;)-curve on dN(K;) for each i, and
together, they bound an oriented surface X° in X (L). Radially coning dX° C N(L)
to L gives a surface X in M whose interior is embedded and for which dX|, wraps
r times around K;. By tubing if needed, we may take X to be connected. Such a
surface X will be called a uniform rational Seifert surface for L, and we say that L
r-bounds X.

Notice that as Z-homology chains, dX = rL = 0. Since as 1-chains there may
exist varying integers r; such that r1K; + - - - + r,K,, = 0, the link L may have other
rational Seifert surfaces that are not uniform. However, only for a uniform rational
Seifert surface X do we have that (1 X) = L as Q-homology chains.

With respect to uniform rational Seifert surfaces, the definition of rational linking
number for rationally null-homologous links extends directly: If L is an oriented link
that r-bounds X and L’ is another oriented link, then

1
lko(L,L')=-X-L
r

with respect to [X]. If L' is rationally null-homologous and #'-bounds X', then this
linking number is symmetric and independent of choice of X and X'.

It now follows that the entire content of Sects. 1 and 2 extends in a straight-
forward manner to transverse/Legendrian links L that r-bound a uniform rational
Seifert surface ¥ in a contact manifold. The generalization of Theorem 4.2 is
straightforward as well, but relies on the generalized statements of Lemmas 3.2
and 4.3. Rather than record the general statements of these lemmas (which becomes
cumbersome for arbitrary cables), we present them only for integral resolutions of
rationally null-homologous links with uniform rational Seifert surfaces.
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Lemma 6.1. Let L be a link in M that r-bounds a uniform rational Seifert surface
X for r > 0. Choose a framing on each component K; of L, i = 1,...,n, such that X
approaches K; as (r,s;)-curves. Let L' be the link formed by replacing each K; by its
(r,qi)-cable, where q; # s;. If L is a rationally fibered link with fiber X, then L is a
(null-homologous) fibered link bounding a fiber X' with

2(5) x<z>+<1r>i|siqi|.

Furthermore, assume that M is endowed with a contact structure & and that L is a
transverse link. If the integral resolution L' of L is positive and transverse, then

sI(L, [2']) = rslg(K,[Z]) + (-1 +r)zn:1|si —qil.

Proof. The construction of X’ is done by attaching |s; — g;| copies of meridional
disks of N(K;) with r|s; — g;| half-twisted bands to X for each i. Now follow the
proof of Lemma 4.3. a

Theorem 6.2. Let L be a rationally null-homologous fibered transverse link in a
contact 3-manifold (M,&) such that £ is tight when restricted to the complement
of L. Suppose L r-bounds the fibers of the fibration of M — L and let X be a fiber.
Then rsl(%(L,E) = —x(X) if and only if either & agrees with the contact structure
supported by the rational open book determined by L and X or & is obtained from
the contact structure by adding Giroux torsion along tori that are incompressible in
the complement of L.

Proof. Follow the proof of Theorem 4.2 using Lemma 6.1 instead of Lemmas 3.2
and 4.3. a
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1 Main Regularity Theorem

Let X be a compact complex manifold and @ a Hermitian metric on X, viewed as a
smooth positive (1,1)-form. As usual, we putd° = ;—(d — ), so that dd° = 51-9.
Consider the dd“-cohomology class {0} of a smooth real d-closed form o of type
(1,1) on X. (In general, one has to consider the Bott—Chern cohomology group, for
that boundaries are dd°-exact (1,1)-forms dd°¢, but in the case in that X is Kihler,
this group is isomorphic to the Dolbeault cohomology group H'*! (X).)

Recall that a function y is said to be quasiplurisubharmonic (or quasi-psh) if
iddy is locally bounded from below, or equivalently, if it can be written locally as
asum ¥ = ¢ + u of a psh function ¢ and a smooth function u. More precisely, it is
said to be ot-plurisubharmonic (or ct-psh) if ot +dd“y > 0. We denote by PSH(X, o)
the set of a-psh functions on X.

Definition 1.1. The class {a} € H'(X,R) is said to be pseudoeffective if it
contains a closed (semi)positive current 7 = o +dd“y > 0, and big if it contains a
closed “Kéhler current” T = o + dd“y such that T > e® > 0 for some € > 0.

From now on in this section, we assume that {a} is big. We know by [Dem92]
that we can then find 7y € {0/} of the form

To=a+ddv > go (1.2)

with a possibly slightly smaller & > 0 than the € in the definition, and y a quasi-psh
function with analytic singularities, i.e., locally

W = clogz |gj|2 +u, wherec>0,uc C”,g;holomorphic. (1.3)

By [DP04], X carries such a class {o} if and only if X is in the Fujiki class C of
smooth varieties that are bimeromorphic to compact Kéhler manifolds. Our main
result is the following.

Theorem 1.4. Let X be a compact complex manifold in the Fujiki class C, and let
o be a smooth closed form of type (1,1) on X such that the cohomology class {0/} is
big. Pick Ty = oo +dd v € {a} satisfying (1.2) and (1.3) for some Hermitian metric
o on X, and let Zy be the analytic set Zy = %’1 (—oo). Then the upper envelope

@ :=sup{y <0, y a-psh}

is a quasiplurisubharmonic function that has locally bounded second-order deriva-
tives 82g0/8zj82k on X \ Zy, and moreover, for suitable constants C,B > 0, there is
a global bound

[dd‘plo < C(|wo| + 1) %!
that explains how these derivatives blow up near Zy. In particular, ¢ is CcH=9 on

X N\ Zy for every 8 > 0, and the second derivatives D*@ are in L (X \ Zy) for
every p > Q.
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An important special case is the situation in that we have a Hermitian line bundle
(L,hr) and o = Oy 1, with the assumption that L is big, i.e., that there exists a
singular Hermitian hy = hpe=Y0 that has analytic singularities and a curvature
current Op ) = o +dd“yy > &w. We then infer that the metric with minimal
singularities hyin = hpe™?® has the regularity properties prescribed by Theorem 4.1
outside of the analytic set Zy = q/(;l (—o0). In fact, [Ber07, Theorem 3.4 (a)] proves
in this case the slightly stronger result that ¢ in C"' on X \ Zy (using the fact that
X is then Moishezon and that the total space of L* has many holomorphic vector
fields). The present approach is by necessity different, since we can no longer rely
on the existence of vector fields when X is not algebraic. Even then, our proof will
be in fact somewhat simpler.

Proof. Notice that in order to get a quasi-psh function ¢, we should a priori replace
¢ by its upper semicontinuous regularization ¢*(z) = limsup;_,, ¢(), but since
¢* <0and ¢* is o-psh as well, y = ¢* contributes to the envelope, and therefore
¢ = ¢@*. Without loss of generality, after subtracting a constant from v, we may
assume that yy < 0. Then yy contributes to the upper envelope, and therefore ¢ >
Wo. This already implies that ¢ is locally bounded on X \ Zj. Following [Dem94],
for every 8 > 0, we consider the regularization operator

V= psy (1.5)
defined by psw(z) = ¥(z,8) and

‘P(z,w):/Ceml//(exphz(wé’))x(\C|2)de(C)7 (W) EXXC, (1.6)

where exph : Tx — X, Tx . > { — exph,({), is the formal holomorphic part of the
Taylor expansion of the exponential map of the Chern connection on Tx associated
with the metric o, and y : R — R is a smooth function with support in | — e, 1]
defined by

0 —C e
)= (1—t)26Xpt—1

fort <1, x(@)=0 forr>1,
with C > 0 adjusted so that f‘x‘glx(|x|2)dx = 1 with respect to the Lebesgue
measure dx on C".

Also, dV, () denotes the standard Hermitian Lebesgue measure on (7Tx, ®).
Clearly, ¥(z,w) depends only on |w|. With the relevant change of notation, the
estimates proved in Sects. 3 and 4 of [Dem94] (see especially Theorem 4.1 and
estimates (4.3), (4.5) therein) show that if one assumes & + dd“y > 0, then there
are constants dy, K > 0 such that for (z,w) € X x C,

[0,80] >+ W¥(z,¢) + Kt* s increasing, (1.7)

0u(z) +dd (z,w) = —AA(z, [w])|dz|* K (w*|dz*+|dz][dw+[dw]*),  (1.8)
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where A = supmglmgl{—cjkgmé’jzk@gm} is a bound for the negative part of the
curvature tensor (¢ jxzy) of (Tx,®) and

Az1) (¥(z,t) +Kr*) — v(y,z)  (Lelong number). (1.9)

B dlogt =04+

In fact, this is clear from [Dem94] if o = 0, and otherwise we simply apply the
above estimates (1.7)—(1.9) locally to u + y, where u is a local potential of ¢, and
then subtract the resulting regularization U (z,w) of u, that is such that

dd‘ (U (z,w) = u(z)) = O(|w||dz|> + |w||dz]|dw]| + |dw]?), (1.10)

because the left-hand side is smooth and U (z,w) — u(z) = O(|w/?).

As a consequence, the regularization operator pg transforms quasi-psh functions
into quasi-psh functions, while providing very good control on the complex Hessian.
We exploit this, again quite similarly as in [Dem94], by introducing the Kiselman—
Legendre transform (cf. [Kis78, Kis94])

Ves(z) = i]I(1)f8 p,l//(z)—l—Ktz—K52—clogé7 c>0,6€]0,8).  (1.11)
r€lo,

]

We need the following basic lower bound on the Hessian form.

Lemma 1.12. Forallc > 0and § € 0,8, we have
o +dd°y, s > —(Amin (c,A(z,8)) + K8?) 0.

Proof of lemma. In general, an infimum infy,cr u(z, 1) of psh functions z — u(z,n)
is not psh, but this is the case if u(z,n) is psh with respect to (z,17) and u(z,n)
depends only on Ren, in that case it is actually a convex function of Ren. This
fundamental fact is known as Kiselman’s infimum principle. We apply it here by
putting w = e" and r = |w| = eR°". At all points of E.(w) = {z € X; v(y,z) > ¢},
the infimum occurring in (1.11) is attained at # = 0. However, for z € X \ E.(y) it
18 attained for t = tin, Where

{rmma ifA(z,8) <c,

tmin < & such that ¢ = A(z,tmin) = S+ (P(z,1) + Kt?) ifA(z,0) >c.

=tmin
In a neighborhood of such a point z € X \ E.(y), the infimum coincides with the
infimum taken for 7 close to #,;,, and all functions involved have (modulo addition
of o) a Hessian form bounded below by —(AA(z,tmin) + K6%)® by (1.8). Since
A(2,tmin) < min(c,A(z,6)), we get the desired estimate on the dense open set
X \ E.(y) by Kiselman’s infimum principle. However, y, s is quasi-psh on X, and
E.(y) is of measure zero, so the estimate is in fact valid on all of X, in the sense of
currents. O
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We now proceed to complete the proof or Theorem 4.1. Lemma 1 implies the
more brutal estimate

o+ddy.5 > —(Ac+K8) o  for§ €]0,8). (1.13)

Consider the convex linear combination

Ac+ K82 Ac+K8§?

&

where ¢ is the upper envelope of all ¢-psh functions ¥ < 0. Since o+ dd“p > 0,
(1.2) and (1.13) imply

Ac+K§8?

a+dd°0 > (Ac+K&*) w— (1— .
0

)(Ac+K52)w > 0.

Also ¢ <0, and therefore ¢, 5 < ps@ < 0 and 6 < 0 likewise. In particular 6
contributes to the envelope, and as a consequence we get ¢ > 0.

Returning to the definition of ¢, s, we infer that for every point z € X \ Z and
every 0 > 0, there exists 7 € ]0, §] such that

Ac+K8? Ac+K8?
0(z) > %Wg(z) + (1 - L) (p1@(2) + K> — K8* — clogt/§)
Ac+K§?
> ACH RO @)+ (o) + K — K&% — clogt/§)

&

(using the fact that the infimum is < 0 and reached for some ¢ € ]0, 8], since ¢ —
pr¢(z) is bounded for z € X \ Zp). Therefore, we get

prp(z) +Kt* < @(z) + K% — (Ac+ K8 gy 'y (2) —&—clog% . (1.14)
Since ¢ ++ p;@(z) + Kt? is increasing and equal to ¢(z) for t = 0, we infer that
K% — (Ac+K&8%)g, "wo(z) + clogé >0,
or equivalently, since yp < 0,
t>8exp(— (A+K8/c)g, wo(z)| — K8 /c).
Now (1.14) implies the weaker estimate

pi0(z) < 0(2) + K8*+ (Ac+K52)80_1|1,ll()(Z)

s
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hence, by combining the last two inequalities, we get

pip(z) — 9(2)
t2

Ac -~ 82\ 52
<k (14 (e + Ve ool ) exp (2(a+ 55 e lwole) + 262 ).

We exploit this by letting 0 < # < & and ¢ tend to 0 in such a way that Ac/K 5>
converges to a positive limit £ (if A = 0, just enlarge A slightly and then let A — 0).
In this way, we get for every ¢ > 0,

liminf —pt"’(z); ()
t—04 t

<K(1+(+ g wo(z)]) exp (2A((1 +0 Mgy o (2)] +€*‘)).
The special (essentially optimal) choice ¢ = &; ' |y (z)| + 1 yields

liminf M < K(gy yo(z)| +1)%exp (2A(g, wo(z)| +1)).  (1.15)

t—04

Now, putting as usual v(¢,z,r) = Wmfg(z,r)A(P(C)dga we infer from
estimate (4.5) of [Dem94] the Lelong—Jensen-like inequality

pip(z) — 0(z) = OI%CD(Z,T)dT

z/otd—f(/m])v«p,z,rcnxucmdc0<12>)

T
2
>c(a)v(@,z,at) —Cot® [wherea < 1,c(a) >0and C; > 1]

~ (a) 2
= /B(W)A(P(C)dé Gt (1.16)

where the third line is obtained by integrating for 7 € [a'/?¢,7] and for { in the corona
a'’? < |¢| < a'’* (here we assume that y is taken to be decreasing with y () > 0 for
all + < 1, and we compute the Laplacian A in normalized coordinates at z given by
£+ exph, (0)).

Hence by Lebesgue’s theorem on the existence almost everywhere of the density
of a positive measure (see, e.g., [Rud66, 7.14]), we obtain

lim 1 (Prp(z) = 9(2) > "(Ap@P)ac(z) —C2  ae.onX, (1.17)

t—04 t2
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where the subscript “ac” means the absolutely continuous part of the measure A, Q.
By combining (1.15) and (1.17) and using the quasiplurisubharmonicity of ¢, we
conclude that

|[dd le < App+C3 < C(|lyo|+ 1)262‘485"”0(1) a.e.on X \Z

for some constant C > 0. There cannot be any singular measure part (l in A, @ either,
since we know that the Lebesgue density would then be equal to +oo p1-a.e. [Rud66,
7.15], in contradiction to (1.15). This gives the required estimates for the complex
derivatives 0> /dz;07. The other real derivatives d>¢/dx;dx; are obtained from
A =Y 0%¢/dz;d7; via singular integral operators, and it is well known that these
operate boundedly on L” for all p < eo. Theorem (1.4) follows. a

Remark 1.18. The proof gave us in fact the very explicit value B = 2Ag; !, where
A is an upper bound of the negative part of the curvature of (Tx, ®). The slightly
more refined estimates obtained in [Dem94] show that we could even replace B by
the possibly smaller constant By, = 2(A’ +n)g, ', where

A= sup —Cjktm$ ,fkézfm,
[C1=1,1|=1,8L8

and the dependence of the other constants on 1 could then be made explicit.

Remark 1.19. InTheorem (1.4), one can replace the assumption that ¢ is smooth by
the assumption that o has L™ coefficients. In fact, we used the smoothness of o only
as a cheap argument to get the validity of estimate (1.10) for the local potentials u of
o. However, the results of [Dem94] easily imply the same estimates when o is L™,
since both « and —u are then quasi-psh; this follows, for instance, from (1.8) applied
with respect to a smooth 0. and W = +u if we observe that A (z, |w|) = O(|w|*) when
|dd®y| is bounded. Therefore, only the constant K will be affected in the proof.

2 Applications to Volume and Monge-Ampeére Measures

Recall that the volume of a big class {o} is defined, in the work [Bou02] of
S. Boucksom, as

Vol({a}) = sup T, (2.1)

T JX~sing(T)
with T ranging over all positive currents in the class { o} with analytic singularities,
whose locus is denoted by sing(7). If the class is not big, then the volume is

defined to be zero. With this definition, it is clear that {o} is big precisely when
Vol({a}) > 0.
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Now fix a smooth representative & in a pseudoeffective class {o}. We then
obtain a uniquely defined o/-plurisubharmonic function ¢ = Y, > 0 with minimal
singularities defined as in Theorem (1.4) by

¢ :=sup{y <0, y a-psh}; (2.2)

notice that the supremum is nonempty by our assumption that {oc} is pseudoeffec-
tive. If {o¢} is big and v is o-psh and locally bounded in the complement of an
analytic Z C X, one can define the Monge—Ampére measure MA () by

MAy(y) :=1xz(a+ddy)", (2.3)

as follows from the work of Bedford and Taylor [BT76,BT82]. In particular, if {a}
is big, there is a well-defined positive measure on MA (@) = MA g (Wnin) on X; its
total mass coincides with Vol({o(}), i.e.,

Vol({a}) = / MA4(0)

(this follows from the comparison theorem and the fact that Monge—Ampere
measures of locally bounded psh functions do not carry mass on analytic sets;
see, e.g2., [BEGZ08]). Next, notice that in general, the a-psh envelope ¢ = Wnin
corresponds canonically to o, so we may associate to ¢ the following subset of X:

D={p=0}. (2.4)

Since ¢ is upper semicontinuous, the set D is compact. Moreover, a simple
application of the maximum principle shows that a > 0 pointwise on D (precisely
as in Proposition 3.1 of [BerO7]: at any point zop where o is not semipositive,
we can find complex coordinates and a small € > 0 such that ¢(z) — &|z — zo/?
is subharmonic near zg, using the fact that dd“¢p > —a or rather the induced
inequality between traces, and so integrating over a small ball B centered at zg
gives 9(20) =0 < [p ¢(z) —€lz— 20|*> < 0, showing that zg is not in D).

In particular, 1p o is a positive (1, 1)-form on X. From Theorem (1.4) we infer
the following.

Corollary 2.5. Assume that X is a Kdhler manifold. For any smooth closed form
o of type (1,1) in a pseudoeffective class and ¢ < 0 the a-psh upper envelope, we
have

MAu(p) =1p0",  D={p=0}, (2.6)

as measures on X (provided the left-hand side is interpreted as a suitable weak limit)
and

Vol({a}) = /D o' > 0. .7

In particular, {a} is big if and only if [, a" > 0.
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Proof. Let @ be a Kéhler metric on X. First assume that the class { o} is big and let
Zy be the singularity set of some strictly positive representative o + dd“yp > €®
with analytic singularities. By Theorem (1.4), ot +dd¢ is in Lj; (X \ Zp). In
particular (see [Dem89]), the Monge—Ampere measure (o + dd“¢®)" has a locally
bounded density on X \ Zp with respect to ®". Since by definition, the Monge—
Ampere measure puts no mass on Zy, it is enough to prove the identity (2.6)
pointwise almost everywhere on X.

To this end, one argues essentially as in [BerO7] (where the class was assumed
to be integral). First, a well-known local argument based on the solution of the
Dirichlet problem for (dd°)" (see, e.g., [BT76,BT82], and also Proposition 1.10 in
[BBO8]) proves that the Monge—Ampere measure (0 + dd“@)" of the envelope ¢
vanishes on the open set (X \. Zy) \. D (this uses only the fact that o has continuous
potentials and the continuity of ¢ on X \ Zy). Moreover, Theorem (1.4) implies that
¢ €C'(X\Z) and

2
il erl

8)6,’8)6]' loc
for any p € |1, and i, j € [1,2n]. Even if this is slightly weaker than the situation
in [BerO7], where it was shown that one can take p = oo, the argument given in
[Ber07] still goes through. Indeed, by well-known properties of measurable sets,
D has Lebesgue density lim,_,oA(DNB(x,r))/A(B(x,r) = 1 at almost every point
x € D, and since @ = 0 on D, we conclude that d¢/dx; = 0 at those points (if the
density is 1, no open cone of vertex x can be omitted and thus we can approach x
from any direction by a sequence x,, — x).

But the first derivative is Holder continuous on D \ Zy; hence d¢/dx; = 0
everywhere on D \ Z. By repeating the argument for d¢@/dx;, that has a derivative
in L? (L' would even be enough), we conclude from Lebesgue’s theorem that
9%¢/dx;dx; = 0 ae. on D\ Z, hence that oz +dd“¢ = & on D \ E, where the
set E has measure zero with respect to @”". This proves formula (2.6) in the case of
a big class.

Finally, assume that {a} is pseudoeffective but not big. For any given positive
number €, we let & = ot + €® and denote by D, the corresponding set (2.4). Clearly
0, represents a big class. Moreover, by the continuity of the volume function up to
the boundary of the big cone [Bou02],

(2.8)

Vol({ae}) = Vol({a}) (=0) (2.9)
as € tends to zero. Now observe that D C D (there are more (o + £®)-psh functions

than o-psh functions, and so ¢ < ¢ < 0; clearly, ¢, increases with € and ¢ =
limg_,0 @¢; compare with Proposition 3.3 in [Ber07]). Therefore

iy
D J D¢ D¢

where we used that oo < ¢, in the second step.
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Finally, since by the big case treated above, the right-hand side above is precisely
Vol({o}), letting € tend to zero and using (2.9) proves that [, o" =0 = Vol({ot})
(and that MA (@) = 0 if we interpret it as the limit of MAg, (¢¢)). This concludes
the proof. a

In the case that {c} is an integer class, i.e., when it is the first Chern class
c1(L) of a holomorphic line bundle L over X, the result of the corollary was
obtained in [Ber(O7] under the additional assumption that X is a projective manifold;
it was conjectured there that the result was also valid for integral classes over a
nonprojective Kihler manifold.

Remark 2.10. In particular, the corollary shows that if { o} is big, there is always an
o-plurisubharmonic function ¢ with minimal singularities such that MA, (@) has
an L”-density with respect to @". This is a very useful fact when one is dealing with
big classes that are not Kéhler (see, for example, [BBGZ09]).

3 Application to Regularity of a Boundary Value Problem
and a Variational Principle

In this section we will see how the main theorem may be interpreted as a regularity
result for (1) a free boundary value problem for the Monge—Ampere operator and (2)
a variational principle. For simplicity we consider only the case of a Kihler class.

3.1 A Free Boundary Value Problem for the Monge—Ampere
Operator

Let (X, ) be a Kihler manifold. Given a function f € C?(X), consider the following
free boundary value problem:

MA,(u) =0 on 2,
u=f ondQ,
du=df

for a pair (u,Q), where u is an @-psh function on Q that is in C'(), and € is
an open set in X. We have used the notation dQ := Q . Q, but no regularity of
the boundary is assumed. The reason that the set 2 is assumed to be part of the
solution is that for a fixed €2, the equations are overdetermined. Setting u := ¢ + f
and Q := X \ D, where ¢ is the upper envelope with respect to & := dd°f + o,
yields a solution. In fact, by Theorem (1.4), u € C"'=9(Q) for any & > 0.
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3.2 A Variational Principle

Fix a form o in a Kéhler class {o} possessing continuous potentials. Consider the
following energy functional defined on the convex space PSH(X, &) N L™ of all o-
psh functions that are bounded on X:

Elvl:= n+1 £

n .
] 2/ v(a+ddy) Na . (3.2.1)
j=0"X%
This functional seems to first have appeared, independently, in the work of Aubin
and Mabuchi on Kihler-Einstein geometry (in the case that o is a Kihler form).
More geometrically, up to an additive constant, £ can be defined as a primitive
of the one-form on PSH(X, o) N L™ defined by the measure-valued operator ¥ —
MAq ().
As shown in [BBOS] (version 1), the following variational characterization of the
envelope ¢ holds:

Proposition 3.2.2. The functional

WHﬂW—AWW+WWV

achieves its minimum value on the space PSH(X, ) N L™ precisely when  is equal
to the envelope ¢ (defined with respect to o). Moreover, the minimum is achieved
only at @, up to an additive constant.

Hence, the main theorem above can be interpreted as a regularity result for
the functions in PSH(X, o) N L™ minimizing the functional (3.2.1) in the case
that o is assumed to have L}, coefficients. More generally, a similar variational

characterization of @ can be given in the case of a big class [¢] [BBGZ09].

4 Degenerate Monge-Ampere Equations and Geodesics
in the Space of Kiahler Metrics

Assume that (X, @) is a compact Kihler manifold and that X is a Stein manifold with
strictly pseudoconvex boundary, i.e., X admits a smooth strictly psh nonpositive
function Ny that vanishes precisely on dX. The corresponding product manifold
will be denoted by M := X x X. By taking pullbacks, we identify 1> with a function
on M and @ with a semipositive form on M. In this way, we obtain a Kdhler form
Wy = 0 +ddns on M. Given a function f on M and a point s in X, we use the
notation fs := f (s, -) for the induced function on X.
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Further, given a closed (1,1)-form o0 on M with bounded coefficients and a
continuous function f on dM, we define the upper envelope

(pa’f:Sup{l[/WEPSH(M,O!)HCO(M), WBMSf} 4.1)

Note that when X is a point and f = 0, this definition coincides with the one
introduced in Sect. 1. Also, when F is a smooth function on the whole of M, the
obvious translation y — Wy’ = y — F yields the relation

®p.f—F = Qo,f —F, where B =0 +ddF. 4.2)

The proof of the following lemma is a straightforward adaptation of the proof of
Bedford-Taylor [BT76] in the case that M is a strictly pseudoconvex domain in C”".

Lemma 4.3. Let o be a closed real (1,1)-form on M with bounded coefficients,
such that o5y x > € is positive definite for all s € X. Then the corresponding
envelope @ = Qg vanishes on the boundary of M and is continuous on M.
Moreover, MAy (@) vanishes in the interior of M.

Proof. By (4.2), we have @g 0 = @p o +Cns, where B = o + Cddny can be taken
to be positive definite on M for C >> 1, as is easily seen from the Cauchy—Schwarz
inequality and the hypotheses on ¢. Therefore, we can assume without loss of
generality that o is positive definite on M. Since 0 is a candidate for the supremum
defining ¢, it follows immediately that O < ¢ and hence ¢),, = 0. To see that ¢ is
continuous on dM (from the inside), take an arbitrary candidate y for the sup and
observe that

vy < —-Cns

for C > 1, independent of y.

Indeed, since dd“y > —a., there is a large positive constant C such that the
function y + Cny is strictly plurisubharmonic on X x {x} for all x. Thus the
inequality above follows from the maximum principle applied to all slices X x {x}.
All in all, taking the sup over all such y gives

0<o<-Cns.

But since Ny|g) = 0 and 15 is continuous, it follows that ¢(x;) — 0 = ¢(x) when
Xi—x€dM.

Next, fix a compact subset K in the interior of M and € > 0. Let M5 := {ns <
—38}, where 0 is sufficiently small to ensure that K is contained in M,s. By the
regularization results in [Dem92] or [Dem94], there is a sequence ¢; in PSH(M, o —
270) NC%(Ms ) decreasing to the upper semicontinuous regularization ¢*. By
replacing ¢@; with (1—277)"'¢;, we can even assume @; € PSH(M, o) NC° (M5 5).
Put

/

¢; = max{¢p;—€,Cns} on Mz, and (p} :=Cnz on M~ Ms.
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On dMg we have Cny = —C9d, and we can take j so large that
0; < —Cns+¢/2=Co+¢/2,

so we will have @; —e < Cns as soon as 2C0 < /2. We simply take € =4C3§. Then
(p} is a well-defined continuous ¢-psh function on M, and (p;. is equal to @; — € on
K C My, since Cny < —4C6 < —e < @; — € there. In particular, (pj’. is a candidate
for the sup defining ¢; hence (p} < ¢ < ¢*, and so

P <@ <@ite<ote

on K. This means that ¢; converges to ¢ uniformly on K, and therefore ¢ is
continuous on K.

Allin all this shows that ¢ € C°(M). The last statement of the proposition follows
from standard local considerations for envelopes due to Bedford—Taylor [BT76] (see
also the exposition in [Dem89] and [Dem93]). O

Theorem 4.4. Let o be a closed real (1,1)-form on M with bounded coefficients
such that o5y xx > € is positive definite for all s € X. Consider a continuous
Sunction f on M such that f; € PSH(X,0y) for all s € dX. Then the upper
envelope @ = Qq y is the unique o-psh continuous solution of the Dirichlet
problem

Q= f ondM, (ddu+ o)™ =0 on the interior M°. 4.5)

Moreover, if f is C''! on OM, then for any s in X, the restriction s of @ on {s} x X
has a dd® in L, .. More precisely, we have a uniform bound |dd¢s|o < C a.e. on X,
where C is a constant independent of s.

Proof. Without loss of generality, we may assume as in Lemma (4.3) that « is
positive definite on M. Also, after adding a positive constant to f, that has only the
effect of adding the same constant to ¢ = @4 ¢, we may suppose that supg,, f > 0
(this will simplify a little bit the arguments below).

Continuity. Let us first prove the continuity statement in the theorem. In the case
that f extends to a smooth function F in PSH(M, (1 — &) o), the statement follows
immediately from (4.2) and Lemma (4.3), since

f—F=0ondMand B =0a+ddF >¢eo > ego.

Next, assume that f is smooth on dM and that f; € PSH(X, (1 —¢€)oy) foralls € 9X.
If we take a smooth extension f of f to M and C > 1, we will get

o+ dde (F(x,5) + Cns(s)) = (e/2)ar
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on a sufficiently small neighborhood V of dM (again using Cauchy—Schwarz).
Therefore, after enlarging C if necessary, we can define

F(x,s) = max.(f(x,s) +Cnx(s),0)

with a regularized max function max, in such a way that the maximum is equal to
0 on a neighborhood of M \'V (C > 1 being used to ensure that f +Cns < 0 on
M V). Then F equals f on dM and satisfies

o+ddF > (g/2)o > (egy/2)®

on M, and we can argue as previously. Finally, to handle the general case in that
[ is continuous with f; € PSH(X, o) for every s € X, we may, by a parametrized
version of Richberg’s regularization theorem applied to (1 —27")f +C27" (see,
e.g., [Dem91]), write f as a decreasing uniform limit of smooth functions f,, on dM
satisfying fy s € PSH(X, (1—27V"1) o) forevery s € 0X. Then @, f is a decreasing
uniform limit on M of the continuous functions @y, f,, (as follows easily from the
definition of ¢, y as an upper envelope).

Observe also that the uniqueness of a continuous solution of the Dirichlet
problem (4.5) results from a standard application of the maximum principle
for the Monge—Ampere operator. This proves the general case of the continuity
statement.

Smoothness. Next, we turn to the proof of the smoothness statement. Since the proof
is a straightforward adaptation of the proof of the main regularity result above, we
will just briefly indicate the relevant modification. Quite similarly to what we did
in Sect. 1, we consider an ¢-psh function ¥ with v < f on dM, and introduce
the fiberwise transform ¥; of y; on each {s} x X, that is defined in terms of the
exponential map exph : Ty — X, and we put

¥ (z,s,t) = ¥l(z,1).

Then essentially the same calculations as in the previous case show that all
properties of ¥ are still valid with the constant K depending on the C!'-norm of
the local potentials u(z,s) of ¢, the constant A depending only on @ and with

9¥(z,5,1)/d(logt) := A(z,s,1) = v(ys),
ast — 0T, where v(;) is the Lelong number of the function y; on X at z.
Moreover, the local vector-valued differential dz should be replaced by the

differential d(z,s) = dz+ds in the previous formulas. Next, performing a Kiselman—
Legendre transform fiberwise, we let

Vs (Z’ S) = (IVS)C,S (Z)
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Then, using a parametrized version of the estimates of [Dem94] and the properties
of ¥(z,s,w) as in Sect. 1, arguments derived from Kiselman’s infimum principle
show that

o +ddy. 5 > (—Amin(c,A(z,5,8)) —K8*) oy > —(Ac+K8*) oy, (4.6)

where wy, is the Kédhler form on M.

In addition to this, we have |y, 5 — f| < K'8? on dM by the hypothesis that f is
C"!. For a sufficiently large constant Cy, we infer from this that = (1 —Cj(Ac +
K8%))y, s satisfies 0 < f on dM (here we use the fact that f > 0 and hence that
Yo = 0 is a candidate for the upper envelope). Moreover, &t +dd“6 > 0 on M thanks
to (4.6) and the positivity of a. Therefore, 0 is a candidate for the upper envelope,
and so 0 < @ = @7 q.

Repeating the arguments of Sect. 1 almost word for word, we obtain for
(pr®)(z,5) := P(z,s,t) the analogue of estimate (1.15), that reduces simply to

limin P2(&3) — 0(z5)

t—04 12 =G

since Yy = 0 in the present situation. The final conclusion follows from (1.16) and
the related arguments already explained. O

In connection to the study of Wess—Zumino—Witten-type equations [Don99],
[Don02] and geodesics in the space of Kéhler metrics [Don99], [Don02], [Che00],
it is useful to formulate the result of the previous theorem as an extension problem
from dZ, in the case that a(z,s) = @(z) does not depend on s.

To this end, let F : 0¥ — PSH(X, w) be the map defined by F(s) = f;. Then the
previous theorem gives a continuous “maximal plurisubharmonic” extension U of
F to X, where U(s) := uj, so that U : X — PSH(X, ®).

Let us next specialize to the case in that X := A is an annulus R; < |s| < R; in
C and the boundary datum f(x,s) is invariant under rotations s ~+ se’®. Denote by
f% and f! the elements in PSH(X,®) corresponding to the two boundary circles
of A. Then the previous theorem furnishes a continuous path f’ in PSH(X, 0) if
we put t = log|s|, or rather r = log(|s|/R1)/log(R2/Ry), to be precise. Following
[PS08], the corresponding path of semipositive forms @' := @+ dd® f* will be called
a (generalized) geodesic in PSH(X, @) (compare also with Remark 4.8).

Corollary 4.7. Assume that the semipositive closed (1,1)-forms ®° and ®" belong
to the same Kdhler class { @} and have bounded coefficients. Then the geodesic @'
connecting ®° and ®" is continuous on [0,1] x X, and there is a constant C such
that @ < Cw on X, i.e., @" has uniformly bounded coefficients.

In particular, the previous corollary shows that the space of all semipositive forms
with bounded coefficients in a given Kihler class is “geodesically convex.”

Remark 4.8. As shown in the work of Semmes, Mabuchi, and Donaldson, the space
of Kihler metrics H, in a given Kihler class {®} admits a natural Riemannian
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structure defined in the following way (see [Che00] and references therein). First
note that the map u — ® + dd“u identifies H, with the space of all smooth and
strictly @-psh functions, modulo constants. Now with the tangent space of H,,
identified at the point @ +ddu € H, with C*(X) /R, the squared norm of a tangent
vector v at the point « is defined as

/ V(o4 ddu)" /n!.
X

Then the potentials f* of any given geodesic @’ in H,, are in fact solutions of the
Dirichlet problem (4.5) above, with X an annulus and 7 := log|s|; see [Che00].

However, the existence of a geodesic u; in H 4 connecting any given points uy and
11 is an open and even dubious problem. In the case that X is a Riemann surface and
the boundary datum f is smooth with o +ddf; > 0 on X for s € X, it was shown
in [Che00] that the solution ¢ of the Dirichlet problem (4.5) has a total Laplacian
that is bounded on M. See also [Blo09] for a detailed analysis of the proof in [Che00]
and some refinements.

On the other hand, it is not known whether o, + dd“@, > 0 for all s € X, even
under the assumption of rotational invariance, that appears in the case of geodesics
as above. See [CTO08], however, for results in this direction. A case similar to the
degenerate setting in the previous corollary was also considered very recently in
[PSO8], building on [Blo09].

Remark 4.9. Note that the assumption f € C?(dM) is not sufficient to obtain
uniform estimates on the total Laplacian on M with respect to wys of the envelope u
up to the boundary. To see this, let X be the unit ball in C? and write s = (s1,57) € C2.
Then f(s) := (1 +Res;)> ¢ is in C*~2¢(dM), and u(x,s) := f(s) is the continuous
solution of the Dirichlet problem (4.5). However, u is not in C1»! (M) at (x; —1,0) €
dM for any x € X. Note that this example is the trivial extension of the example in
[CNS86] for the real Monge—Ampere equation on the disk.

S Regularity of “Supercanonical” Metrics

Let X be a compact complex manifold and (L,%z,y) a holomorphic line bundle over
X equipped with a singular Hermitian metric h; , = e Vhy that satisfies [e™7 < 40
locally on X, where 4y, is a smooth metric on L. In fact, we can more generally
consider the case in that (L, %, y) is a “Hermitian R-line bundle”; by this we mean
that we have chosen a smooth real d-closed (1,1)-form oz on X (whose dd°®
cohomology class is equal to ¢{(L)), and a specific current 77, representing it,
namely 7}, = 0y + ddy, such that y is a locally integrable function satisfying
JeTV < oo

An important special case is obtained by considering a kit (Kawamata log
terminal) effective divisor A. In this situation, A = Y.c;A; with ¢; € R, and if g; is
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a local generator of the ideal sheaf O(—A;) identifying it with the trivial invertible
sheaf g;0, we take y = Y cjlog|g;|?, Try = X.¢;[A,] (current of integration on A)
and ¢y, given by any smooth representative of the same dd“-cohomology class; the
kit condition means precisely that

/‘;e*y:/vH|gj\720f < oo (5.1)

on a small neighborhood V of any point in the support |A| = [JA;. (Condition (5.1)
implies ¢; < 1 for every j, and this in turn is sufficient to imply A kIt if A is a
normal crossing divisor; the line bundle L is then the real line bundle O(A), that
makes sense as a genuine line bundle only if ¢; € Z.)

For each klt pair (X, A) such that Kx + A is pseudoeffective, Tsuji [Ts07a,Ts07b]
has introduced a “supercanonical metric” that generalizes the metric introduced
by Narasimhan and Simha [NS68] for projective algebraic varieties with ample
canonical divisor. We take the opportunity to present here a simpler, more direct,
and more general approach.

We assume from now on that Ky + L is pseudoeffective, i.e., that the class
c1(Kx) + {ar} is pseudoeffective, and under this condition, we are going to define
a “supercanonical metric” on Kx + L. Select an arbitrary smooth Hermitian metric
® on X. We then find induced Hermitian metrics hg, on Kx and hg, 1 = hi,hy on
Kx + L whose curvature is the smooth real (1, 1)-form

o= @KX+L-,hI(X+L = @Kx,a) + o

A singular Hermitian metric on Ky + L is a metric of the form hgy 11, o = e Phiy 1L,
where @ is locally integrable, and by the pseudoeffectivity assumption, we can find
quasi-psh functions ¢ such that oc + dd @ > 0.

The metrics on L and Kx + L can now be “subtracted” to give rise to a metric

hr 7th+L<p =ef th L =e? yh =e? 7 7dV,

on Ky = A"Ty, since hKl = de is just the Hermitian (n,n) volume form on X.
Therefore the integral [ hL yhe! Ky-+L, Das an intrinsic meaning, and it makes sense
to require that

—1 _
/X hiyhi)orp = /X e? 1AV, < 1, (5.2)

in view of the fact that ¢ is locally bounded from above and because of the
assumption [e~7 < +eo. Observe that condition (5.2) can always be achieved
by subtracting a constant from ¢. We can now generalize Tsuji’s supercanonical
metrics on klt pairs (cf. [Ts07b]) as follows.

Definition 5.3. Let X be a compact complex manifold and let (L, ;) be a Hermitian
R-line bundle on X associated with a smooth, real, closed (1, 1)-form oy. Assume
that Kx + L is pseudoeffective and that L is equipped with a singular Hermitian
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metric iy, = e~ Vhy such that [e~7 < 4o locally on X. Take a Hermitian metric @
on X and define ot = Ok, 41 5 Kyl = Ok, o + 0. Then we define the supercanonical
metric ficy, of Kx + L to be

hKX+L’can:iI(;fhKX+L_’(p ie. hgyircan =€ %"hg, 1, where

Qcan(x) = sup@(x) for all ¢ with o +dd e >0, / e? v, < 1.
0] X

In particular, this gives a definition of the supercanonical metric on Ky + A for
every kit pair (X,A) such that Kx + A is pseudoeffective, and as an even more
special case, a supercanonical metric on Ky when Ky is pseudoeffective.

In the sequel, we assume that y has analytic singularities, for otherwise, not
much can be said. The mean value inequality then immediately shows that the
quasi-psh functions ¢ involved in Definition (5.3) are globally uniformly bounded
outside of the poles of ¥, and therefore everywhere on X. Hence the envelopes
Pcan = SUP, @ are indeed well defined and bounded above. As a consequence, we
get a “supercanonical” current Tean = O + dd Pean > 0, and hgy 41 can satisfies

/XhL#hl_(;JrL,can = /Xeq)can—}'de < oo, 5.4)

It is easy to see that in Definition (5.3) the supremum is a maximum and that @y =
(¢can)™ everywhere, so that taking the upper semicontinuous regularization is not
needed.

In fact, if xy € X is given and we write

(Pean)* (x0) = lijfcri;‘olp Pean(x) = VEI.I;LO Pean(xv) = vgrfm Pv(xv)
with suitable sequences x, — xo and (¢y) such that [, e®~7dV,, < 1, the well-
known weak compactness properties of quasi-psh functions in the L! topology imply
the existence of a subsequence of (¢, ) converging in L' and almost everywhere to a
quasi-psh limit ¢. Since [, e®?*~7dV,, < 1 holds for every v, Fatou’s lemma implies
that we have [y, ¢?~7dV,, < 1 in the limit. By taking a subsequence, we can assume
that @, — ¢ in L' (X). Then for every £ > 0, the mean value B(xy c) Qv satisfies

][ ¢ = lim ¢y > lim (Pv(xv) = ((Pcan)*(xo)a
B(x()ag)

V—=+422/B(xy £) T Voo

and hence we get @ (xo) = limg—0 f3(,) ¢) @ = (@ecan)" (¥0) = Pean(x0), and therefore
the sup is a maximum and Qcan = @,

By elaborating on this argument, we can infer certain regularity properties of the
envelope. However, there is no reason why the integral occurring in (5.4) should be
equal to 1 when we take the upper envelope. As a consequence, neither the upper
envelope nor its regularizations participate in the family of admissible metrics. This
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is why the estimates that we will be able to obtain are much weaker than in the case
of envelopes normalized by a condition ¢ < 0.

Theorem 5.5. Let X be a compact complex manifold and (L,hr) a holomorphic
R-line bundle such that Kx + L is big. Assume that L is equipped with a singular
Hermitian metric hy y = e "hy with analytic singularities such that [e™7 < oo
(klt condition). Denote by Zy the set of poles of a singular metric hyg = e~ Yhg, 11
with analytic singularities on Kx + L and by Z, the poles of 'y (assumed analytic).
Then the associated supercanonical metric hean is continuous on X \ (Zy UZy) and
possesses some computable logarithmic modulus of continuity.

Proof. With the notation already introduced, let hgy 11,9 = e~ ®hk,+1 be a singular
Hermitian metric such that its curvature satisfies o0 +dd“@ > 0 and [y ¢?~7dV,, < 1.
We apply to ¢ the regularization procedure defined in (1.6). Jensen’s inequality
implies

e(D(z,w) < / e‘P(eXth(WC)) x(‘qz) de(C)
CGTXA,Z

If we change variables by putting u = exph,(w{), then in a neighborhood of
the diagonal of X x X we have an inverse map logh : X x X — Ty such that
exph, (logh(z,u)) = u, and we obtain for w small enough,

/ ecb(z,w) - y(z)de (Z)
X

' ' - logh(z,u)*\ 1
< (p(u) Y(Z) | g 9
B /zex (/ugxe X( w2 w2 dV (logh(z,u)) |dVy(z)

= P(u,w)e® =1 qv, (u),
ueX

where P is a kernel on X x D(0, &) such that

Pluw) = [ 1 (|1ogh<z,u>|2) er) MV, logh(z,) o

ex [w[?" |w|? dV(u)

Let us first assume that y is smooth (the case in that y has logarithmic poles will
be considered later). Then a change of variable { = Llogh(z,u) shows that P is
smooth, and we have P(u,0) = 1. Since P(u,w) depends only on |w|, we infer

P(u,w) < 1+ Colw|?

for w small. This shows that the integral of z + e®@")~C0* will be at most equal
to 1, and therefore if we define

0.5(2) = inf ®(z1)+Ki® — K8® — clog (5.6)
' 1€]0,8] o
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as in (1.10), the function ¢, 5(z) < @(z,8) will also satisfy
/ efpc,a(Z)*Cofssz(Z)de <. 5.7
X

Now, thanks to the assumption that Kx + L is big, there exists a quasi-psh
function y with analytic singularities such that ot +dd“yp > g®. We can assume
Jxe¥0YdV, =1 after adjusting yp with a suitable constant. Consider a pair of
points x,y € X. We take @ such that @(x) = @cn(x) (this is possible by the above
discussion). We define

@, =log (AeY0 + (1 —1)e?) (5.8)

with a suitable constant A € [0,1/2], that will be fixed later, and obtain in this way
regularized functions @, (z,w) and @y . (z). This is obviously a compact family,
and therefore the associated constants K needed in (5.6) are uniform in A. Also, as
in Sect. 1, we have

o+ddy .5 > —(Ac+K8*)w  forall § €]0,8). (5.9)

Finally, we consider the linear combination

Ac+ K682 Ac+ K82
0= 2Lyt (1- 2 st G0

Clearly, [y e?*~YdV,, < 1, and therefore 0 also satisfies [y e rav, < 1 by Holder’s
inequality. Our linear combination is precisely taken so that o + dd6 > 0.
Therefore, by definition of @, we find that

(P16 —Cob?). (5.11)

Ac+K§? Ac+K§?
(pcan29:L5%+<1_L5)

Assume x € X \ Z, so that ¢y (x) > —eo and v(¢@;,x) = 0. In (5.6), the infimum
is reached either for # = § or for ¢ such that ¢ = t%(d);t (z,t) + Kt?). The function
t + @) (z,t) + Kt? is convex increasing in logt and tends to ¢, (z) as t — 0. By
convexity, this implies

(P2 (x, &) +K8F) — (D3, (z.1) + K1)

d
c= ta(‘pl (z,1) +Kr?) <

log(8o/1)
Ci—oa) _ Cit[wo(z)| +log(1/4)
= log(do/1) ~ log(8o/1) ’
and hence
;gmax(%,%exp(q+"”°(Z)'C+l°g<1/’l))). (5.12)

This shows that ¢ cannot be too small when the infimum is reached.
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When ¢ is taken equal to the value that achieves the infimum for z =y, we find
that

1
0r.c5(y) = @y (31) + K> — K82 —clogg > @, (v,1) + K> —K8%  (5.13)

Since z+—> @) (z,t) is a convolution of @, , we get a bound of the first-order derivative

G G

D@3 (2.0)] < 193 1) =2 < =2,

and with respect to the geodesic distance d(x,y) we infer from this that
(6]
D) (y,1) > Dy (x,1) — Td(x,y). (5.14)
A combination of (5.11), (5.13), and (5.14) yields

Ac+K§? Ac+K§? c
en(0) = 2Ky 0) + (125 (@ (e k2 K8 )

&
Ac+K§? Ac+K§? , G
> 2 o0 + (1 2955 ) (a0 - 58 - D)

> log (e 4(1-2)e?™) — c4(<c+62><|wo<y>\+1>+}d<x,y>)
> Gun3) = s (A+(e 82 (o) [+ 1)+ 5,).

if we use the fact that @) (x) < Cg, ©(x) = @can(x), and log(1 —A) > —(21log2)A
forall A € [0,1/2].

By exchanging the roles of x,y and using (5.12), we see that for all ¢ >0, § €
10, &), and A €]0,1/2], there is an inequality

Ban0) ~ Qen0)] = Cs (24 -+ 82) (max( [yl volo)) 1) + ) ).
(5.15)

c

T e

By taking ¢, 8, and A small, one easily sees that this implies the continuity of @can
on X \ Zy. More precisely, if we choose
1
A= ——,
[logd (x,y)|
o Crmax((yo ()|, [wo(y)])+log logd (x.)]|
log & /d(x,y)/?

§=d(x,y)'?,
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with d(x,y) < 82 < 1, we get % < d(x,y)~"/2, whence an explicit (but certainly not
optimal) modulus of continuity of the form

2 [log [logd(x,y)|| +1
|logd (x,y)| +1

| Pean () — @ean (x)| < C7 (max(|wo ()], [wo (v)]) +1)

When the weight y has analytic singularities, the kernel P(u,w) is no longer smooth
and the volume estimate (5.7). In this case, we use a modification U : X — X in such
a way that the singularities of yo u are divisorial, given by a divisor with normal
crossings. If we put

L=p'L—Kgy=uL—E

(E the exceptional divisor), then we get an induced singular metric on L that still
satisfies the klt condition, and the corresponding supercanonical metric on Ky +L
is just the pullback by u of the supercanonical metric on Ky + L. This shows that
we may assume from the start that the singularities of y are divisorial and given by
a kIt divisor A. In this case, a solution to the problem is to introduce a complete
Hermitian metric & of uniformly bounded curvature on X \ |A| using the Poincaré
metric on the punctured disk as a local model transversal to the components of A.
The Poincaré metric on the punctured unit disk is given by

|dz|?
|z (log |z])*’

and the singularity of @ along the component A; = {g;(z) =0} of A is given by
@ =Y —dd’log|log|g;|| modC~.

Since such a metric has bounded geometry and this is all that we need for the
calculations of [Dem94] to work, the estimates that we have made here are still
valid, especially the crucial lower bound ot + dd°@; . 5 > —(Ac+ K &%) @. In order
to compensate this loss of positivity, we need a quasi-psh function yJy such that
o+ ddUry > g, but such a lower bound is possible by adding terms of the
form —g;log|log|g ||| to our previous quasi-psh function y.

With respect to the Poincaré metric, a d-ball of center 7 in the punctured disk is
contained in the corona s 5
[20l° "~ <[l <20l
and it is easy to see from this that the mean value of |z|72* on a §-ball of center
o is multiplied by at most |zO|_2“5. This implies that a function of the form ¢, 5 =

@c.5 +Cob Y log|g;| will actually give rise to an integral [y %6774V, < 1. We see
that the term 62 in (5.15) has to be replaced by a term of the form

8 max (|log|g;(x)]],|log|g;(x)]])-

This is enough to obtain the continuity of @Qen on X N (Zo U |A]), as well as an
explicit logarithmic modulus of continuity. a
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Algebraic version 5.17. Since the klt condition is open and Kx + L is assumed to
be big, we can always perturb L a little bit, and after blowing up X, assume that X
is projective and that (L, h; ;) is obtained as a sum of Q-divisors

L=G+A,

where A is kit and G is equipped with a smooth metric hg (from that &y
is inferred, with A as its poles, so that Opp, , = Ogr; + [A]). Clearly this
situation is “dense” in what we have been considering before, just as Q is
dense in R. In this case, it is possible to give a more algebraic definition of
the supercanonical metric (,n, following the original idea of Narasimhan—Simha
[NS68] (see also Tsuji [TsO7a]) — the case considered by these authors is the
special situation in that G = 0, hg = 1 (and moreover, A = 0 and Kx ample, for
[NS68]).

In fact, if m is a large integer that is a multiple of the denominators involved in G
and A, we can consider sections

o c H'(X,m(Kx + G+ A)).

We view them rather as sections of m(Ky + G) with poles along the support |A| of
our divisor. Then (6 AG)"/"h¢ is a volume form with integrable poles along |A|
(this is the klt condition for A). Therefore one can normalize ¢ by requiring that

/X(o AG) /"hg = 1.

Each of these sections defines a singular Hermitian metric on Kx +L = Kx + G+ A,
and we can take the regularized upper envelope

1 *
1 2
can = (3;15% log O-lthJrL) (5.18)

of the weights associated with a smooth metric /g, 7. It is clear that (pétll% < Qcans

since the supremum is taken on the smaller set of weights ¢ = %log |G|,21m , and
.. Ky +L

the equalities X

2/m
W

= (6 AG) /e hy = (6 AG) /"y y = (6 AG)/"hg

e(p_dew - |G| e_dew

imply [, e? YdV, < 1.

We claim that the inequality (pé‘;% < (can 1s an equality. The proof is an immediate
consequence of the following statement, based in turn on the Ohsawa—Takegoshi
theorem [OhT87] and the approximation technique of [Dem92].
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Proposition 5.19. With L =G+ A, @, 0 = Oy, > ¥ as above, and Kx + L
assumed to be big, fix a singular Hermitian metric e~ %hg, 11 of curvature o+
dd@ > 0 such that [, e?~YdV, < 1. Then @ is equal to a regularized limit

1 *
Q= (hmsup—10g|0'mhm )
m

m——+oo

for a suitable sequence of sections o, € H'(X,m(Kx + G + A)) with [y(0n A
Em)l/th S L.

Proof. By our assumption, there exists a quasi-psh function yy with analytic
singularity set Zy such that

o +dd yy > g >0,

and we can assume [-e¥~7dV,, < 1 (the strict inequality will be useful later). For
m > p > 1, this defines a singular metric exp(—(m — p)@ — pyo)hg, ., on m(Kx +
L) with curvature greater than or equal to pgyw, and therefore a singular metric

hyr = exp(—(m— p)Q — pyo)hg, | thi,

on L' = (m— 1)Kx +mL whose curvature Oy, , > (p& — Co)w is arbitrarily large
if p is large enough.

Let us fix a finite covering of X by coordinate balls. Pick a point xy and one of
the coordinate balls B containing x(. By the Ohsawa—Takegoshi extension theorem
applied to the ball B, we can find a section op of Ky + L' = m(Kx + L) that has
norm 1 at xo with respect to the metric /g, ;s and [ |GB|%KX+L’ dV,, < C; for some

uniform constant C;| depending on the finite covering, but independent of m, p, xo.
Now we use a cutoff function 6(x) with 6(x) = 1 near xo to truncate op and
solve a d-equation for (n,1)-forms with values in L to get a global section ¢ on X

with | (x0) g sr = 1 For this we need to multiply our metric by a truncated factor

exp(—2n6(x)log|x — xo|) so as to get solutions of d vanishing at xo. However, this
perturbs the curvature by bounded terms, and we can absorb them again by taking
p larger. In this way, we obtain

Lot Vo= [lof e rmav, <co (520

Taking p > 1, the Holder inequality for conjugate exponents m, 5 implies

/(G/\G Yinh /\G|2/m e 7dV,
X K +L

1
(m—p)o—pyo ) ™ (1*%)¢+%WO*Y)
_ / 2, e ) (e AV
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using the hypothesis [y e?~YdV,, <1 and another application of Holder’s inequality.
Since kit is an open condition and lim,_, . [ er TV Ygy, = Jx e 1V, < 1,
we can take p large enough to ensure that

/ er TV gy, <5 < 1.
X
Therefore, we see that
1 1 p=tl
/X(cma)aha <cjcm <1

for p large enough. On the other hand,

e~ (m=p)e(0)=p¥o(xo) — 1

|o(xo) = [o(x0)

‘le / |%"’
Ky +L Kx+L

and thus

1
—toglo()liy = (1-2) o)+ Lyo(x). (521)
m m m

| 2
m
L)

and as a consequence,

1 2
Py log |(7(XO)|h',gX+

L~ 9(x)
whenever m — +oo, % — 0, as long as Wo(xg) > —oo.

In the above argument, we can in fact interpolate in finitely many points
X1,X2,...,Xq, provided that p > Cysq. Therefore, if we take a suitable dense subset
{x,} and a “diagonal” sequence associated with sections o, € H(X,m(Ky + L))
with m > p = pp, > q = g — +oo, we infer that

. 1 T
<11m sup n—110g|0m(x)|ir;(lx+L> > limsup @(x4) = @(x) (5.22)

m—r—+oo Xg—X

(the latter equality occurring if {x,} is suitably chosen with respect to ¢). In the
other direction, (5.20) implies a mean value estimate

1 2 CS _
- o ‘” dz < — (m=p)o+p¥o
2 /n) /B(x,r) | (Z)‘thL ¢ BS(SE)G
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on every coordinate ball B(x,r) C X. The function |Gm|ﬁ,lg . is plurisubharmonic
X+

after we correct the not necessarily positively curved smooth metric hg, 7 by a
factor of the form exp(Cg|z — x|?). Hence the mean value inequality shows that

1 C m m
< _IOgTi +Cer* + sup (1 —p—)(p+p—1//0.
m I m m

1
—log|om(x)
m B(x,r)

2

it
By taking in particular r = 1/m and letting m — oo, p,,/m — 0, we see that the
opposite of inequality (5.22) also holds. a

Remark 5.23. We can rephrase our results in slightly different terms. In fact, let us
put

1
alg _ 2 0
o5 —s%p—mlog|6|h[ygxﬂ7 ceH (X,m(Kx+G+A)),

with normalized sections & such that [ (6 AG)"/"h = 1. Then @M is quasi-psh
(the supremum is taken over a compact set in a finite-dimensional vector space), and
by passing to the regularized supremum over all ¢ and all ¢ in (5.21), we get

Pcan > (P:,lqlg > (1 - %)‘Pcan(x) + %WO()C)'

Since Qcan is bounded from above, we find in particular that
alg c
OS(Pcan_(pm SE(“VO(X)""I)

This implies that ( (pf:,lg) converges uniformly to @c,n on every compact subset
of X C Zy, and in this way we infer again (in a purely qualitative manner) that
Qcan 1s continuous on X \ Zy. Moreover, we also see that in (5.18), the upper
semicontinuous regularization is not needed on X \ Zy; in case Kx + L is ample, it is
not needed at all, and we have uniform convergence of ((pﬁl1 g) tO (can ON the whole of
X. Obtaining such a uniform convergence when Kx + L is just big looks like a more
delicate question, related, for instance, to abundance of Kx + L on those subvarieties
Y where the restriction (Kx + L)y would be, for example, nef but not big.

Generalization 5.24. In the general case that L is a R-line bundle and Kx + L is
merely pseudo-effective, a similar algebraic approximation can be obtained. We take
instead sections

o € H'(X,mKx + |mG| + |mA | + pnA)
where (A, ha) is a positive line bundle, O4.n, > €, and replace the definition of
1
Pean by
. 1 *
s — (hm sup sup Elog|G|imKXHme}mA) , (5.25)

m—y4oo O
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1

—\ 2w
/X(G“’)’"htmawmA <1, (5.26)

where m > p,, > 1 and hm r("; | is chosen to converge uniformly to 4.

We then find again ¢,y = go?;%, with an almost identical proof, though we no
longer have a sup in the envelope, but just a limsup. The analogue of Proposition
(5.19) also holds in this context, with an appropriate sequence of sections o, €
HO(X,mKx + [mG| + |[mA] + ppA).

Remark 5.27. The envelopes considered in Sect. 1 are envelopes constrained by
an L~ condition, while the present ones are constrained by an L' condition. It is
possible to interpolate and to consider envelopes constrained by an L? condition.
More precisely, assuming that %Kx + L is pseudoeffective, we look at metrics

e %h, Ky il and normalize them with the L? condition
P

/e’"pfdew <.
X

This is actually an L' condition for the induced metric on pL, and therefore we
can just apply the above after replacing L by pL. If we assume, moreover, that L is
pseudoeffective, it is clear that the L? condition converges to the L™ condition ¢ <0
if we normalize y by requiring [, e~7dV,, = 1.

Remark 5.28. 1t would be nice to have a better understanding of the supercanonical
metrics. In case X is a curve, this should be easier. In fact, X then has a Hermitian
metric @ with constant curvature, that we normalize by requiring that [, =1,
and we can also suppose [ye Y@ = 1. The class A = ¢ (Kx +L) > 0 is a number,
and we take oo = A@. Our envelope iS Qcan = sup @, where A +dd o > 0 and
Jxe? T <1.

If A =0, then ¢ must be constant, and clearly @con = 0. Otherwise, if G(z,a)
denotes the Green function such that [, G(z,a) @(z) = 0 and dd°G(z,a) = &, —
(z), we obtain

(Pcan(Z) > sup <7LG(Z,G) —log

acX

ekG(z,a)—y(z)w(Z))

zeX

by taking the envelope already over ¢(z) = AG(z,a) — const. It is natural to ask
whether this is always an equality, i.e., whether the extremal functions are always
given by one of the Green functions, especially when y = 0.

References

[BT76] Bedford, E. and Taylor, B.A.: The Dirichlet problem for the complex Monge—Ampére
equation; Invent. Math. 37 (1976) 1-44

[BT82] Bedford, E. and Taylor, B.A.: A new capacity for plurisubharmonic functions; Acta

Math. 149 (1982) 1-41



66

[Ber07]
[BBOS]
[BBGZ09]
[Blo09]
[Bou02]
[BEGZ08]
[CNS86]

[Che00]
[CTO8]

[Dem89]

[Dem91]

[Dem92]

[Dem93]

[Dem94]

[Don99]

[Don02]
[Kis78]
[Kis94]
[NS68]
[OhT87]
[PS08]

[Rud66]
[TsO7a]

[TsO7b]

R. Berman and J.-P. Demailly

Berman, R.: Bergman kernels and equilibrium measures for line bundles over
projective manifolds; Amer. J. Math. 131 (2009) no. 5, 1485-1524

Berman, R., Boucksom, S.: Growth of balls of holomorphic sections and energy at
equilibrium; Invent. Math. 181 (2010) no. 2, 337-394

Berman, R., Boucksom, S., Guedj, V., Zeriahi, A.: A variational approach to solving
complex Monge—Ampére equations; in preparation

Blocki, Z: On geodesics in the space of Kihler metrics; Preprint 2009 available at
http://gamma.im.uj.edu.pl/~blocki/publ/

Boucksom, S.: On the volume of a line bundle; Internat. J. Math 13 (2002), 1043—
1063

Boucksom, S., Eyssidieux, P., Guedj, V., Zeriahi, A.: Monge—Ampere equations in
big cohomology classes; Acta Math. 205 (2010) no. 2, 199-262

Caftarelli, L., Nirenberg, L., Spruck, J.: The Dirichlet problem for the degenerate
Monge—Ampeére equation; Rev. Mat. Iberoamericana 2 (1986), 19-27

Chen, X.: The space of Kihler metrics; J. Differential Geom. 56 (2000), 189-234
Chen, X. X., Tian, G.: Geometry of Kdhler metrics and foliations by holomorphic
discs; Publ. Math. Inst. Hautes Etudes Sci. 107 (2008), 1-107

Demailly, J.-P.: Potential Theory in Several Complex Variables; Manuscript available
at www-fourier.ujf-grenoble.fr/~demailly/books.html, [D3]

Demailly, J.-P.: Complex analytic and algebraic geometry; manuscript Institut
Fourier, first edition 1991, available online at http://www-fourier.ujf-grenoble.fr/~
demailly/books.html

Demailly, J.-P.: Regularization of closed positive currents and Intersection Theory;,
J. Alg. Geom. 1 (1992), 361-409

Demailly, J.-P.: Monge—Ampére operators, Lelong numbers and intersection theory;
Complex Analysis and Geometry, Univ. Series in Math., edited by V. Ancona and
A. Silva, Plenum Press, New-York, 1993

Demailly, J.-P.: Regularization of closed positive currents of type (1,1) by the flow
of a Chern connection; Actes du Colloque en I’honneur de P. Dolbeault (Juin 1992),
édité par H. Skoda et J.-M. Trépreau, Aspects of Mathematics, Vol. E 26, Vieweg,
1994, 105-126

Donaldson, S.K.: Symmetric spaces, Kihler geometry and Hamiltonian dynamics;
Northern California Symplectic Geometry Seminar, 13-33, Amer. Math. Soc. Transl.
Ser. 2, 196, Amer. Math. Soc., Providence, RI, 1999

Donaldson, S.K.: Holomorphic discs and the complex Monge—Ampére equation;
J. Symplectic Geom. 1 (2002), 171-196

Kiselman, C. O.: The partial Legendre transformation for plurisubharmonic func-
tions; Inventiones Math. 49 (1978) 137-148

Kiselman, C. O.: Attenuating the singularities of plurisubharmonic functions; Ann.
Polonici Mathematici 60 (1994) 173-197

Narasimhan, M.S., Simha, R.R.: Manifolds with ample canonical class; Inventiones
Math. 5 (1968) 120-128

Ohsawa, T., Takegoshi, K.: On the extension of [? holomorphic functions; Math.
Zeitschrift 195 (1987) 197204

Phong, D.H., Sturm, J.: The Dirichlet problem for degenerate complex Monge—
Ampere equations; Comm. Anal. Geom. 18 (2010) no. 1, 145-170

Rudin, W.: Real and complex analysis; McGraw-Hill, 1966, third edition 1987
Tsuji, H.: Canonical singular Hermitian metrics on relative canonical bundles;
arXiv:0704.0566

Tsuji, H.: Canonical volume forms on compact Kdihler manifolds; arXiv: 0707.0111



Toward a Generalized Shapiro and Shapiro
Conjecture

Alex Degtyarev

To my teacher Oleg Viro on his 60th birthday

Abstract We obtain a new, asymptotically better, bound g < j—‘dz + O(d) on the
genus of a curve that may violate the generalized total reality conjecture. The bound
covers all known cases except g = O (the original conjecture).

Keywords Shapiro and Shapiro conjecture ¢ Real variety ¢ Discriminant form
 Alexander module

1 Introduction

The original (rational) total reality conjecture suggested by B. and M. Shapiro in
1993 states that if all flattening points of a regular curve P! — P" belong to the
real line IP’IIR C P!, then the curve can be made real by an appropriate projective
transformation of P". (The flattening points are the points in the source P! where
the first n derivatives of the map are linearly dependent. In the case n =1, a
curve is a meromorphic function, and the flattening points are its critical points.)
There are quite a few interesting and not always straightforward restatements of this
conjecture, in terms of the Wronsky map, Schubert calculus, dynamical systems, etc.

Although supported by extensive numerical evidence, the conjecture proved
extremely difficult to settle. It was not before 2002 that the first result appeared, due
to Eremenko and Gabrielov [4], settling the case n = 1, i.e., meromorphic functions
on P!. Later, a number of sporadic results were announced, and the conjecture was
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proved in full generality in 2005 by Mukhin et al.; see [6]. The proof, revealing a
deep connection between Schubert calculus and the theory of integrable systems, is
based on the Bethe ansatz method in the Gaudin model.

In the meanwhile, a number of generalizations of the conjecture were sug-
gested. In this paper, we deal with one of them, see [3] and Problem 1.1 below,
replacing the source P! with an arbitrary compact complex curve (however,
restricting n to 1, i.e., to the case of meromorphic functions). Due to the lack
of evidence, the authors chose to state the assertion as a problem rather than a
conjecture.

Recall that a real variety is a complex algebraic (analytic) variety X supplied
with a real structure, i.e., an antiholomorphic involution c: X — X. Given two real
varieties (X,c) and (Y,c’), a regular map f: X — Y is called real if it commutes
with the real structures: foc = c'o f.

Problem 1.1 (see [3]). Let (C,c) be a real curve and let f: C — P! be a regular
map such that

1. All critical points and critical values of f are distinct;
2. All critical points of f are real.

Is it true that f is real with respect to an appropriate real structure in P'?

The condition that the critical points of f be distinct includes, in particular, the
requirement that each critical point be simple, i.e., have ramification index 2.

A pair of integers g > 0, d > 1 is said to have the rotal reality property if the
answer to Problem 1.1 is affirmative for any curve C of genus g and map f of
degree d. At present, the total reality property is known for the following pairs

(g,4):

e (0,d) for any d > 1 (the original conjecture; see [4]);

* (g.d)foranyd >1and g > G(d) := }(d* — 4d +3); see [3];
* (g,d)forany g > 0andd < 4; see [3] and [1].

The principal result of the present paper is the following theorem.

Theorem 1.2. Any pair (g,d) with d > 1 and g satisfying the inequality

k* — 2k, if d = 2k is even,

g>Go(d) = 0 7
kz—?k+§, if d = 2k — 1is odd

has the total reality property.

Remark 1.3. Note that one has Go(d) — G (d) < —3(k—1)? <0, where k = [} (d +
1)]. Theorem 1.2 covers the values d =2, 3 and leaves only g = 0 for d = 4, reducing
the generalized conjecture to the classical one. The new bound is also asymptotically
better: Go(d) = 1d*+ O(d) < G(d) = 3d* + O(d).
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1.1 Content of the Paper

In Sect. 2, we outline the reduction of Problem 1.1 to the question of existence of
certain real curves on the ellipsoid and restate Theorem 1.2 in the new terms; see
Theorem 2.4. In Sect. 3, we briefly recall V. V. Nikulin’s theory of discriminant
forms and lattice extensions. In Sect. 4, we introduce a version of the Alexander
module of a plane curve suited to the study of the resolution lattice in the homology
of the double covering of the plane ramified at the curve. Finally, in Sect. 5, we
prove Theorem 2.4 and hence Theorem 1.2.

2 The Reduction

We briefly recall the reduction of Problem 1.1 to the problem of existence of a
certain real curve on the ellipsoid. Details can be found in [3].

2.1 The Map ®

Denote by conj: z — 7 the standard real structure on P! = CUee. The ellipsoid E is
the quadric P! x P! with the real structure (z,w) + (conj w,conj z). (It is indeed the
real structure whose real part is homeomorphic to the 2-sphere.)

Let (C,c) be areal curve and let f: C — P! be a holomorphic map. Consider the
conjugate map f = conjofoc: C — P! and let

@ =(f,f): C—E.

It is straightforward that @ is holomorphic and real (with respect to the above real
structure on E). Hence, the image @(C) is a real algebraic curve in E. (We exclude
the possibility that @(C) is a point, for we assume f # const; cf. Condition 1.1(1).)
In particular, the image @(C) has bidegree (d’,d") for some d’ > 1.

Lemma 2.1 (see [3]). A holomorphic map f: C — P! is real with respect to some
real structure on P! if and only if there is a Mobius transformation @ : P! — P! such

that f = @o f. O

Corollary 2.2 (see [3]). A holomorphic map f: C — P is real with respect to some
real structure on P! if and only if the image ®(C) C E (see above) is a curve of
bidegree (1,1). O
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2.2 The Principal Reduction

Let p: E — P! be the projection to the first factor. In general, the map @ as above
splits into a ramified covering o and a generically one-to-one map f3,

o c-%c P

so that d = deg f = d’ deg o, where d' = deg(po 3), or alternatively, (d’,d’) is the
bidegree of the image @(C) = 3(C’). Then f itself splits into ¢ and po . Hence the
critical values of f are those of po 3 and the images under p o 3 of the ramification
points of a. Thus, if f satisfies Condition 1.1(1), the splitting cannot be proper,
i.e., either d = dego and d’ = 1 or degax = 1 and d = d’. In the former case, f
is real with respect to some real structure on P!: see Corollary 2.2. In the latter
case, assuming that the critical points of f are real, Condition 1.1(2), the image B =
@(C) is a curve of genus g with 2g + 2d — 2 real ordinary cusps (type A, singular
points, the images of the critical points of f) and all other singularities with smooth
branches.

Conversely, let B C E be a real curve of bidegree (d,d), d > 1, and genus g
with 2g + 2d — 2 real ordinary cusps and all other singularities with smooth
branches, and let p: B — B be the normalization of B. Then f = pop: B — P!
is a map that satisfies Conditions 1.1(1) and (2) but is not real with respect to
any real structure on PP!; hence, the pair (g,d) does not have the total reality
property.

As a consequence, we obtain the following statement.

Theorem 2.3 (see [3]). A pair (g,d) has the total reality property if and only if
there does not exist a real curve B C E of degree d and genus g with 2g +2d —2
real ordinary cusps and all other singularities with smooth branches. a

Thus, Theorem 1.2 is equivalent to the following statement, which is actually
proved in the paper.

Theorem 2.4. Let E be the ellipsoid, and let B C E be a real curve of bidegree
(d,d) and genus g with ¢ = 2d + 2g — 2 real ordinary cusps and other singularities
with smooth branches. Then g < Go(d); see Theorem 1.2.

Remark 2.5. Tt is worth mentioning that the bound g > G(d) mentioned in the
introduction is purely complex: it is derived from the adjunction formula for the
virtual genus of a curve B C E as in Theorem 2.3. In contrast, the proof of the
conjecture for the case (g,d) = (1,4) found in [1] makes essential use of the real
structure, since an elliptic curve with eight ordinary cusps in P' x P! does in
fact exist! Our proof of Theorem 2.4 also uses the assumption that all cusps are
real.
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2.3 Reduction to Nodes and Cusps Only

In general, a curve B as in Theorem 2.4 may have rather complicated singularities.
However, since the proof below is essentially topological, we follow Yu. Orevkov
[9] and perturb B to a real pseudoholomorphic curve with ordinary nodes (type A1)
and ordinary cusps (type Aj) only. By the genus formula, the number of nodes of
such a curve is

n=(d—-17}-g—c=d*—4d—1-3g. (1)

3 Discriminant Forms

In this section, we cite the techniques and a few results of Nikulin [8]. Most proofs
can be found in [8]; they are omitted.

3.1 Lattices

A lattice is a finitely generated free abelian group L equipped with a symmetric
bilinear form b: L® L — 7. We abbreviate b(x,y) = x -y and b(x, x) = x>. Since the
transition matrix between two integral bases has determinant +1, the determinant
detL € Z (i.e., the determinant of the Gram matrix of b in any basis of L)
is well defined. A lattice L is called nondegenerate if detL # 0; it is called
unimodular if det L = £1 and p-unimodular if detL is prime to p (where p is a
prime).

To fix the notation, we use 04(L), 6—(L), and o(L) = o4(L) — o_(L) for,
respectively, the positive and negative inertia indices and the signature of a lattice L.

3.2 The Discriminant Group

Given a lattice L, the bilinear form extends to L® Q. If L is nondegenerate, the dual
group L* = Hom(L,Z) can be regarded as the subgroup

{xEL@Q‘x-yeroralleL}.
In particular, L C L*, and the quotient L*/L is a finite group; it is called the

discriminant group of L and is denoted by discrL or £. The group £ inherits from
L®Q a symmetric bilinear form £ ® £ — Q/Z, called the discriminant form; when
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speaking about the discriminant groups, their (anti-)isomorphisms, etc., we always
assume that the discriminant form is taken into account. The following properties
are straightforward:

1. The discriminant form is nondegenerate, i.e., the associated homomorphism £ —
Hom(£,Q/Z) is an isomorphism;

2. One has #£ = |det L|;

3. In particular, £ = 0 if and only if L is unimodular.

Following Nikulin, we denote by ¢(£) the minimal number of generators of a
finite abelian group £. For a prime p, we denote by £, the p-primary part of £ and
let £,(£) = ¢(£,). Clearly, for a lattice L one has

4. 1kL > ((L) > £,(L) (for any prime p);
5. Lis p-unimodular if and only if £, = 0.

3.3 Extensions

An extension of a lattice S is another lattice M containing L. All lattices below are
assumed nondegenerate.

Let M D S be a finite index extension of a lattice S. Since M is also a lattice, one
has monomorphisms S < M < M* — S*. Hence, the quotient X = M/S can be
regarded as a subgroup of the discriminant § = discrS; it is called the kernel of the
extension M D S. The kernel is an isotropic subgroup, i.e., X C KL, and one has
M = K+/K. In particular, in view of Sect. 3.2(1), for any prime p one has

£p(M) = £,(L) = 26,(X).

Now assume that M D S is a primitive extension, i.e., the quotient M/S is
torsion free. Then the construction above applies to the finite index extension
M D S®N, where N = S, giving rise to the kernel X C 8 @ N. Since both S
and N are primitive in M, one has XNS = X NN = 0; hence, X is the graph
of an anti-isometry K between certain subgroups 8’ C 8 and N’ C N. If M is
unimodular, then 8’ = 8§ and N =N, i.e., k is an anti-isometry 8§ — N. Similarly,
if M is p-unimodular for a certain prime p, then S;, =38, and N;, =N, ie., K
is an anti-isometry 8§, — N,. In particular, £(8) = ¢(N) (respectively, £,(8) =
£,(N)). Combining these observations with Sect. 3.2(4), we arrive at the following
statement.

Lemma 3.1. Let p be a prime, and let L O S be a p-unimodular extension of a
nondegenerate lattice S. Denote by S the primitive hull of S in L, and let X be the
kernel of the finite index extension § O S. Then tk S* > €,(8) — 2£,,(X). O
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4 The Alexander Module

Here we discuss (a version of) the Alexander module of a plane curve and its relation
to the resolution lattice in the homology of the double covering of the plane ramified
at the curve.

4.1 The Reduced Alexander Module

Let m be a group, and let x: w — Z; be an epimorphism. Set K = Kerk and
define the Alexander module of m (more precisely, of k) as the Z[Z;]-module
Ar = K/[K,K], the generator ¢ of Z, acting via x + [f %] € Ay, where 7 € &
and X € K are some representatives of ¢ and x, respectively. (We simplify the usual
definition and consider only the case needed in the sequel. A more general version
and further details can be found in A. Libgober [7].)

Let B C P! x P! be an irreducible curve of even bidegree (d,d) = (2k,2k),
and let 7 = 7 (P! x P!\ B). Recall that 7t/[x, ] = Zy;; hence, there is a unique
epimorphism x: w — Z,. The resulting Alexander module Ap = A, will be called
the Alexander module of B. The reduced Alexander module Ag is the kernel of the
canonical homomorphism Ag — Z; C m/[m, ]. There is a natural exact sequence

0—Ap— A — 7y —0 (2)

of Z[7Z;]-modules (where the Z,-action on Z is trivial). The following statement is
essentially contained in Zariski [10].

Lemma 4.1. The exact sequence (2) splits: one has Agp = Ag ®Ker(1 —t), where t
is the generator of Z,. Furthermore, Ap is a finite group free of 2-torsion, and the
action of t on Ag is via the multiplication by (—1).

Proof. Since Ap is a finitely generated abelian group, to prove that it is finite and
free of 2-torsion, it suffices to show that Homy (AB7 Z,) = 0. Assume the contrary.
Then the Z;-action in the 2-group Homy,(Ag,7Z,) has a fixed nonzero element, i.e.,
there is an equivariant epimorphism Az — Z,. Hence, 7 factors to a group G that is
an extension 0 — Zy — G — Zy; — 0. The group G is necessarily abelian, and it is
strictly larger than Z,; = nt/[r, «]. This is a contradiction.

Since A is finite and free of 2-torsion, one can divide by 2, and there is a splitting
Ap = At ®A~, where A* = Ker[(1+1): Ap — Ap]. Then & factors to a group G
that is a central extension 0 — AT — G — Zoi — 0, and as above, one concludes
that A* =0, i.e., 7 acts on Ap via (—1).

Pick a representative a’ € Ag of a generator of Z; = Ap /AB. Then obviously,
(1 —t)a' € Ag, and replacing a’ with a’ + %(1 —t)d’, one obtains a t-invariant
representative a € Ker(1 —¢). The multiple ka € Ap is both invariant and skew-
invariant; since A is free of 2-torsion, ka = 0, and the sequence splits. O
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4.2 The Double Covering of P' x P!

Let B C P! x P! be an irreducible curve of even bidegree (d,d) = (2k,2k) and with
simple singularities only. Consider the double covering X — P! x P! ramified at
B and denote by X the minimal resolution of singularities of X. Let B C X be the
proper transform of B, and let E C X be the exceptional divisor contracted by the
blowdown X — X.

Recall that the minimal resolution of a simple surface singularity is diffeomor-
phic to its perturbation; see, e.g., [2]. Hence, X is diffeomorphic to the double
covering of P! x P! ramified at a nonsingular curve. In particular, 7r; (X) = 0, and
one has

by(X)=y(X)—2=8k>—8k+6, o(X)=—4k> 3)

4.3 An Estimate on the Discriminant Group

Set L = H,(X). We regard L as a lattice via the intersection index pairing on X.
(Since X is simply connected, L is a free abelian group. It is a unimodular lattice
by Poincaré duality.) Let X C L be the sublattice spanned by the components of E,
and let £ C L be the primitive hull of X. Recall that X is a negative definite lattice.
Further, let 21,k C L be the classes of the pullbacks of a pair of generic generatrices
of P! x P!, sothath%:h%:O,hl chy = 2.

Lemma 4.2. [f a curve B as above is irreducible, then there are natural isomor-
phisms Ag = Homz(K,Q/7Z) = Extz(X,Z), where X is the kernel of the extension
o

Proof. One has Ag = H|(X \ (B+E)) as a group, the Z,-action being induced by
the deck translation of the covering. Hence, by Poincaré—Lefschetz duality, Ap is
the cokernel of the inclusion homomorphism i*: H*(X) — H*(B+E).

On the other hand, there is an orthogonal (with respect to the intersection index
form in X) decomposition Hy(B + E) = X @ (b), where b = k(hy + hy) is the
class realized by the divisorial pullback of B in X. The cokernel of the restriction
i1 H*(X) — (b)* is a cyclic group 7 fixed by the deck translation. Hence, in view
of Lemma4.1,

Ap = Coker[i*: H*(X) — H*(E)] = Coker[L* — X*] = discr /K.

(We use the splitting L* — £* — X*, the first map being an epimorphism, since /%
is torsion free.) Since the discriminant form is nondegenerate (see Sect. 3.2(1)), one
has discr X /X+ = Homgz(K,Q/Z).

Since X is a finite group, applying the functor Homy(X, -) to the short exact
sequence 0 — Z — Q — Q/Z — 0, one obtains an isomorphism Homz(X,Q/Z) =
Extz(X,7Z). O
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Corollary 4.3. In the notation of Lemma 4.2, if B is irreducible and the group
71 (P! x P!\ B) is abelian, then X = 0. O

Corollary 4.4. In the notation of Lemma 4.2, if B is an irreducible curve of bidegree
(d,d), d =2k =2, then X is free of 2-torsion and £(X) < d —2.

Proof. Due to Lemma 4.2, one can replace K with Ap. Then the statement on the
2-torsion is given by Lemma 4.1, and it suffices to estimate the numbers EP(AB) =
{(Ap®Z,) for odd primes p.

Due to the Zariski—van Kampen theorem [5] applied to one of the two rulings of
P! x P!, there is an epimorphism 7 (L~ B) = F;_| —» 7t (P! x P' <. B), where L is a
generic generatrix of P! x P! and F,_ is the free group on d — 1 generators. Hence,
Ap is a quotient of the Alexander module

AR, = Z[Za) ) (t = 1) ® By—r L[ Zs).

For an odd prime p, there is a splitting Ar, | ® Z), = A[f @A, (over the field Z))
into the eigenspaces of the action of Z,, and due to Lemma 4.1, the group Ap ® Z,
is a quotient of A, =@ y_» Zp. O

Remark 4.5. All statements in this section hold for pseudoholomorphic curves
as well; cf. Sect.2.3. For Corollary 4.4, it suffices to assume that B is a small
perturbation of an algebraic curve of bidegree (d,d). Then one still has an
epimorphism Fy_; — m; (P! x P! <. B), and the proof applies literally.

5 Proof of Theorem 1.2

As explained in Sect. 2, it suffices to prove Theorem 2.4. We consider the cases of d
even and d odd separately.

5.1 Preliminary Observations

Let B C P! x P! be an irreducible curve of even bidegree (d,d), d = 2k. Assume that
all singularities of B are simple and let X be the minimal resolution of singularities
of the double covering X — P! x P! ramified at B; cf. Sect.4.2. As in Sect. 4.3,
consider the unimodular lattice L = H, (X).

Let c: X — X be a real structure on X, and denote by L* the (41)-eigenlattices
of the induced involution c, of L. The following statements are well known:

1. L* are the orthogonal complements of each other;
2. L* are p-unimodular for any odd prime p;
3. Onehas oy (LY) =0 (L) —1.
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Since also o} (L") + 064 (L7) = 04 (L) = 2k* — 4k + 3, see (3), one arrives at
o (LY)=0y(L7)—1=(k—1)? and, further, at

tkL™ = (7Tk* —6k+5) —o_(LT). 4)

Remark 5.1. The common proof of Property 5.1(3) uses the Hodge structure.
However, there is another (also very well known) proof that also applies to almost
complex manifolds. Let Xg = Fix c be the real part of X. Then the normal bundle of
Xg in X is i times its tangent bundle; hence, the normal Euler number XroXp equals
(—1) times the index of any tangent vector field on Xg, i.e., —x(Xg). Now one has
o(LT)—o(L™) =XgoXg = —x(Xr) (by the Hirzebruch G-signature theorem) and
tkLT —tkL~ = y(Xg) — 2 (by the Lefschetz fixed point theorem). Adding the two
equations, one obtains 5.1(3).

5.2 The Case of d =2k Even

Perturbing, if necessary, B in the class of real pseudoholomorphic curves,
see Sect. 2.3, one can assume that all singularities of B are c real ordinary cusps and
n ordinary nodes, where

c=2d+2g—2 and n=d*—4d—1-3g; 5)

see Theorem 2.3 and (1). Let n = r+ 2s, where r and s are respectively the numbers
of real nodes and pairs of conjugate nodes.

5.3 The Contribution of the Singular Points

Consider the double covering X, see Sect. 4.2, lift the real structure on E to a real
structure ¢ on X, and let L* C L be the corresponding eigenlattices; see Sect. 5.1. In
the notation of Sect. 4.3, let ¥* = XN L*. Then

e Each real cusp of B contributes a sublattice A, to X~ ;
* Each real node of B contributes a sublattice A} = [—2]to X
¢ Each pair of conjugate nodes contributes [—4] to X~ and [—4] to .

In addition, the classes hy, hy of two generic generatrices of E span a hyperbolic
plane orthogonal to X; see Sect. 4.3. It contributes

* A sublattice [4] C L™ spanned by A + hy, and
A sublattice [—4] C L™ spanned by hy — h.

(Recall that any real structure reverses the canonical complex orientation of
pseudoholomorphic curves.)
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5.4 End of the Proof

All sublattices of LT described above are negative definite; hence, their total rank
s+ 1 contributes to o_(L"1). The total rank 2c¢ + r+ s+ 1 of the sublattices of L~
contributes to the rank of S~ = X~ @& [4] C L. Due to (4), one has

2c+n+2+1kSt < Tk —6k+5, (6)

where S+ is the orthogonal complement of S~ in L~. All summands of S~ other
than A, are 3-unimodular, whereas discr A, is the group Z3 spanned by an element
of square % mod Z.Let S~ D S~ and £ O X be the primitive hulls, and denote by K~
and X the kernels of the corresponding finite index extensions; see Sect. 3.3. Clearly,
03(K™) < £3(%X), and due to Corollary 4.4 (see also Remark 4.5), one has /3(X) <
d —?2. Then, using Lemma 3.1, one obtains kSt >c— 2(d —2), and combining the
last inequality with (6), one arrives at

3c+n—2(d—2) < Tk* —6k+3.

It remains to substitute the expressions for ¢ and n given by (5) and solve for g

to get
2

g.
Since g is an integer, the last inequality implies g < Go(2k) as in Theorem 2.4.

g <k —2k+

5.5 The Case of d =2k-1 Odd

As above, one can assume that B has c real ordinary cusps and n = r + 2s ordinary
nodes; see (5). Furthermore, one can assume that ¢ > 0, since otherwise, g = 0 and
d = 1. Then B has a real cusp, and hence a real smooth point P.

Let L, L, be the two generatrices of E passing through P. Choose P generic,
so that each L;, i = 1,2, intersects B transversally at d points, and consider the
real curve B’ = B+ Ly + L, of even bidegree (2k,2k), applying to it the same
double covering arguments as above. In addition to the nodes and cusps of B, the
new curve B’ has (d — 1) pairs of conjugate nodes and a real triple (type Dy4) point
at P (with one real and two complex conjugate branches). Hence, in addition to the
classes listed in Sect. 5.3, there are

¢ (d—1) copies of [—4] in each £*, X~ (from the new conjugate nodes),
A sublattice [-4] C T (from the type D4 point), and
* A sublattice A3 C X~ (from the type D4 point).

Thus, inequality (6) turns into

2c4+n+2(d—1)+4+2+1k St < Thk> — 6k +5.
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We will show that rk S+ > ¢. Then, substituting the expressions for ¢ and n, see (5),
and solving the resulting inequality in g, one will obtain g < Go(2k — 1), as required.

5.6 An Estimate on rkS~+

In view of Lemma 3.1, in order to prove that kSt > ¢, it suffices to show that
03(X) = 0 (cf. similar arguments in Sect. 5.4).

Perturb B’ to a pseudoholomorphic curve B”, keeping the cusps of B’ and
resolving the other singularities. (It would suffice to resolve the singular points
resulting from the intersection BN L;.) Then, applying the Zariski—van Kampen
theorem [5] to the ruling containing L, it is easy to show that the fundamental
group 71 (P! x P!\ B”) is cyclic.

Indeed, let U be a small tubular neighborhood of L; in P! x P!, and let L” C U be
a generatrix transversal to B”. The epimorphism 7y (L] \. B”) — m; (P! x P! \ B")
given by the Zariski—van Kampen theorem factors through 7y (U ~. B”), and the latter
group is cyclic.

On the other hand, the new double covering X” — P! x P! ramified at B”
is diffeomorphic to X, and the diffeomorphism can be chosen identical over the
union of a collection of Milnor balls about the cusps of B’. Thus, since discrA;
and discrDy are 2-torsion groups, the perturbation does not change X ® Zs3, and
Corollary 4.3 (see also Remark 4.5) implies that K & Zz = 0. O
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1 Introduction

1.1 Statement of the Problem and Principal Results

The question of the maximal number of connected components that a real projective
variety of a given (multi)degree may have remains one of the most difficult and
least understood problems in topology of real algebraic varieties. Besides the
trivial case of varieties of dimension zero, essentially the only general situation in
which this problem is solved is that of curves: the answer is given by the famous
Harnack inequality in the case of plane curves [15], and by a combination of the
Castelnuovo—Halphen [7, 14] and Harnack—Klein [19] inequalities in the case of
curves in projective spaces of higher dimension; see [16] and [25].

The immediate generalization of the Harnack inequality given by the Smith
theory, the Smith inequality (see, e.g., [9]), involves all Betti numbers of the real
part, and the resulting bound is too rough when applied to the problem of the number
of connected components in a straightforward manner (see, e.g., the discussion in
Sect. 6.7).

In this paper, we address the problem of the maximal number of connected
components in the case of varieties defined by equations of degree two, i.e.,
complete intersections of quadrics. To be more precise, let us denote by

B’(N), 0<r<N-1,

the maximal number of connected components that a regular complete intersection
of r+ 1 real quadrics in Pﬁ\é may have. Certainly, as we study regular complete
intersections of even degree, the actual number of connected components covers the
whole range of values between 0 and BY(N).

In the following three extremal cases, the answer is easy and well known:

. 38 (N) =1 for all N > 2 (a single quadric),
. B(l) (N) =2 for all N > 3 (intersection of two quadrics), and
. B?\,fl (N) =2 forall N > 1 (intersection of dimension zero).

To our knowledge, very little was known in the next case » = 2 (intersection of
three quadrics); even the fact that Bg(N) — oo as N — oo does not seem to have
been observed before. Our principal result here is the following theorem, providing
a lower bound FN? + O(N) and an upper bound $N? + O(N) for BY(N).

Theorem 1.1. For all N > 4, one has

(N=1)(N+5)—2<BYN) < Zk(k—1) +2,

Fp-
N W

where k = [SN] + 1.
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The proof of Theorem 1.1 found in Sect. 4.5 is based on a real version of the
Dixon correspondence [10] between nets of quadrics (i.e., linear systems generated
by three independent quadrics) and plane curves equipped with a nonvanishing
even theta characteristic. Another tool is a spectral sequence due to Agrachev [1],
which computes the homology of a complete intersection of quadrics in terms of
its spectral variety. The following intermediate result seems to be of independent
Interest.

Definition 1.2. Define the Hilbert number Hilb(d) as the maximal number of ovals
of the submaximal depth [d/2] — 1 that a nonsingular real plane algebraic curve of
degree d may have. (Recall that the depth of an oval of a curve of degree d = N + 1
does not exceed [(N + 1)/2]. A brief introduction to topology of nonsingular real
plane algebraic curves can be found in Sect. 4.2.)

Theorem 1.3. For any integer N > 4, one has
Hilb(N + 1) < BY(N) < Hilb(N + 1) + 1.

This theorem is proved in Sect. 4.4. The few known values of Hilb(N + 1) and
BY(N) are given by the following table.

N 3] 4 5 6 7
Hilb(N+1) | 4 | 6 9 13 17 or 18
BI(N) 8 6 10 13 or 14 17,18, or 19

It is worth mentioning that B)(4) = Hilb(5), whereas BY(5) = Hilb(6) + 1; see
Sects. 6.4 and 6.5, respectively. (The case N = 3 is not covered by Theorem 1.3.) At
present, we do not know the precise relation between the two sequences.

For completeness, we also discuss another extremal case, namely that of curves.
Here, the maximal number of components is attained on the M-curves, and the
statement should be a special case of the general Viro—Itenberg construction
producing maximal complete intersections of any multidegree (see [17] for a
simplified version of this construction). The result is the following theorem, which
is proved in Sect. 5 by means of a Harnack-like construction.

Theorem 1.4. Forall N > 2, one has By, ,(N) =2N"2(N—3)+2.

1.2 Conventions

Unless indicated explicitly, the coefficients of all homology and cohomology groups
are Z,. For a compact complex curve C, we freely identify H'!(C;R) = H,(C;R)
(for any coefficient ring R) via Poincaré duality. We do not distinguish among line
bundles, invertible sheaves, and classes of linear equivalence of divisors, switching
freely from one to another.
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A quod erat demonstrandum symbol [ after a statement means that no proof
will follow: the statement is obvious and the proof is straightforward, the proof
has already been explained, or a reference is given at the beginning of the
section.

1.3 Content of the Paper

The bulk of the paper, except Sect. 5, where Theorem 1.4 is proved, is devoted to
the proof of Theorems 1.1 and 1.3. In Sect. 2, we collect the necessary material
on the theta characteristics, including the real version of the theory. In Sect. 3, we
introduce and study the spectral curve of a net and discuss Dixon’s correspondence.
The aim is to introduce the Spin- and index (semi)orientations of the real part of
the spectral curve, the former coming from the theta characteristic, and the latter
directly from the topology of the net, and to show that the two semiorientations
coincide. In Sect. 4, we introduce the Agrachev spectral sequence that computes the
Betti numbers of the common zero locus of a net in terms of its index function.
The sequence is used to prove Theorem 1.3, relating the number Bg (N) in question
and the topology of real plane algebraic curves of degree N + 1. Then we cite a few
known estimates on the number of ovals of a curve (see Corollaries 4.16 and 4.18)
and deduce Theorem 1.1. Finally, in Sect. 6, we discuss a few particular cases of
nets and address several related questions.

2 Theta Characteristics

For the reader’s convenience, we cite a number of known results related to the (real)
theta characteristics on algebraic curves. Appropriate references are given at the
beginning of each section.

To avoid various “boundary effects,” we consider only curves of genus at least 2.
For real curves, we assume that the real part is nonempty.

2.1 Complex Curves (see [5,20])

Recall that a theta characteristic on a nonsingular compact complex curve C'is a line
bundle 6 on C such that 6 is isomorphic to the canonical bundle K¢. In topological
terms, a theta characteristic is merely a Spin-structure on the topological surface C.
One associates with a theta characteristic 6 the integer 7(8) = dim H°(C; ) and its
Zy-residue ¢(0) = h(6) mod 2.
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Let & C Pic®~! C be the set of theta characteristics on C. The map ¢: & — Z,
has the following fundamental properties:

1. ¢ is preserved under deformations;
2. ¢ is a quadratic extension of the intersection index form;
3. Arf¢ = 0 (equivalently, ¢ vanishes at 28! (2¢ + 1) points).

To make the meaning of items (2) and (3) precise, notice that G is an affine space
over H!(C), so that (2) is equivalent to the identity

¢latx+y)—dlatx)—olaty)+¢(a)=(xy),

while Arf¢ is the usual Arf-invariant of ¢ after & is identified with H'(C) by
choosing for zero any element 6 € & with ¢(6) = 0.

A theta characteristic 6 is called even if ¢(6) = 0; otherwise, it is called odd. An
even theta characteristic is called nonvanishing (or nonzero) if h(6) = 0.

Recall that there are canonical bijections between the set of Spin-structures on C,
the set of quadratic extensions of the intersection index form on H'(C), and the set
of theta characteristics on C. In particular, a theta characteristic 0 € & is uniquely
determined by the quadratic function ¢g on H'(C) given by ¢g(x) = ¢(8 +x) —
¢(6). One has Arfgg = ¢(0).

2.2 The Moduli Space

The moduli space of pairs (C, 8), where C is a curve of a given genus and 6 is a theta
characteristic on C, has two connected components, formed by even and odd theta
characteristics. If C is restricted to nonsingular plane curves of a given degree d,
the result is almost the same. Namely, if d is even, there are still two connected
components, while if d is odd, there is an additional component formed by the pairs
(C, %(d —3)H), where H is the hyperplane section divisor. In topological terms,
the extra component consists of the pairs (C,R), where R is the Rokhlin function
(see [26]); it is even if d = +1 mod 8 and odd if d = £3 mod 8. The other theta
characteristics still form two connected components, distinguished by the parity.

2.3 Real Curves (see [12,13])

Now let C be a real curve, i.e., a complex curve equipped with an antiholomorphic
involution c: C — C (a real structure). Recall that we always assume that the genus
g = g(C) is greater than 1 and that the real part Cx = Fix ¢ is nonempty.

Consider the set

Sr =6NPick 'C
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of real (i.e., c-invariant) theta characteristics. Under the assumptions above, there
are canonical bijections between Gp, the set of c-invariant Spin-structures on C,
and the set of c.-invariant quadratic extensions of the intersection index form on the
group H'(C).

The set Gp of real theta characteristics is a principal homogeneous space over
the Z-torus (Jr), of torsion 2 elements in the real part Jg (C) of the Jacobian J(C).
In particular, Card S = 257", where r = by(Cg) — 1. More precisely, Gr admits
a free action of the Z,-torus (JH%)Z, where J[% C Jr is the component of zero. This
action has 2" orbits, which are distinguished by the restrictions ¢g: (JH%)g — 2o,
which are linear forms. Indeed, the form ¢y depends only on the orbit of an element
0 € Gg, and the forms defined by elements 6;, 6, in distinct orbits of the action
differ.

Alternatively, one can distinguish the orbits above as follows. Realize an element
0 € GR by areal divisor D, and for each real componentC; C Cr, 1 <i < r-+1, count
the residue ¢;(6) = Card(C;N D) mod 2. The residues (c;(0)) € Z5"" are subject to
relation Y,¢;(6) = g —1 mod 2 and determine the orbit.

In most cases, within each of the above 2" orbits, the numbers of even and odd
theta characteristics coincide. The only exception to this rule is the orbit given by
c1(0) =---=c(0) =1 in the case where C is a dividing curve.

Lemma 2.1. With one exception, any (real) even theta characteristic on a (real)
nonsingular plane curve becomes nonvanishing after a small (real) perturbation of
the curve in the plane. The exception is Rokhlin’s theta characteristic %(d —3)H on
a curve of degree d = =1 mod 8; see Sect. 2.2.

Proof. As is well known, the vanishing of a theta characteristic is an analytic
condition with respect to the coefficients of the curve. (Essentially, this statement
follows from the fact that the Riemann ©-divisor depends on the coefficients
analytically.) Hence, in the space of pairs (C,6), where C is a nonsingular plane
curve of degree d and 0 is an even theta characteristic on C, the pairs (C, 0) with
nonvanishing 6 form a Zariski-open set. Since there does exist a curve of degree d
with a nonvanishing even theta characteristic (e.g., any nonsingular spectral curve;
see Sect. 3.3), this set is nonempty and hence dense in the (only) component formed
by the even theta characteristics other than 1 (d —3)H. O

3 Linear Systems of Quadrics

3.1 Preliminaries

Consider an injective linear map x — ¢, from C'*! to the space S?CN*! of
homogeneous quadratic polynomials on CN*!. It defines a linear system of quadrics
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in PV of dimension r, i.e., an r-subspace in the projective space C,(PV) of quadrics.
Conversely, any linear system of quadrics is defined by a unique, up to obvious
equivalence, linear map as above.

Occasionally, we will fix coordinates (ug, . ..,uy) in CN*+1 and represent g, by a
matrix Qy, so that g,(u) = (Q.u,u). Clearly, the map x — Q, is also linear.

Define the common zero set

V={ueP"|q(u)=0forallxeC*'} cP"
and the Lagrange hypersurface
L={(x,u) e xPV| gu(u) =0} CP" x P".

(As usual, the vanishing condition ¢,(«#) = 0 does not depend on the choice of the
representatives of x and u.) The following statement is straightforward.

Lemma 3.1. An intersection of quadrics V is regular if and only if the associated
Lagrange hypersurface L is nonsingular. a

3.2 The Spectral Variety

Define the spectral variety C of a linear system of quadrics x — g, via
C={xeP |detQ, =0} CP".

Clearly, this definition does not depend on the choice of the matrix representation
x — Qy: the spectral variety is formed by the elements of the linear system that are
singular quadrics. More precisely (as a scheme), C is the intersection of the linear
system with the discriminant hypersurface A C C,(PV).

In what follows, we assume that C is a proper subset of P", i.e., we exclude the
possibility C = PP", since in that case, all quadrics in the system have a common
singular point, and hence V is not a regular intersection. Under this assumption,
C C P" is a hypersurface of degree N + 1, possibly not reduced. By the dimension
argument, C is necessarily singular whenever r > 3. Furthermore, even in the case
r =1 or 2 (pencils or nets), the spectral variety of a regular intersection may still be
singular.

Lemma 3.2. Let x be an isolated point of the spectral variety C of a pencil. Then x
is a simple point of C if and only if the quadric {g, = 0} has a single singular point,
and this point is not a base point of the pencil. a

Corollary 3.3. For any r, if x € C is a smooth point, then corank g, = 1, i.e., the
quadric {qx(u) = 0} has a single singular point.

Proof. Restrict the system to a generic pencil through the point. a
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Lemma 3.4. [f the spectral variety C of a linear system is nonsingular, then the
complete intersection V is regular.

Proof. Tt is easy to see that the common zero set V of a linear system is a regular
complete intersection if and only if none of the members of the system has a singular
point in V. Thus, it suffices to observe that a generic pencil through a point x € C is
transversal to C; hence, x is a simple point of its discriminant variety, and the only
singular point of {g, = 0} is not in V; see Lemma 3.2. O

3.3 Dixon’s Theorem (see [10,11])

From now on, we confine ourselves to the case of nets, i.e., r = 2. As explained
in Sect. 3.2, each net gives rise to its spectral curve, which is a curve C C P? of
degree d = N + 1; if the net is generic, C is nonsingular.

Assume that the spectral curve C is nonsingular. Then at each point x € C, the
kernel KerQ, C R¥*! is a I-subspace; see Lemma 3.3. The correspondence x —
Ker O, defines a line bundle K on C, or, after a twist, a line bundle £ = K(d — 1).
The latter has the following properties: £* = O¢(d — 1) (so that deg £ = 3d(d — 1))
and H%(C,L£(—1)) = 0. Thus, switching to 8 = £(—1), we obtain a nonvanishing
even theta characteristic on C; it is called the spectral theta characteristic of the net.

The following theorem is due to Dixon [10].

Theorem 3.5. Given a nonvanishing even theta characteristic @ on a nonsingular
plane curve C of degree N + 1, there exists a unique, up to projective transformation
of PV, net of quadrics in PN such that C is its spectral curve and 0 is its spectral
theta characteristic. O

3.4 The Dixon Construction

The original proof by Dixon contains an explicit construction of the net. We outline
this construction below. Pick a basis @11, 12, ...,¢14 € H*(C, L) and let

Vil = 0f1, viz = 011012, .., via = $11¢1a € H(C, L?).

Since the restriction map H(P?;Op2(d — 1)) — H(C;0c(d — 1)) = H°(C; L?)
is onto, we can regard vi; as homogeneous polynomials of degree d — 1 in the
coordinates xg,x;, x2 in P2. Let also U (x0,x1,x2) = 0 be the equation of C. The curve
{vi2 = 0} passes through all points of intersection of C and {v;; = 0}. Hence,
there are homogeneous polynomials vy, w122 of degrees d — 1, d — 2, respectively,
such that

2
Vi = viiva2 — Uwiiz.
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In the same way, we get polynomials vy, wi1,s, 2 < 5,7 < d, such that
V1Vl = V11Vrs — UWilys.

Obviously, vyy = vg and w1,y = Wiy It is shown in [10] that

1. the algebraic complement A, in the (d X d) symmetric matrix [v;;] is of the form
U?~2B,s, where B, are certain linear forms, and
2. the determinant det[f;;] is a constant nonzero multiple of U.

(It is the nonvanishing of the theta characteristic that is used to show that the latter
determinant is nonzero.) Thus, C is the spectral curve of the net Q. = [f;;].

It is immediate that the construction works over any field of characteristic zero.
Hence, we obtain the following real version of the Dixon theorem.

Theorem 3.6. Given a nonsingular real plane curve C of degree N + 1 = 4 with
nonempty real part and a real nonvanishing even theta characteristic 0 on C, there
exists a unique, up to real projective transformation of Pﬂl\{f, real net of quadrics in
Pﬂl\é such that C is its spectral curve and 0 is its spectral theta characteristic. a

3.5 The Spin-Orientation (cf. [21,22])

Let (C,c) be a real curve equipped with a real theta characteristic 6. As above,
assume that Cg # &. Then the real structure of C lifts to a real structure (i.e., a
fiberwise antilinear involution) ¢: @ — 6, which is unique up to a phase factor ¢?,
¢ € R. If an isomorphism 8% = K is fixed, one can choose a lift compatible with
the canonical action of ¢ on K¢; such a lift is unique up to multiplication by i.

Fix a lift ¢: 6 — 6 as above and pick a c-real meromorphic section w of 6.
Then ®? is a real meromorphic 1-form with zeros and poles of even multiplicities.
Therefore, it determines an orientation of Cg. This orientation does not depend on
the choice of ®, and it is reversed when switching from c to ic. Thus it is, in fact, a
semiorientation of Cg; it is called the Spin-orientation defined by 6.

The definition above can be made closer to Dixon’s original construction outlined
in Sect. 3.4. One can replace @ by a meromorphic section @’ of 6(1) and treat (@')?
as a real meromorphic 1-form with values in O¢(2); the latter is trivial over Cg.

The following, more topological, definition is equivalent to the previous one.
Recall that a semiorientation is essentially a rule comparing orientations of pairs of
components. Let 0 be a c-invariant Spin-structure on C, and let ¢g : H,(C) — Z; be
the associated quadratic extension. Pick a point p; on each real component C; of Cr.
For each pair p;, pj, i # j, pick a simple smooth path connecting p; and p; in the
complement C . Cr and transversal to Cr at the ends, and let 7;; be the loop obtained
by combining the path with its c-conjugate. Pick an orientation of C; and transfer it
to C; by a vector field normal to the path above. The two orientations are considered
coherent with respect to the Spin-orientation defined by 6 if and only if ¢ ([7i;]) =0.
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Lemma 3.7. Assuming that Cr # &, any semiorientation of Cg is the Spin-
orientation for a suitable real even theta characteristic. a

Proof. Observe that the c,-invariant classes {[y1;],[Ci]} with i > 2 (see above)
form a standard symplectic basis in a certain nondegenerate c,-invariant subgroup
S C H(C). On the complement S*, one can pick any c.-invariant quadratic
extension with Arf-invariant 0. Then the values ¢ ([}1;]) can be chosen arbitrarily
(thus producing any given Spin-orientation), and the values ¢g([Ci]), i > 2, can be
adjusted (e.g., made all 0) to make the resulting theta characteristic even. a

3.6 Alternating Semiorientations

If d =+1mod8 and 0 is the exceptional theta characteristic %(d —3)H, see
Sect. 2.2, then the Spin-orientation defined by 6 is given by the residue res(p?Q /U),
where U = 0 is the equation of C as above, = xodx; Adxy; —x1dxg Adxy +xpdxg A
dx; is a nonvanishing section of Kp2(3) = Op2, and p is any real homogeneous
polynomial of degree (d — 3)/2. In affine coordinates, this orientation is given
by p>dx Ady/dU. Such a semiorientation is called alternating: it is the only
semiorientation of Cr induced by alternating orientations of the components of
Pﬂé AN CR.

3.7 The Index Function (cf. [2])

Fix a real dimension r linear system x — ¢, of quadrics in PY. Consider the sphere
S" = (R"1\ 0)/R; and denote by C C S the pullback of the real part Cg C Pg of
the spectral variety under the double covering " — P}, Define the index function

ind: " = Z

by sending a point x € S” to the negative index of inertia of the quadratic form g,.
The following statement is obvious. (For item 3.8(3), one should use Corollary 3.3.)

Proposition 3.8. The index function ind has the following properties:

1. ind is lower semicontinuous;

2. ind is locally constant on S” C:

3. ind jumps by +1 when crossing C transversally at its regular point;

4. one has ind(—x) = N + 1 — (indx + corank gy). O

Due to Proposition 3.8(3), ind defines a coorientation of C at all its smooth
points. This coorientation is reversed by the antipodal map a: §" — S, x — —x;
see Proposition 3.8(4). If r = 2 and the real part Cr of the spectral curve is
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nonsingular, this coorientation defines a semiorientation of Cg as follows: pick an
orientation of S? and use it to convert the coorientation to an orientation 4 of C; since
the antipodal map « is orientation reversing, o is preserved by a and hence descends
to an orientation o of C. The latter is defined up to total reversing (due to the initial
choice of an orientation of $2); hence, it is in fact a semiorientation. It is called the
index orientation of Cg.

Conversely, any semiorientation of Cr can be defined as above by a function
ind: §" — Z satisfying Proposition 3.8(1)—(4); the latter is unique up to the antipodal
map.

Theorem 3.9 (cf. [29]). Assume that the real part Cr of the spectral curve of a real
net of quadrics is nonsingular. Then the index orientation of Cr coincides with its
Spin-orientation defined by the spectral theta characteristic.

Proof. The Spin-semiorientation of Cg is given by the residue res(v;;/U), cf.
Sect. 3.6, and it is sufficient to check that the index function is larger on the side
of U = 0 where vi;/U > 0. Since the kernel Y x;0;, regarded as a section of the
projectivization of the trivial bundle over C, is given by v = (vi1,vi2,...,V14), it
remains to observe that over Cg, one has X x;(Q;v,v) = videt(Xx;Q;) =vi;U. O

Theorem 3.10. Let C be a nonsingular real plane curve of degree d = N + 1 and
with nonempty real part, and let o be a semiorientation of Cr. Assume that either
d # +1 mod 8 or o is not the alternating semiorientation; see Sect. 3.6. Then after
a small real perturbation of C, there exists a regular intersection of three real
quadrics in ]P’ﬁ\é that has C as its spectral curve and o as its spectral Spin-orientation.

Remark 3.11. According to Sect. 3.6, the only case not covered by Theorem 3.10
is that in which d = £1 mod 8 and the index function ind assumes only the two
middle values (d +1)/2.

Proof (of Theorem 3.10). By Lemma 3.7, there exists a real even theta characteristic
0 that has o as its Spin-orientation. Using Lemma 2.1, one can make 6 nonvanishing
by a small real perturbation of C, and it remains to apply Theorem 3.6. a

4 The Topology of the Zero Locus of a Net

4.1 The Spectral Sequence

Consider a real dimension r linear system x ¢, of quadrics in PV; see Sect. 3.1
for the notation. Let Vg C IP’ﬂR\f, Cr C PR, and Lg C PR X IP’% be the real parts of the
common zero set, spectral variety, and Lagrange hypersurface, respectively.
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Consider the sphere " = (R"*! \ 0)/R ;. and the lift C C S” of Cg, cf. Sect. 3.7,
and let L = {(x,u) € S" x P | g«(u) = 0} C S" x PY be the lift of Lg and

Ly ={(x,u) €S x P |qs(u) >0} C " x P

its positive complement. (Clearly, the conditions g,(#) = 0 and g,(u) > 0 do not
depend on the choice of representatives of x € " and u € P%')

Lemma 4.1. The projection S" x IP’%{ — IP’%{ restricts to a homotopy equivalence
Ly —PY\ Vg

Proof. Denote by p the restriction of the projection to L, . The pullback p~'(u)
of a point u € Vg is empty; hence, p sends Ly to IP’% . Vr. On the other hand, the
restriction Ly — IP’% ~ VR is a locally trivial fibration, and for each pointu € ]P’% ~ VR,
the fiber p~!(u) is the open hemisphere {x € S"| g, (u) > 0}, hence contractible. [

Proposition 4.2. Let r = 2. Then, one has b°(L,) = b'(Ly) = 1, and if Vi is
nonsingular, also b*(L, ) = b°(Vg) + 1.

Proof. Due to Lemma 4.1, one has H*(L;) = H*(PY \ Vg), and the statement
of the proposition follows from the Poincaré—Lefschetz duality Hi(IP’%f W) =
Hy_;(PX,Vg) and the exact sequence of the pair (PY,Vg). For the last statement,
one needs in addition to know that the inclusion homomorphism Hy_3(Vg) —
Hy_3 (]P’%() is trivial, i.e., that every 3-plane P intersects each component of Vg at
an even number of points. By restricting the system to a 4-plane containing P,
one reduces the problem to the case N = 4. In this case, V C PV is the canonical
embedding of a genus 5 curve, cf. Sect. 6.4, and the statement is obvious. O

From now on, we assume that the real part Cr of the spectral hypersurface is
nonsingular. Consider the ascending filtration

G=0Q 1 CQHCC--CQy =5, Q={xeS|indx<i}. “.1)

Due to Proposition 3.8(1), all £2; are closed subsets.

Theorem 4.3 (cf. [1]). There is a spectral sequence
BT = HP () = HPH (L),

Proof. The sequence in question is the Leray spectral sequence of the projection
w: Ly — S§". Let 2, be the constant sheaf on L with the fiber Z,. Then the sequence
is E5? = HP(S",Rim, 2,) = HP™(L,.). Given a point x € S”, the stalk (RI7, Z5)|,
equals H?(n~'U,), where U, > x is a small neighborhood of x regular with respect
to a triangulation of S” compatible with the filtration. If x ¢ C and indx = i, then

m U~ = {u € PY | gu(u) > 0} ~ PR,
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(The fiber 7~ x is a Di-bundle over ]P’%*i; if i = N + 1, the fiber is empty.) Besides,
if x € C and indx = i, then 7~ 'U, ~ '/, where ¥’ € (U, N £;) ~ C. Thus,
(Rim.Z,)|x = Zy or 0 if x does (respectively does not) belong to Qy_,, and the
statement is immediate. O

Remark 4.4. 1t is worth mentioning that there are spectral sequences, similar to
the one introduced in Theorem 4.3, that compute the cohomology of the double
coverings of IP’% ~ Vg and Vg sitting in SV; see [2].

4.2 Elements of Topology of Real Plane Curves

Let C C P? be a nonsingular real curve of degree d. Recall that the real part Cp, splits
into a number of ovals (i.e., embedded circles contractible in IP’H%), and if d is odd, one
one-sided component (i.e., an embedded circle isotopic to Pﬁ{-) The complement of
each oval o has two connected components, exactly one of them being contractible;
this contractible component is called the interior of o.

On the set of ovals of Cg, there is a natural partial order: an oval o is said to
contain another oval o', 0 < o, if 0’ lies in the interior of 0. An oval is called empty
if it does not contain another oval. The depth dpo of an oval o is the number of
elements in the maximal descending chain starting at o. (Such a chain is unique.)
Every oval o of depth >1 has a unique immediate predecessor; it is denoted by
predo.

A nest of C is a linearly ordered chain of ovals of Cg; the depth of a nest is
the number of its elements. The following statement is a simple and well-known
consequence of Bézout’s theorem.

Proposition 4.5. Let C be a nonsingular real plane curve of degree d. Then

1. C cannot have a nest of depth greater than Dmax = Dmax(d) = [d/2];

2. if C has a nest of depth Dyax (a maximal nest), it has no other ovals;

3. if C has a nest 01 < --- < 0y of depth k = Dpax — 1 (a submaximal nest) but no
maximal nest, then all ovals other than o1,...,0;,_| are empty. a

Let pr: S — IP’]% be the orientation double covering, and let C = pr—!' Cg. The
pullback of an oval o of C consists of two disjoint circles o', 0”; such circles are
called ovals of C. The antipodal map x ~ —x of S? induces an involution on the
set of ovals of C; we denote it by a bar: 0 + 8. The pullback of the one-sided
component of Cy is connected; it is called the equator. The tropical components are
the components of 2 \. C whose image is the (only) component of PHZQ ~. Cr outer
to all ovals. The interior into of an oval o of C is the component of the complement
of o that projects to the interior of pro in IP)HZQ. As in the case of Cg, one can use the
notion of interior to define the partial order, depth, nests, efc. The projection pr and
the antipodal involution induce strictly increasing maps of the sets of ovals.
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Now consider an (abstract) index function ind: S*> — Z satisfying Proposition
3.8(1)-(4) (where N + 1 = d and corankg, = Y(x) is the characteristic function
of C) and use it to define the filtration €2, as in (4.1). For an oval o of C, define
i(0) as the value of ind immediately inside o. (Note that in general, i(0) is not the
restriction of ind to o as a subset of S".) Then in view of Proposition 3.8, one has

1 1
EN <ind|r < EN +1 for each tropical component T, 4.2)
i(0) <N+ 1— (Dmax —dpo) foreach oval o, (4.3)
i(0) =N+1— (Dpax —dpo) mod 2 if N is odd. (4.4)

Here, as above, Dmax = [(N + 1)/2]. Keeping in mind the applications, we state
the restrictions in terms of N = d — 1. (Certainly, the congruence (4.4) simplifies
to i(0) + dpo = Dmax mod 2; however, we leave it in a form convenient for further
applications.)

Corollary 4.6. If N > 5, then Qy_» contains the tropical components. a

Lemma 4.7. Assume that b°(€,) > 1 for some integer q > %N. Then C has a nest
0 <0 suchthati(o) =g+ 1 andi(o’) = gq.

Proof. Due to (4.2), the assumption g > %N implies that €2, contains the tropical
components. Then one can take for o’ the oval bounding from outside another
component of £, and let o = predo’. O

Lemma 4.8. Let N > 7, and assume that the curve C has a nest 0y < 0y, k =
Dmax — 1, with i(0j_1) =N — 1. Then Qy_, D S\ intpred o;_.

Proof. Due to (4.3), the nest 0;_; < 0y in the statement can be completed to a
submaximal nest 0] < ... < 0.

First, assume that either C has no maximal nest or the innermost oval of € is
inside o;. Then dpoy = s and o5 = pred o, for all s. Due to (4.3) and Proposition
3.8(3), one has i(0;_s) =N —sfors=1,...,k— 1. Then, due to Proposition 3.8(4),
i(6y_s)=s+1fors=1,...,k— 1 and hence i(d;) < 3.

Proposition 4.5 implies that all ovals other than o;_g, 04, s =0,...,k— 1, are
empty. For such an oval o, one has i(0) < [N]+2if dpo = 1, see (4.2), and i(0) < 4,
s+2,or N+ 1—sif predo = 0, 04, OF 0;_g, respectively, s = 1,...,k— 1. From
the assumption N > 7, it follows that for any oval o, one has i(0) < N — 2 unless
0 = 0;_». Together with Corollary 4.6, this observation implies the statement.

The case in which € has another oval o' < 0; for some i < k—1 is treated
similarly. In this case, N = 2k is even, see (4.4), and by renumbering the ovals
consecutively from k down to 0, one has i(ox_5) = N — s, i(6;_s) = s+ 1 for
s=1,....k g

Note that, in particular, the condition N > 7 in Lemma 4.8 is necessary for o;_
to have a predecessor, i.e., for the statement to make sense. The remaining two
interesting cases N = 5 and 6 are treated in the next lemma.
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Lemma 4.9. Let N =5 or 6, and assume that the curve C has a nest 01 < 0, with
i(01) =N — 1. Then either

1. for each pair o, 0 of nonempty antipodal ovals of depth 1, the set Qx_ contains
the interior of exactly one of them, or

2. N =5 and C has another nested oval 03 = 0y with i(03) = 2. (These data
determine the index function uniquely.)

Proof. The proof repeats literally that of Lemma 4.8, with a careful analysis of the
inequalities that do not hold for small values of N. O

4.3 The Estimates

In this section, we consider a net of quadrics (» = 2) and assume that the spectral
curve C C 2 is nonsingular. Furthermore, we can assume that the index function
takes values between 1 and N, since otherwise, the net would contain an empty
quadric and one would have V = &. Thus, one has @ = Q_; = Qy and Qy =
Qny1 =52

Set imax = max, g indx. Thus, we assume that imax < N.

In addition, we can assume that N > 3, since for N < 2, a regular intersection of
three quadrics in PV is empty.

The spectral sequence E/? given by Theorem 4.3 is concentrated in the strip
0 < p <2, and all potentially nontrivial differentials are dg’q: Eg’q — E22 A a> 1.
Furthermore, one has

Eg’q:Ezz’qZZz, E;’qZO forg=0,...,N —imax, (4.5)
Eg‘rq — E;’q = E;’q =0 for q = imaXa and (46)
E22.,q =0 forg> N —inax- “.7)

In particular, it follows that dg’q =0forg>N-+1—inax.
Corollary 4.10. [fin.x <N —2, then b°(Vg) < 1. 0
The assertion of Corollary 4.10 was first observed by Agrachev [1].

Lemma 4.11. With one exception, dg’l = 0. The exception is a curve C with a
maximal nest 01 < ... < 0y, k = Dpax, so thati(oy) =N — 1 and i(ox_1) = N. In this
exceptional case, one has b°(Vg) = 1.

Proof. Since b' (L) = 1, see Proposition 4.2, and E21’0 = 0, the differential dg’l is
nontrivial if and only if bO(QN_l )= dimEg 1> 1. Since N > 3, the exceptional case
is covered by Lemma 4.7 and Proposition 4.5. O
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Corollary 4.12. If inax = N — 1 > 2, then one has b°(Qy ) —1 < b°(Vg) <
bO(QNfz). O

Lemma 4.13. Assume that imax = N — 1 > 4 and that b°(Qy 2) > 1. Then
B < b°(Vg) < B+ 1, where B is the number of ovals of Cg of depth Dyax — 1.

Proof. In view of Corollary 4.12, it suffices to show that b°(Qy_») = B + 1. Due to
Lemma 4.7, the curve € has a nest 0 < o’ with i(0) =N — 1, and then the set Qy_»
is described by Lemmas 4.8 and 4.9 and the assumption ip,x = N — 1. In view of
Proposition 4.5, each oval of Cy of depth dpo + 1 is inside pro, thus contributing an
extra unit to b°(Qy 7). O

Lemma 4.14. Assume that iga = N > 5. Then bO(VR) is equal to the number B of
ovals of Cr of depth Dyax — 1.

Proof. If (C,ind) is the exceptional index function mentioned in Lemma 4.11, then
b°(Vg) = B = 1, and the statement holds. Otherwise, both differentials dg 1 and dg 2
vanish, see (4.7), and, using Proposition 4.2 and (4.5), one concludes that bO(VR) =
dimEy? +dimEy" = b0(Qy_2) +b'(2y_1).

Pick an oval o’ with i(0’) = N and let 0 = predo’. The topology of Qy_; is
given by Lemmas 4.8 and 4.9. If dpo = Dyax — 1, then b°(Vg) = B = 1. Otherwise
(dpo = Dpax — 2), one has 5°(Qy_») = B+ 1 and b' (Qy_1) = B; — 1, where
B— > 0 and B4 > 0 are the numbers of ovals o” > o with i(¢”) =N —2 and N,
respectively; due to Proposition 4.5, one has f_ + 3+ = . O

4.4 Proof of Theorem 1.3

The case N = 4 is covered by Theorem 1.4. (Note that B9(4) = Hilb(5); see
Sect. 6.4.) Alternatively, one can treat this case manually, trying various index
functions on a curve of degree 5.

Assume that N > 5. The upper bound on Bg(N ) follows from Corollary 4.10
and Lemmas 4.13 and 4.14. For the lower bound, pick a generic real curve C of
degree d = N + 1 with Hilb(d) ovals of depth [d/2] — 1. Select an oval o; in each
pair (0;,0;) of antipodal outermost ovals of C; if d is even, make sure that all
selected ovals are in the boundary of the same tropical component. Take for ind
the “monotonous” function defined via i(0) = N+ 1 — (Dmax — dpo) if 0 = 0; and
i(0) = Dmax —dpo if 0 3= §; for some i; see Fig. | (where the cases N =7 and N = 8
are shown schematically). Due to Theorem 3.10 (see also Remark 3.11), the pair
(C,ind) is realized by a net of quadrics, and for this net one has b°(V) = Hilb(d);
see Lemma 4.14. a

4.5 Proof of Theorem 1.1

In this section, we make an attempt to estimate the Hilbert number Hilb(d)
introduced in Definition 1.2.
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Fig. 1 “Monotonous” index
functions (N =7 and N = 8) b
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Let C be a nonsingular real plane algebraic curve of degree d. An oval of Cgr
is said to be even (odd) if its depth is odd (respectively even). An oval is called
hyperbolic if it has more than one immediate successor (in the partial order defined
in Sect. 4.2).

The following statement is known as the generalized Petrovsky inequality.

Theorem 4.15 (see [4]). Let C be a nonsingular real plane curve of even degree
d = 2k. Then

p—n <zk(k—1)+1, n—p <zk(k—1),

N W
N W

where p, n are the numbers of even/odd ovals of Cr, and p~, n~ are the numbers of
even/odd hyperbolic ovals. a

3
Corollary 4.16. One has Hilb(d) < Ek(k —1)+1, where k=[(d+1)/2].

Proof. Let d = 2k be even, and let C be a curve of degree d with m > 1 ovals of
depth k — 1. All submaximal ovals are situated inside a nest 0] < ... < 0;_p of
depth Dpax — 2 = k — 2; see Proposition 4.5. Assume that k = 2/ is even. Then the
submaximal ovals are even, and one has p > m+ [ — 1, counting as well the even
ovals 01,03,...,09;_1 in the nest. On the other hand, n~ < [ — 1, since all odd ovals
other than 0, 04, ..., 0y; are empty, hence not hyperbolic; see Proposition 4.5 again.
Hence, the statement follows from the first inequality in Theorem 4.15. The case of
k odd is treated similarly, using the second inequality in Theorem 4.15.

Let d = 2k — 1 be odd, and consider a real curve C of degree d with a nest
01 <... < 0g_3 of depth Dyypax —2 =k —3 and m > 2 ovals o’,0”,... of depth k — 2.
Pick a pair of points p’ and p” inside o’ and o”, respectively, and consider the line
L = (p1p2). From Bézout’s theorem, it follows that all points of intersection of L
and C are one point on the one-sided component of Cg and a pair of points on each
of the ovals 01,...,0;_3,0’,0”. Furthermore, the pair o’, 0” can be chosen so that
all other innermost ovals of Cg lie to one side of L in the interior of 0;_; (which is
divided by L into two components).

According to Brusotti’s theorem [6], the union C + L can be perturbed to form a
nonsingular curve of degree 2k with m ovals of depth k — 1; see Fig. 2 (where the
curve and its perturbation are shown schematically in gray and black, respectively).
Hence, the statement follows from the case of even degree considered above. O
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Fig. 2 The perturbation of
C + L with a deep nest

Theorem 4.17 (see [16]). For each integer d > 4, there is a nonsingular curve of
degree d in Pﬁ with

* Fourovals of depth 1 if d =4,

e Sixovals ofdepth 1 ifd =5,

o k(k+1)—3ovals of depth [d /2] — 1 if d = 2k is even,

o k(k—+2)—3ovals of depth [d/2] — 1 if d = 2k + 1 is odd. O

For the reader’s convenience, we give a brief outline of the original construction
due to Hilbert that produces curves as in Theorem 4.17.

For even degrees, one can use an inductive procedure that produces a sequence of
curves C%Y), deg C?X) = 2k. Let E = {pr = 0} be an ellipse in PPZ. The curve c®
is defined by a polynomial p(®) of the form

2 = pp _~_8(2)l§2)l§2)7

where £ > 0 is a real number, |8(2)| < 1, and 152) and léz) are real polynomials
of degree 1 such that the pair of lines {/ Ez)léz) = 0} intersects E at four distinct real
points. The intersection of the exterior of E and the interior of C(?) is formed by two
disks D§2) and Dgz)'

Inductively, we construct curves C?%) = {p(?0) = 0} with the following
properties:

1. €% has an oval 0(2%) of depth k — 1 such that 0(2%) intersects E at 4k distinct
points, the orders of the intersection points on 0(?)) and E coincide, and the
intersection of the exterior of E and the exterior of 0(?}) consists of a Mobius
strip and 2k — 1 disks D™ ..., DP® | (shaded in Fig. 3);

2. one has
_ 2k 2k
p(Zk) _ p(zk z)pE +8(2k)l§ ) ~~~l§k )7
where £(% is a real number, |8(2k>| < 1, and l{2k), .. ,léik) are certain polynomi-

als of degree 1 such that the union of lines {I?k) . léik) =0} intersects E at 4k
distinct real points, all points belonging to 8D§2k_2) (see Fig.4).
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Fig. 3 The oval 0% and the
disks D) (shaded)
N N\ Y N

=y

The sign of €Y is chosen so that 0%~ U E produces 4k — 4 ovals of C(2%).

The above properties imply that each curve C?% has the required number of
ovals of depth k — 1 (and the next curve C(%*2) still satisfies condition 1).

The curves C(?**1) of odd degree 2k + 1 are constructed similarly, starting from
a curve C©) defined by a polynomial of the form

Fig. 4 Hilbert’s construction
in degree 4

p<3) —_ lpE+£(3)l§3)l£3)l§3),

where £3) > 0 is a sufficiently small real number, [ is a polynomial of degree 1

defining a line disjoint from E, and 1*), 1{*) and I{¥) are polynomials of degree 1

such that the union of lines {/ 53)l§3)l§3) =0} intersects E at six distinct real points.

1
Corollary 4.18. One has Hilb(d) > Z(d —2)(d+4)-2. O

Remark 4.19. S. Orevkov informed us, see [24], that there are real algebraic curves

of degree d with
9
—d*+0(d
ovals of depth [%] — 1, and that he expects that this estimate is still not sharp. In the

category of real pseudoholomorphic curves, Orevkov achieved as many as %dz +
O(d) ovals of submaximal depth.
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Proof of Theorem 1.1

The statement of the theorem follows from Theorem 1.3 and the bounds on Hilb(d)
given by Corollaries 4.16 and 4.18. a
5 Intersections of Quadrics of Dimension One

In this section, we consider the case N = r + 2, i.e.,, one-dimensional complete

intersections of quadrics.

5.1 Proof of Theorem 1.4: The Upper Bound

Let V be a regular complete intersection of N — 1 quadrics in PV. Iterating the
adjunction formula, one finds that the genus g(V) of the curve V satisfies the relation

28(V)—2=2"""12(N-1)— (N+1)) =2V (N-3);
hence, g(V) = 2V=2(N —3) + 1, and the Harnack inequality gives the upper bound

B ,(N)<2V"2(N-3)+2. O

5.2 Proof of Theorem 1.4: The Construction

To prove the lower bound BY, ,(N) > 2¥~2(N —3) +2, for each integer N > 2
we construct a homogeneous quadratic polynomial ¢V) R[xp,...,xy] and a

pair (liN),léN)) of linear forms ll.(N) € Rixo,...,xy], i = 1,2, with the following

properties:

1. the common zero set V) = {¢(®) = .. = ¢®™) =0} PV is a regular complete
intersection;

2. the real part VﬂéN) has 2V=2(N — 3) + 2 connected components;

3. there is a distinguished component oV ) c VﬂéN)

arcs AEN), Aém such that the interior of A(N)

i

intersection of the hyperplane LEN) ={ ll»(N) =0} with vV,

, which has two disjoint closed

,i=1,2, contains all 2V~ points of
Property (2) gives the desired lower bound.

The construction is by induction. Let

152) =X, lgz) =x,—x;, and ¢% = l%z)lf) + (x1 —x0)(x1 —2x0).
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Fig. 5 Construction of a
one-dimensional intersection
of quadrics

N)

1 AN

Assume that for all integers 2 < k < N, polynomials q(k), l§k>, and lék) satisfying
conditions (1)—(3) above are constructed. Let léN) = léN) — W) lgN) , where 6™) > 0

is a real number so small that for all 7 € [0,8™)], the line {I{*) — /™" = 0}

intersects 0(V) at 2V~! distinct real points all of which belong to the arc AEN). Put

(N)

IEN+1) N 11N '

= XN+1 and léN—H)

The intersection of the cone {¢(®) = ... = ¢¥) =0} ]P’ﬁ\é+1 (over VﬂéN)) and the

hyperplane LgNH) = {I§N+l) =0} is a copy of VﬂéN)

Put

; see Fig. 5.

(N+1) _ IENH)[(NH) +8(N+1)I§N)112N)7

q 2

N+1)

where & > 0 is a sufficiently small real number. One can observe that on the

N+1)

hyperplane {I§N) =0} C IP’%H, the polynomial g has no zeros outside the

subspace {xy4] = léN) =0}.
The new curve V¥ is a regular complete intersection, and its real part has
2N=1(N —2) +2 connected components. Indeed, each component o C Vﬂgv) other

(V) gives rise to two components of VIéNH), whereas oY) gives rise to 2V~!

components of VﬂéNﬂ)
(N)

than o

, each component being the perturbation of the union a; U a’j,

. 2N —1
)

points of the intersection LgN) N o™ (and not containing other intersection points),

wherea; C o'V, j=0,.. — 1, is the arc bounded by two consecutive (in 0<N))
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and a; is the copy of a; in L;NH). All but one of the arcs a; belong to A&N) and

produce “small” components; the arc ag bounded by the two outermost (from the
point of view of A(IN>) intersection points produces the “long” component, which
we take for o(N*1)_ Finally, observe that the new component 0¥+1) has two arcs

ASNH), i = 1,2, satisfying condition (3) above: they are the perturbations of the arc

AgN) c L(]NH) and its copy in LgNH) . O

6 Concluding Remarks

In this section, we consider the first few special cases, N = 2, 3, 4, and 5, where, in
fact, a complete deformation classification can be given. We also briefly discuss the
other Betti numbers and the maximality of common zero sets of nets of quadrics;
however, we merely outline directions for further investigation, leaving all details
for a subsequent paper.

6.1 Empty Intersections of Quadrics

Consider a complete intersection V of (r+ 1) real quadrics in PV, and assume that
Vr = @. Choosing generators ¢o,q1,. - ., q, of the linear system, we obtain a map

SV = @V 0) /Ry =+ 8T = (R 0) /Ry, 1 (o), ... ,(w)) /Ry

Clearly, the homotopy class of this map, which can be regarded as an element of
the group 7y (S”) modulo the antipodal involution, is a deformation invariant of the
system. Furthermore, the map is even (the images of # and —u coincide); hence, it
also induces certain maps P} — ", S — P4, and P} — P, and their homotopy
classes are also deformation invariant. Below, among other topics, we consider a
few special cases in which these classes distinguish empty regular intersections.

In general, the deformation classifications of linear systems of quadrics,
quadratic (rational) maps S¥ — S” (or }P’ﬂl\é — IP), and spectral hypersurfaces (e.g.,
spectral curves, even endowed with a theta characteristic) are different problems.
We will illustrate this by examples.

6.2 Three Conics

We start with the case r = N = 2, i.e., a net of conics in IP’]%. The spectral curve is a
cubic C C P?, and the regularity condition implies that the common zero set must be
empty (even over C). There are two deformation classes of complete intersections
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of three conics; they can be distinguished by the Z,-Kronecker invariant, i.e., the
mod?2 degree of the associated map IP’]% — 52; see Sect. 6.1. If deg = 0 mod 2, the
index function takes all three values 0, 1, and 2; otherwise, the index function takes
only the middle value 1. (Alternatively, the Kronecker invariant counts the parity of
the number of real solutions of the system g, = g, = 0, g > 0 in P} = P}, where
a,b,c represent any triple of noncollinear points in P2 = PR).

The classification of generic nets of conics can be obtained using the results
of [8]. Note that in considering generic quadratic maps IPIZR — IP’%R rather than regular
complete intersections, there are four deformation classes; they can be distinguished
by the topology of Cr and the spectral theta characteristic.

6.3 Spectral Curves of Degree 4

Our next special case is an intersection of three quadrics in }P’?R. Here, a regular
intersection Vg may consist of 0, 2, 4, 6, or 8§ real points, and the spectral curve is
a quartic C C ]P’]%. Assuming C nonsingular and computing the Euler characteristic
(e.g., using Theorem 4.3 or the general formula for the Euler characteristic found
in [3]), one can see that if V # @, then the real part Cg consists of %Card Vr empty
ovals. In this case, Card Vi determines the net up to deformation. If Vg = &, then
either Cr = @ or Cy is a nest of depth two. Such nets form two deformation classes,
the homotopy class of the associated quadratic map (see Sect. 6.1) being either 0 or
1€ m(S?)/+£1.

6.4 Canonical Curves of Genus 5 in IP’]?Q

Regular complete intersections of three quadrics in P* are canonical curves of
genus 5. Thus, the set of projective classes of such (real) intersections is embedded
into the moduli space of (real) curves of genus 5. As is known, see, e.g., [28], the
image of this embedding is the complement of the strata formed by the hyperelliptic
curves, trigonal curves, and curves with a vanishing theta constant. Since each of
the three strata has positive codimension, the known classification of real forms
of curves of a given genus (applied to g = 5) implies that the maximal number of
connected components that a regular complete intersection of three real quadrics
in P}, may have is 6 = Hilb(5).

6.5 K3-surfaces of Degree 8 in IP)]%

A regular complete intersection of three quadrics in the projective space of
dimension 5 is a K3-surface with a (primitive) polarization of degree 8. Thus, as
in the previous case, the set of projective classes of intersections is embedded into
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the moduli space of K3-surfaces with a polarization of degree 8, the complement
consisting of a few strata of positive codimension (for details, see [27]). In particular,
any generic K3-surface with a polarization of degree 8 is indeed a complete
intersection of three quadrics. The deformation classification of K3-surfaces can be
obtained using the results of Nikuin [23]. The case of maximal real K3-surfaces
is particulary simple: there are three deformation classes, distinguished by the
topology of the real part, which can be Sjo LIS, S USS, or S» L9S. In particular,
the maximal number of connected components of a complete intersection of three
real quadrics in IP3, is 10 = Hilb(6) + 1. (There is another shape with ten connected
components, the K3-surface with real part S; U9S. However, one can easily show
that a K3-surface of degree 8 cannot have ten spheres).

6.6 Other Betti Numbers

The techniques of this paper can be used to estimate the other Betti numbers as well.
For 0 < i < (N —3), we would obtain a bound of the form

B4y(N) —Hilb;y 1 (N+1) = O(1),

where Bi,(N) is the maximal i-th Betti number of a regular complete intersection
of three real quadrics in PY, and Hilb;, | (N + 1) is the maximal number of ovals
of depth > (Dmax —i—1) = [}(N — 1)] — i that a nonsingular real plane curve
of degree d = N + 1 may have. The possible discrepancy is due to a couple of
unknown differentials in the spectral sequence and the inclusion homomorphism
HV =3I (PY) — BN 3 (),

6.7 The Examples are Asymptotically Maximal

Recall that given a real algebraic variety X, the Smith inequality states that
dimH, (Xg) < dimH.(X). (6.1)

(As usual, all homology groups are with Z, coefficients.) If equality holds, X is
said to be maximal, or an M-variety. In particular, if X is a nonsingular plane curve
of degree N + 1, the Smith inequality (6.1) implies that the number of connected
components of Xp does not exceed g+ 1 = %N (N —1) + 1. The Hilbert curves used
in Sect. 4 to construct nets with a large number of connected components are known
to be maximal.

Using the spectral sequence of Theorem 4.3, one can easily see that under the
choice of the index function made in the proof of Theorem 1.3, the dimension
dimH,(L;)is2(g+1)+2if Nis odd and 2(g+ 1) + 1 if N is even.
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On the other hand, for the common zero set V (as for any projective variety) there
is a certain constant / such that the inclusion homomorphism H;(Vg) — H;(PY) is
nontrivial for all i < [ and trivial for all i > [ (see [19]; in our case, 1 < I < %N)
Hence, by Poincaré—Lefschetz duality and Lemma 4.1, one has

dimH, (L,) = dimH, (P}, Vg) = dimH.(Vg) + N — 21 — 1.

Finally, one can easily find dimH,(V): it equals 4(k*> — 1) if N = 2k is even and
4(k* — k) if N = 2k — 1 is odd.

Combining the above computations, one observes that the intersections of
quadrics constructed from the Hilbert curves using monotonous index functions are
asymptotically maximal in the sense that

dimH, (Vg) = dimH, (V) + O(N) = N> + O(N).

The latter identity shows that the upper bound for B(z) (N) provided by the Smith
inequality is too rough: this bound is of the form %Nz + O(N), whereas, as is shown
in this paper, BY(N) does not exceed %Nz + O(N). When the intersection is of even
dimension, one can improve the leading coefficient in the bound by combining the
Smith inequality and the generalized Comessatti inequality; however, the resulting
estimate is still too far from the sharp bound.

6.8 The Examples are Not Maximal

Another interesting consequence of the computation of the previous section is the
fact that starting from N = 6, the complete intersections of quadrics maximizing
the number of components are never truly maximal in the sense of the Smith
inequality (6.1): one has

N+0(1) < dimH, (V) — dimH,(Ve) < 2N+ 0(1).

Using the spectral sequence of Theorem 4.3, one can easily show that a maximal
complete intersection V of three real quadrics in IP’ﬂR\f must have index function taking
values between %(N —1) and %(N +3) (cf. (4.5)—(4.7)); the real part Vi has large
Betti numbers in two or three middle dimensions, (most) other Betti numbers being
equal to 1.

Apparently, it is the Harnack M-curves that are suitable for obtaining nets
with maximal common zero locus. However, at present we do not know much
about the differentials in the spectral sequence or the constant / introduced in the
previous section. It may happen that these data are controlled by an extra flexibility
in the choice of the real Spin-structure on the spectral curve: in addition to the
semiorientation, one can also choose the values on the components of Cg.
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Rational SFT, Linearized Legendrian Contact
Homology, and Lagrangian Floer Cohomology

Tobias Ekholm

This paper is dedicated to Oleg Viro on the occasion
of his 60th birthday

Abstract We relate the version of rational symplectic field theory for exact
Lagrangian cobordisms introduced in [6] to linearized Legendrian contact homol-
ogy. More precisely, if L C X is an exact Lagrangian submanifold of an exact
symplectic manifold with convex end A C Y, where Y is a contact manifold and
A is a Legendrian submanifold, and if L has empty concave end, then the linearized
Legendrian contact cohomology of A, linearized with respect to the augmentation
induced by L, equals the rational SFT of (X,L). Following ideas of Seidel [15],
this equality in combination with a version of Lagrangian Floer cohomology of L
leads us to a conjectural exact sequence that in particular implies that if X = C”,
then the linearized Legendrian contact cohomology of A C §"~! is isomorphic to
the singular homology of L. We outline a proof of the conjecture and show how to
interpret the duality exact sequence for linearized contact homology of [7] in terms
of the resulting isomorphism.

Keywords Floer cohomology ¢ Symplectic field theory * Legendrian contact
homology ¢ Cobordism ¢ Holomorphic disk

1 Introduction

Let Y be a contact (21 — 1)-manifold with contact 1-form 4 (i.e., A A (dA)" !is a
volume form on Y). The Reeb vector field R) of A is the unique vector field that
satisfies A1 (Ry) = 1 and dA(Ry,-) = 0. The symplectization of Y is the symplectic
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manifold ¥ x R with symplectic form d(e'A), where ¢ is a coordinate in the
R-factor. A symplectic manifold with cylindrical ends is a symplectic 2n-manifold X
that contains a compact subset K such that X — K is symplectomorphic to a disjoint
union of two half-symplectizations Y+ x Ry UY ™~ x R_, for some contact (2n — 1)-
manifolds Y=, where R, =[0,00) and R_ = (—o0,0]. WecallY* xR and Y~ x R_
the positive and negative ends of X, respectively, and YT and Y, (+o0)- and
(—oo)-boundaries of X, respectively.

The relative counterpart of a symplectic manifold with cylindrical ends is a pair
(X, L) of a symplectic 2n-manifold X with a Lagrangian n-submanifold L C X (i.e.,
the restriction of the symplectic form in X to any tangent space of L vanishes) such
that outside a compact subset, (X, L) is symplectomorphic to the disjoint union of
(YT xR, AT xRy) and (Y~ x R_,A~ x R_), where A* C Y* are Legendrian
(n — 1)-submanifolds (i.e., A* are everywhere tangent to the kernels of the contact
forms on Y *). If the symplectic manifold X is exact (i.e., if the symplectic form @ on
X satisfies 0 = df} for some 1-form f3) and if the Lagrangian submanifold L is exact
as well (i.e., if the restriction f|L satisfies B|L = df for some function f), then we
call the pair (X,L) of exact manifolds an exact cobordism. We assume throughout
the paper that X is simply connected, that the first Chern class of TX, viewed as a
complex bundle using any almost complex structure compatible with the symplectic
form on X, is trivial, and that the Maslov class of L is trivial as well. (These
assumptions are made in order to have well-defined gradings in contact homology
algebras over Z,. In more general cases, one would work with contact homology
algebras with suitable Novikov coefficients in order to have appropriate gradings.)

In [6], a version of rational symplectic field theory (SFT) (see [12] for a general
description of SFT) for exact cobordisms with good ends was developed; see Sect. 2.
(The additional condition that ends be good allows us to disregard Reeb orbits in
the ends when setting up the theory. Standard contact spheres as well as 1-jet spaces
with their standard contact structures are good.) It associates to an exact cobordism
(X,L), where L has k components, a Z-graded filtered Z,-vector space V(X,L),
with k filtration levels and with a filtration-preserving differential d/: V(X,L) —
V(X,L). Elements in V(X,L) are formal sums of admissible formal disks in which
the number of summands with (+)-action below any given number is finite; see
Sect. 2 for definitions of these notions.

The differential increases (+)-action, and hence if V(4(X,L) denotes V(X,L)
divided out by the subcomplex of all formal sums in which all disks have (+)-
action larger than o, then the differential induces filtration-preserving differentials
d: V(o) (X,L) = V|4 (X, L) with associated spectral sequences {Ef 7[2:] (X ,L)}I:Zl.
The projection maps ng‘ : Vig(X,L) = Vg(X,L), & > B, give an inverse system of
chain maps. The limit E}(X,L) = WmeEL (X,L) is invariant under deformations
of (X,L) through exact cobordisms with good ends and in particular under
deformations of L through exact Lagrangian submanifolds with cylindrical ends;
see Theorem 2.1.

In this paper we will use only the simplest version of the theory just described,
which is as follows. Let (X,L) be an exact cobordism such that L is connected and
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without negative end, i.e., A~ = (. In this case, admissible formal disks have only
one positive puncture, and we identify (a quotient of) V(X,L) with the Z,-vector
space of formal sums of Reeb chords of A = A ™. Furthermore, our assumptions on
71 (X) and vanishing of ¢; (TX) and of the Maslov class of L imply that the grading
of a formal disk depends only on the Reeb chord at its positive puncture. We let |c|
denote the grading of a chord ¢ € V(X,L). Rational SFT then provides a differential

d’: V(X,L)— V(X,L)

with |d/ (c)| = |c|+ 1 that increases action in the sense that if a(c) denotes the action
of the Reeb chord ¢ and if the Reeb chord b appears with nonzero coefficient in dc,
then a(b) > a(c). Furthermore, since L is connected, the spectral sequences have
only one level, and

E{(X.L) = limg (kerdg/imd{;) .

Our first result relates Ef(X,L) to linearized Legendrian contact cohomology:;
see Sect. 3. Legendrian contact homology was introduced in [5, 12]. It was worked
out in detail in special cases including 1-jet spaces in [9—11]. From the point of view
of Legendrian contact homology, an exact cobordism (X, L) with good ends induces
a chain map from the contact homology algebra of (Y, A™) to that of (Y ~,A7).
In particular, if A~ = 0, then the latter equals the ground field Z, with the trivial
differential. Such a chain map € is called an augmentation, and it gives rise to a
linearization of the contact homology algebra of A™. That is, it endows the chain
complex Q(A) generated by Reeb chords of A with a differential 9€.

The resulting homology is called e-linearized contact homology and denoted by
LCH..(Y,A;€). We let LCH*(Y; A; €) be the homology of the dual complex Q'(A) =
Hom(Q(A);Z;,) and call it the e-linearized contact cohomology of A.

We say that (X, L) satisfies a monotonicity condition if there are constants Cy and
C; > 0 such that for any Reeb chord ¢ of A C Y, |c| > Cja(c) 4+ Cp. Note that if
Y is a 1-jet space or the sphere endowed with a generic small perturbation of the
standard contact form and if A is in general position with respect to the Reeb flow,
then (X, L) satisfies a monotonicity condition.

Theorem 1.1. Ler (X, L) be an exact cobordism with good ends. Let (Y,A) denote
the positive end of (X,L) and assume that the (—oo)-boundary of L is empty. Let €
denote the augmentation on the contact homology algebra of A induced by L. Then
the natural map Q'(A) — V(X,L), which takes an element in Q' (A) thought of as a
Sformal sum of covectors dual to Reeb chords in Q(A) to the corresponding formal
sum of Reeb chords in V(X ,L), is a chain map. Furthermore, if (X,L) satisfies a
monotonicity condition, then the corresponding map on homology

LCH*(Y,A;€) — Ef (X, L),

is an isomorphism.
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Theorem 1.1 is proved in Sect.3.2. We point out that when (X,L) satisfies a
monotonicity condition, it follows from this result that LCH, (Y, A;€) depends only
on the symplectic topology of (X,L).

We next consider two exact cobordisms (X,Lo) and (X,L;) with good ends
and with the following properties: both Ly and L; have empty (—eo)-boundaries;
if A; denotes the (4-eo)-boundary of L;, then Ag N A; = 0; Lo and L; intersect
transversely; and the Reeb flow of Ay along a Reeb chord connecting Ag to
A1 is transverse to A; at its endpoint. For such pairs of exact cobordisms we
define Lagrangian Floer cohomology HF*(X;Lo,L;) as an inverse limit of the
cohomologies H F[’&] (X;Lo,Ly) of cochain complexes Cjq)(X;Lo,L1) generated by
Reeb chords between Ay and A; of action at most ¢ and by points in Lo N L. This
Floer cohomology has a relative Z-grading and is invariant under exact deformations
of L1.

Consider an exact cobordism (X,L) where L has empty (—eo)-boundary and
(+o0)-boundary A. Let L' be a slight push-off of L, which is an extension of a small
push-off A’ of A along the Reeb vector field.

Conjecture 1.2. For any a > 0, there is a long exact sequence

S, L1
— By (X,L) —— HF(XGLL) —— Hyu(L)
S .
bl gl X L) ——— HESTYXGLL) —— Hy (L
Li[a] (]
Sa;L.L’ (1)
— e

where H, (L) is the ordinary homology of L with Z,-coefficients. It follows in
particular that if X = C" or X = J!(R*"!) x R, then HF*(X;L,L') = 0, and the
map Oz Hy—.y1 (L) — E{(X,L) =~ LCH*(Y,A;€) induced by the maps 8., 1 is
an isomorphism.

The author learned about the isomorphism above, between linearized contact
homology of a Legendrian submanifold with a Lagrangian filling and the ordinary
homology of the filling, from Seidel [15], who explained it using an exact sequence
in wrapped Floer homology [1, 14] similar to (1). Borrowing Seidel’s argument,
we outline in Sect.4.4 a proof of Conjecture 1.2 in which the Lagrangian Floer
cohomology HF (X;L,L") plays the role of wrapped Floer homology.

In [7], a duality exact sequence for linearized contact homology of a Legendrian
submanifold A C Y, where Y = P x R for some exact symplectic manifold P and
where the projection of A into P is displaceable, was found. In what follows,
we restrict attention to the case ¥ = J!'(R"~!). Then every compact Legendrian
submanifold has displaceable projection, and the duality exact sequence is the
following, where € denotes any augmentation and where we suppress the ambient
manifold ¥ = J!'(R""!) from the notation:
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P He(A) —% LCHO DR (Ae) —2 s LCHi(Aze)
—P & H(A) —%— LCH VD *Aje) —%— LCHii(Ase)---.

@)

Here, if B = p(o) € Hi(A), then the Poincaré dual y € H,_;(A) of B satisfies
(o(y),0) =1, where (,) is the pairing between the homology and cohomology
of Q(A). Furthermore, the maps p and ¢ are defined through a count of rigid
configurations of holomorphic disks with boundary on A with a flow line emanating
from its boundary, and the map 6 is defined through a count of rigid holomorphic
disks with boundary on A with two positive punctures.

In J'(R" 1), a generic Legendrian submanifold has finitely many Reeb chords.
Furthermore, if L is an exact Lagrangian cobordism in the symplectization
JYR"1) x R with empty (—oo)-boundary, then L is displaceable. Hence, both
Theorem 1.1 and Conjecture 1.2 give isomorphisms. Combining (1) and (2) leads
to the following.

Corollary 1.3. Let L be an exact Lagrangian cobordism in J'(R"™™') x R with
empty (—eo)-boundary and with (4oo)-boundary A and let € denote the augmenta-
tion on the contact homology algebra of A induced by L. Then the following diagram
with exact rows commutes, and all vertical maps are isomorphisms:

Hip1(A) —— Hei(L) —— Hy(LA) —— Hi(A)

idl EL,L’J( JH"O%L/ lid
Hip1(A) —2— LCH" % 2(A;e) —— LCHi(Aze) —2— Hi(A)
Here the top row is the long exact homology sequence of (L,A), the bottom row
is the duality exact sequence, the map &y y/ is the map in Conjecture 1.2, the map
5£ 1/ is analogous to &y 1, and the map H counts disks in the symplectization with

boundary on A and with two positive punctures; see Sect. 4.5 for details.

The proof of Corollary 1.3 is discussed in Sect. 4.5.

2 A Brief Sketch of Relative SFT of Lagrangian Cobordisms

Although we will use only the simplest version of relative SFT introduced in
[6] in this paper, we give a brief introduction to the full theory for two reasons.
First, it is reasonable to expect that this theory is related to product structures on
linearized contact homology, see [4], in much the same way as the simplest version
of the theory appears in Conjecture 1.2. Second, some of the moduli spaces of
holomorphic disks that we will make use of are analogous to those needed for more
involved versions of the theory.
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2.1 Formal and Admissible Disks

In order to describe relative rational SFT, we introduce the following notation. Let
(X,L) be an exact cobordism with ends (Y* x Ry, A* x Ry). Write (X,L) for a
compact part of (X, L) obtained by cutting the infinite parts of the cylindrical ends
off at some [t| = T > 0. We will sometimes think of Reeb chords of A* in the
(e0)-boundary as lying in dX with endpoints on dL. A formal disk of (X,L) is a
homotopy class of maps of the 2-disk D, with m marked disjoint closed subintervals
in 9D, into X, where the m marked intervals are required to map in an orientation-
preserving (reversing) manner to Reeb chords of dL in the (4o<)-boundary (in the
(—o0)-boundary) and where remaining parts of the boundary d D map to L.

If L? and L7 are exact Lagrangian cobordisms in X b and Xx¢, respectively, such
that a component (Y, A) of the (—eo)-boundary of (X?,L?) agrees with a component
of the (+o0)-boundary of (X”,L”), then these cobordisms can be joined to an exact
cobordism L in X%, where (X%¢,15?) is obtained by gluing the positive end (¥, A)
of (X?, L) to the corresponding negative end of (X¢,L¢). Furthermore, if v* and v*
are collections of formal disks of (X” L) and (X¢,L?), respectively, then we can
construct formal disks in L*® in the following way: start with a disk v{ from v,
and let ¢y, ...,c,, denote the Reeb chords at its negative punctures. Attach positive
punctures of disks vll’;17 s 7v11’;r1 in v» mapping the Reeb chords cy,...,c, to the
corresponding negative punctures of the disk v{. This gives a disk v’l’“ with some
positive punctures mapping to chords c1,...,c,, of A. Attach negative punctures of
the disk v3.;,...,v5,, to vbd at cy,...,cy,. This gives a disk v5¢ with some negative
punctures mapping to Reeb chords in A. Continue this process until there are no
punctures mapping to A. We call the resulting disk a formal disk in L with factors
from v* and V.

Assume that the set of connected components of L has been subdivided into
subsets L; so that L is a disjoint union L = L; U--- ULy, where each L; is a collection
of connected components of L. We call Ly,...,L; the pieces of L. With respect to
such a subdivision, Reeb chords fall into two classes: pure, with both endpoints on
the same piece, and mixed, with endpoints on distinct pieces.

A formal disk represented by a map u: D — X is admissible if for any arc « in
D that connects two unmarked segments in dD that are mapped to the same piece
by u, all marked segments on the boundary of one of the components of D — ¢ map
to pure Reeb chords in the (—eo)-boundary.

2.2 Holomorphic Disks

Let (X,L) be an exact cobordism. Fix an almost complex structure J on X that is
adjusted to its symplectic form. Let S be a punctured Riemann surface with complex
structure j and with boundary dS. A J-holomorphic curve with boundary on L is a
map u: S — X such that

du+Joduoj=0
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and such that u(dS) C L. For details on holomorphic curves in this setting we refer
to [6, Appendix B] and references therein. Here we summarize the main properties
we will use.

By definition, an adjusted almost complex structure J is invariant under
R-translations in the ends of X and pairs the Reeb vector field in the (4-ec)-boundary
with the symplectization direction. Consequently, strips that are cylinders over
Reeb chords as well as cylinders over Reeb orbits are J-holomorphic. Furthermore,
any J-holomorphic disk of finite energy is asymptotic to such Reeb chord strips
at its boundary punctures and to Reeb orbit cylinders at interior punctures; see
[6, Sect. B.1]. We say that a puncture of a J-holomorphic disk is positive
(negative) if the disk is asymptotic to a Reeb chord strip (Reeb orbit cylinder)
in the positive (negative) end of (X,L). Note that exactness of (X,L) and the fact
that the symplectic form is positive on J-complex tangent lines imply that any
J-holomorphic curve has at least one positive puncture.

These results on asymptotics imply that any J-holomorphic disk in X with
boundary on L determines a formal disk. Let M(v) denote the moduli space of
J-holomorphic disks with associated formal disk equal to v. The formal dimension
of M(v) is determined by the Fredholm index of the linearized d;-operator along a
representative of v; see [6, Sect. 3.1].

A sequence of J-holomorphic disks with boundary on L may converge to a
broken disk of two components that intersects at a boundary point. We will refer
to this phenomenon as boundary bubbling. However, if all elements in the sequence
have only one positive puncture, then boundary bubbling is impossible by exactness:
each component in the limit curve must have at least one positive puncture. The
reason for using admissible disks to set up relative SFT is the following: In
a sequence of holomorphic disks with corresponding formal disks admissible,
boundary bubbling is impossible for topological reasons. As a consequence, if v
is a formal disk, then the boundary of M (v) consists of several level J-holomorphic
disks and spheres joined at Reeb chords or at Reeb orbits; see [2].

Recall from Sect. 1 that we require the ends of our exact cobordisms (X,L) to
be good. The precise formulation of this condition is as follows. If y© (y7) is a
Reeb orbit in the (+oc)-boundary Y™ (in the (—eoe)-boundary ¥ ) of X, then the
formal dimension of any moduli space of holomorphic spheres in X (in Y~ x R)
with positive puncture at y* (at y~) is > 2. Together with transversality arguments
these conditions guarantee that broken curves in the boundary of M (v), where v
is an admissible formal disk, cannot contain any spheres if dim(M(v)) <1, or
if dim(M(v)) = 2 when (X,L) is a trivial cobordism; see [6, Lemma B.6]. In
particular, in the boundary of M (v), where dim(M (v)) satisfies these dimensional
constraints and where v is admissible, there can be only two level curves, all pieces
of which are admissible disks; see [6, Lemma 2.5].

Under our additional assumptions (7;(X) trivial, first Chern class of X and
Maslov class of L vanish), the grading of a formal disk depends only on the Reeb
chords at its punctures. For later reference, we describe this more precisely in the
case that L is connected and its (—eo)-boundary is empty. Let (¥,A) denote the
(4e0)-boundary of (X,L). If ¢ is a Reeb chord of A C Y, then let ¥ be any path in L
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joining its endpoints. Since X is simply connected, ¥ U cboundsadisk I': D — X.
Fix a trivialization of TX along I" such that the linearized Reeb flow along c is
represented by the identity transformation with respect to this trivialization. Then
the tangent space T;(A x R) at the initial point s of ¢ is transported to a subspace
Vs x R in the tangent space T, X at the final point e of ¢ where V; is transverse to T,A
in the contact hyperplane &, at e. Let R denote a negative rotation along the complex
angle taking V; to T,A in &,; see [6, Sect. 3.1]. Then the Lagrangian tangent planes
of L along y capped off with R form a loop Ar of Lagrangian subspaces in C" with
respect to the trivialization, and if M (c) denotes the moduli space of holomorphic
disks in X with one positive boundary puncture at which they are asymptotic to the
Reeb chord strip of the Reeb chord ¢, then

dim(M(c)) =n—-3+pn(Ar)+1,

where u denotes the Maslov index; see [6, p. 655]. To see that this is independent
of I', note that the difference of two trivializations along the disks is measured by
¢1(TX). To see that it is independent of the path v, note that the difference in the
dimension formula corresponding to two different paths y and ¥ is measured by the
Maslov class of L evaluated on the loop y U —¥'. Define

¢ = dim(M(c)). 3)

If a and by,...,b,, are Reeb chords of A and if M (a;by,...,b,) denotes the
moduli space of holomorphic disks in ¥ x R with boundary on A x R with positive
puncture at the Reeb chord a and negative punctures at the Reeb chords by, ..., by
in the order given by following the boundary orientation of the disk starting at the
positive puncture, then additivity of the index gives

dim(M(a;by,...,by)) = |a| — Y |bj]. )

J

2.3 Hamiltonian and Potential Vectors and Differentials

Let (X,L) be an exact cobordism and let v be a formal disk of (X,L). Define the
(4)-action of v as the sum of the actions

a(c) = /c,ﬁ

over the Reeb chords c at their positive punctures. Here A" is the contact form
in the (+<0)-boundary Y of X. Note that for generic Legendrian (+e0)-boundary,
AT C YT, the set of actions of Reeb chords, is a discrete subset of R. Let V(X,L)
denote the Z-graded vector space over Z, with elements that are formal sums of
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admissible formal disks that contain only a finite number of summands below any
given (+)-action. The grading on V(X,L) is the following: the degree of a formal
disk v is the formal dimension of the moduli space M (v) of J-holomorphic disks
homotopic to the formal disk. We use the natural filtration

0C F*V(X,L)C---C F*V(X,L) C F'V(X,L) = V(X,L)

of V(X,L), where k is the number of pieces of L and where the filtration level is
determined by the number of positive punctures. (It is straightforward to check that
an admissible formal disk has at most k Reeb chords at the positive end.)

We will define a differential @/: V(X,L) — V(X,L) that respects this filtration
using 1-dimensional moduli spaces of holomorphic disks. To this end, fix an almost
complex structure J on X that is compatible with the symplectic form and adjusted
to d(e'A*) in the ends, where A% is the contact form in the (d-c0)-boundary. Assume
that J is generic with respect to 0- and 1-dimensional moduli spaces of holomorphic
disks; see [6, Lemma B.8]. Since J is invariant under translations in the ends, R
acts on moduli spaces M (u), where u is a formal disk of (Y x R,A* x R). In this
case we define the reduced moduli spaces as M\(u) = M(u)/R. Let h* € V(Y* x
R,A* x R) denote the vector of admissible formal disks in ¥* x R with boundary
on A* x R represented by J-holomorphic disks:

= Y  |M@)|ve V(AT xR), (5)

dim(M(v))=0

where the sum ranges over all formal disks of A x R and where |M\ | denotes the
mod-2 number of points in the compact 0-manifold M. We call h* and 7~ the
Hamiltonian vectors of the positive and negative ends, respectively. Similarly, let f
denote the generating function of rigid disks in the cobordism:

f= Y [MWveV(X,L), (6)
dim(M(v))=0

where the sum ranges over all formal disks of (X,L). We call f the potential vector
of (X,L).

We view elements w in V(Y* x R,A* x R) and V(X,L) as sets of admissible
formal disks, where the set consists of those formal disks that appear with nonzero
coefficient in w. Define the differential @/: V(X,L) — V(X,L) as the linear map
such that if v is an admissible formal disk (a generator of V(X,L)), then d/(v) is the
sum of all admissible formal disks obtained in the following way:

(i) Attach a positive puncture of v to a negative puncture of an ™ -disk.
(ii) Then attach f-disks at remaining negative punctures of the 4 *-disk, or
(iii) Attach a negative puncture of v to a positive puncture of an 4~ -disk.
(iv) Then attach f-disks at remaining positive punctures of the &~ -disk.
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The fact that this is a differential is a consequence of the product structure of the
boundary of the moduli space mentioned above in the case of 1-dimensional moduli
spaces; see [6, Lemma 3.7]. Furthermore, the differential increases the grading by
1 and respects the filtration, since any disk in 4™ or in f has at least one positive
puncture.

2.4 The Rational Admissible SFT Spectral Sequence

Fix o > 0. If V(o4 (X,L) C V(X,L) denotes the subspace of formal sums of
formal disks with (+)-action at least o, then since holomorphic disks have positive
symplectic area, it follows that d/ (V[a+] (X,L)) C Vg (X, L). If Vigy(X,L) =
V(X,L)/V|q4)(X,L), then V4 (X,L) is isomorphic to the vector space generated
by formal disks of (+)-action less than ¢, and there is a short exact sequence of
chain complexes

0 —— VgyX,L) —— V(X,L) —— V[y(X,L) —— 0.
The quotients V(4 (X,L) form an inverse system
ﬂg: V[a](X,L)%V[[;](X,L), oa>f,
p

of graded chain complexes, where 7, are the natural projections. Consequently, the
k-level spectral sequences corresponding to the filtrations

0CF*Vioy(X,L) C -+ CF?V|o(X,L) C F'Vgy(X,L) = Vi (X, L),

which we denote by
k

P
{Elxn}
form an inverse system as well, and we define the rational admissible SFT

invariant as
k
k : )
(BP9 L)Y, =limg {ELZ (X.1)}

This is in general not a spectral sequence, but it is so under some finiteness
conditions. The following result is a consequence of [6, Theorems 1.1 and 1.2].

r=1

Theorem 2.1. Let (X,L) be an exact cobordism with a subdivision L=L;U---ULy
into pieces. Then {EﬁJ 106 ,L)} does not depend on the choice of adjusted almost
complex structure J, and is invariant under deformations of (X,L) through exact
cobordisms with good ends.
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Proof. Any such deformation can be subdivided into a compactly supported
deformation and a Legendrian isotopy at infinity. Deformations of the former type
are shown in [6, Theorem 1.1.] to induce isomorphisms of { Ef(X,L)}.

To show that a deformation of the latter type induces an isomorphism, we note
that it gives rise to an invertible exact cobordism, see [6, Appendix A], and use the
same argument as in the proof of [6, Theorem 1.2.] as follows. Let Cy; be the exact
cobordism of the Legendrian isotopy at infinity and let Cj¢ be its inverse cobordism.
We use the symbol A#B to denote the result of joining two cobordisms along a
common end. Consider first the cobordism

L#Cy1 #Co.

Since this cobordism can be deformed by a compact deformation to L, we
find that the composition of the maps @: V(X,L#Cy;) — V(X,L#Cy1#Cio) and
¥: V(X,L) — V(X,L#Cy ) is chain homotopic to the identity. Hence ¥ is injective
on homology. Consider second the cobordism

LHCy 1 #C10#Cp1 -

Since this cobordism can be deformed to L#Cy;, we find similarly that there is a
map O such that ¥ o © is chain homotopic to the identity on V(X,L#Cy) ); hence ¥
is surjective on homology as well.

2.5 A Simple Version of Rational Admissible SFT

As mentioned in Sect. 1, in the present paper, we will use the rational admissible
spectral sequence in the simplest case: for (X, L), where L has only one component.
Since there is only one piece, the spectral sequence has only one level, and

E}(X,L) = limg E{{, (X, L) = limg ker(d{)/im(d})

is the invariant that we will compute. To simplify things further, we will work
not with the chain complex V(X,L) as described above but with the quotient of it
obtained by forgetting the homotopy classes of formal disks. We view this quotient,
using our assumption that 7 (X) is trivial, as the space of formal sums of Reeb
chords of the (+eo)-boundary A of L. Further, our assumptions ¢;(7X) = 0 and
vanishing Maslov class of L imply that the grading descends to the quotient; see (3).
For simplicity, we keep the notation V(X, L) and V4 (X, L) for the corresponding
quotients.
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3 Legendrian Contact Homology, Augmentation,
and Linearization

In this section we will define Legendrian contact homology and its linearization.
We work in the following setting: (X, L) is an exact cobordism with good ends, the
(—oo)-boundary of L is empty, and the (+4eo)-boundary of (X,L) will be denoted by
(Y,A).

Recall that the assumption on good ends allows us to disregard Reeb orbits.
Furthermore, our additional assumptions on (X, L), i.e., ; (X ) trivial and first Chern
class and Maslov class trivial, allows us to work with coefficients in Z, and still
retain the grading.

3.1 Legendrian Contact Homology

Assume that A C Y is generic with respect to the Reeb flow on Y. If ¢ is a Reeb
chord of A, let |c| € Z be as in (3).

Definition 3.1. The DGA of (Y, A) is the unital noncommutative algebra A(Y,A)
over Z, generated by the Reeb chords of A. The grading of a Reeb chord
cis el

Definition 3.2. The contact homology differential is the map d: A(Y,A) —
A(Y,A) that is linear over Z, satisfies the Leibniz rule, and is defined as follows on
generators:

dc = Y |M(c;b)| b,
dim(M (c;b))=1

where ¢ is a Reeb chord and b = bi,...,by is a word of Reeb chords. (For notation,
see (4).)

We give a brief explanation of why o in Definition 3.2 is a differential, i.e.,
why 9% = 0. Consider the boundary of the 2-dimensional moduli space M (which
becomes 1-dimensional after the R-action has been divided out) of holomorphic
disks with one positive puncture at a. As explained in Sect. 2.2, the boundary of
such a moduli space consists of two level curves such that all components except
two are Reeb chord strips. Since these configurations are exactly what is counted
by 9”¢ and since they correspond to the boundary points of the compact 1-manifold
M /R, we conclude that 9*c = 0.

Definition 3.3. An augmentation of A(Y,A) is a chain map €: A(Y,A) — Z,,
where Z; is equipped with the trivial differential.
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Given an augmentation €, define the algebra isomorphism Ee¢: A(Y,A) —
A(Y,A) by letting
Ec(c) =c+e€(c),

for each generator c. Consider the word-length filtration of A(Y,A),
A(Y,A) = Ao(Y,A) DA (Y,A) D A (Y,A)D---.

The differential € = Ecod o Eg': A(Y,A) — A(Y,A) respects this filtration:
0¢€(A;j(Y,A)) C A;(Y,A). In particular, we obtain the e-linearized differential

oF: Aj(Y,A)/ A (Y, A) — A1(Y,A)/ Ay (Y, A). (7)

Definition 3.4. The e-linearized contact homology is the Z;-vector space
LCH..(Y,A;€) = ker(df)/im(df ). ®)
For simpler notation below, we write
O(Y,A) = Ai(Y,A)/ Ay (Y, A)

and think of Q(Y,A) as the graded vector space generated by the Reeb chords of A.
Furthermore, the augmentation will often be clear from the context, and we will
drop it from the notation and write the differential as

al . Q(YaA) — Q(YvA)

Consider an exact cobordism (X, L) with (4oc)-boundary (¥Y*,A™) and (—eo)-
boundary (Y~,A~). Define the algebra map @: A(Y*T, A1) — A(Y~,A") by
mapping generators ¢ of A(Y1,A™) as follows:

o)=Y IM@H)I,
dim(M(c;b))=0

where b = b, ,...,b is a word of Reeb chords of A~, where M(C;E) denotes the
moduli space of holomorphic disks in (X, L) with boundary on L, with positive punc-
ture at a and negative punctures at by, ..., b;. An argument completely analogous to
the argument above showing that 9> = 0, looking at the boundary of 1-dimensional
moduli spaces, shows that @ o d* = 9~ o @, where 9+ is the differential on
A(Y*,A%), i.e., that @ is a chain map. Consequently, if € : AY ", A7) — Z,
is an augmentation, then so is €* = ¢~ o @. In particular if A~ =0 and (Y,A) =
(YT,A™T), then A(Y,A ™) = Z, with the trivial differential, and € = " = @ is an
augmentation of A(Y,A).
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3.2 Proof of Theorem 1.1

If Q14 (Y, A) denotes the subspace of Q(Y, A) generated by Reeb chords ¢ of action
a(c) < o, then Q4 (Y,A) is a subcomplex of Q(Y,A). By definition, the map
that takes a Reeb chord ¢ viewed as a generator of V4 (X,L) to the dual ¢* of ¢
in the cochain complex Q/[a](KA) of Q[a](Y,A) is an isomorphism intertwining
the respective differentials. To prove the theorem, since the complex is finite-
dimensional below the action o, it remains only to show that the monotonicity
condition implies H”( ia] (Y,A)) =H"(Q'(Y,A)) for o > 0 large enough. This is

straightforward: if |c| = Cja(c) + Cy, then
H (0l (Y,A)) = H'(Q'(Y,A)),

fora>%. O

4 Lagrangian Floer Cohomology of Exact Cobordisms

In this section we introduce a Lagrangian Floer cohomology of exact cobordisms. It
is a generalization of the two-copy version of the relative SFT of an exact cobordism
(X,L), L =LoULy, to the case that each piece of L is embedded but Lo N L; # 0.
To prove that this theory has the desired properties, we will use a mixture of
results from Floer homology of compact Lagrangian submanifolds and the SFT
framework explained in Sect. 2. After setting up the theory, we state a conjectural
lemma about how moduli spaces of holomorphic disks with boundary on LUL/,
where L' is a small perturbation of L, can be described in terms of holomorphic
disks with boundary on L and a version of Morse theory on L. We then show how
Conjecture 1.2 and Corollary 1.3 follow from this conjectural description.

Remark 4.1. The Lagrangian Floer cohomology considered here is closely related
to the wrapped Floer cohomology introduced in [1, 14]. Indeed, in analogy with
results relating the symplectic homology of a Liouville domain to the linearized
contact homology of its boundary, see [2], one expects that the Lagrangian Floer
cohomology considered here is isomorphic to the wrapped Floer cohomology.

4.1 The Chain Complex

Let X be a simply connected exact symplectic cobordism with ¢;(7X) = 0 and
with good ends. Let Ly and L; be exact Lagrangian cobordisms in X with empty
negative ends and with trivial Maslov classes. In other words, (X, L) and (X,L;)
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are exact cobordisms with empty (—eo)-boundaries. Let the (+oo)-boundaries of
(X,Lp) and (X,L;) be (Y,Ap) and (Y, Ay), respectively.
Define

C(X;Lo,L1) = Cu(X;Lo, L) & Co(X; Lo, Ly)

as follows. The summand Co.(X;Lo,L1) is the Z,-vector space of formal sums of
Reeb chords that start on Ay and end on A;. The summand Co(X;Lo,L;) is the
Zy-vector space generated by the transverse intersection points in Lo N L.

In order to define the grading and a differential on C(X;Ly,L;), we will
consider the following three types of moduli spaces. The first type was considered
already in (4); if a is a Reeb chord and b = by,... by is a word of Reeb chords,
we write

M(a;b)

for the moduli space of holomorphic curves in the symplectization ¥ x R with
boundary on Ag x RUA; x R, with positive puncture at a and negative punctures at
by,... ,bk.

The second kind is the standard moduli spaces for Lagrangian Floer homology;
if x and y are intersection points of Ly and L, we write

M(x;y)

for the moduli space of holomorphic disks in X with two boundary punctures at
which the disks are asymptotic to x and y, with boundary on Ly ULy, and that are
such that in the orientation on the boundary induced by the complex orientation, the
incoming boundary component at x maps to L.

Finally, the third kind is a mixture of these; if ¢ is a Reeb chord connecting Ag
to Aj and if y is an intersection point of Ly and L;, we write M(c;y) for the moduli
space of holomorphic disks in X with two boundary punctures; at one, the disk has
a positive puncture at ¢, and at the other, the disk is asymptotic to y.

If a and ¢ are both Reeb chord generators, then we define the grading difference
between a and ¢ to equal the formal dimension dim(M (a;c¢)). If g is a Reeb chord
or an intersection point generator and if x is an intersection point generator, then
we take the grading difference between g and x to equal dim(M(g;x)) + 1. Our
assumptions on the exact cobordism guarantee that this is well defined.

Write C = C(X;Lo,L;), Co = Co(X;Lo,L1), and Coo = Cw(X;Lo,L1). Define
the differential d: C — C, using the decomposition C = C.. & Cp given by the
matrix
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Fig. 1 A disk configuration
contributing to the differential
of c. Reeb chords are dashed.
Numbers inside disk
components indicate their
dimension

1

e NN
I B W

where deo: Coo = Coo, p: Cp — Coo, and dy: Cy — Cy are defined as follows. Let ¢
be a Reeb chord from Ag to Ay and let 0: A(Y,Ag) — Z, and €: A(Y, A1) — Z,
denote the augmentations induced by Ly and L, respectively. Define

da(c)= Y, |Mla:bee)le(B)6(@)a, ©)
dim(M(a;bce))=1

where b and @ are words of Reeb chords from Ag to Ay and from A; to Ay,
respectively; see Fig. 1. Let x be an intersection point of Ly and L;. Define

px)= Y M), (10)
dim(M (c:x))=0

where ¢ is a Reeb chord from Ag to A;, and

d(x)= 3 Mm@y (11)

dim(M(y3x))=0

where y is an intersection point of Lo to L;. See Fig.2. Then d increases the
grading by 1.

Lemma 4.2. The map d is a differential, i.e., d> = 0.

Proof. We first check that d2 = 0. Let ¢ and a be Reeb chords of index difference 2.
Consider two holomorphic disks in M(a';b_ ce_) and M (a; b, a' e, ) contributing
to the coefficient of a in d?(c). Gluing these two 1-dimensional families at a’ and
completing with Reeb chord strips at chords in b, and &, , we find that the broken
disk corresponds to one endpoint of a reduced moduli space M (a;bce), where
b=b,b_and ¢ =2 _e,. Note that there are three possible types of breaking at
the boundary of M (a;bce):
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Fig. 2 Disks contributing to
the differential of x. Reeb ¢
chords are dashed, and
double points appear as dots.
Numbers inside disk
components indicate their
dimension

(a) Breaking at a Reeb chord from Ag to Ay,
(b) Breaking at a Reeb chord from Ag to A,
(c) Breaking at a Reeb chord from A to A;.

Summing the formal disks of all these boundary configurations gives 0, since the
ends of a compact 1-manifold cancel in pairs. To interpret this algebraically, we
define

do: A(Y,A()) ®CM®A(Y,A1) — A(Y,A()) ®CM®A(Y,A1)
as follows on generators:

de(Wog @ c@wW)) = Y |M\(a;5c?)|wog®a®éw1.
dim(M (a;bce))=1

Then the cancellation mentioned above implies with ¢ = 1 ® ¢ ® 1 that
d2(2)+ (@ 1®1)(d= () + (12 1® ;) (du(é)) =0,
where d;: A(Y,A;) = A(Y,A;j), j=0,1, denotes the contact homology differential.

Here the first term corresponds to breaking of type (a), the second to type (c), and
the third to type (b). By definition,

dea(c) = (€212 6)(dea(2))-
Consequently,
d2(c) = (e®1®0)(d%(¢))

= (co120)((he101)(d(0) + (1010a)([d-() =0,

since eody =0 and 6 o d; = 0.
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The equation d% = 0 follows as in usual Lagrangian Floer homology from the
fact that the terms contributing to d(% are in 1-to-1 correspondence with the ends of
the 1-dimensional moduli spaces of the form M (x;z), where x and z are intersection
points of grading difference 2.

Finally, to see that dwop + p ody = 0, we consider 1-dimensional moduli
spaces of the form M(c,x), where c is a Reeb chord from Ay to A; and where
X is an intersection point. The analysis of breaking, see [2], in combination with
standard arguments from Lagrangian Floer theory, shows that there are two possible
breakings in the boundary of M(c,x):

(a) Breaking at an intersection point,
(b) Breaking at Reeb chords.

In case (a), the broken configuration contributes to p odp. In case (b), the disk
has two levels: the top level is a curve in a moduli space M(a;ZcE), and the
second level is a collection of rigid disks in X with boundary on Ly and L; and
with positive punctures at Reeb chords in b and e, respectively, and a rigid disk
in M(c;x). Such a configuration contributes to d.. o p, and the desired equation
follows.

As above, we let a(c) denote the action of a Reeb chord c. Define the action
a(x) = 0 for intersection points x € LoN L;. Then the differential on C = C(X; Ly, L)
increases the action. Define C, 1) C C as the subcomplex of formal sums in which
all summands have action at least o and let C|o) = C/C|) denote the corresponding
quotient complex. Let ' H[*a] (X:Lo,Ly) denote the cohomology of C|,) and note that
the natural projections give an inverse system of cochain maps

ﬂg:C[a]—)C[m, o> p.

Define the Lagrangian Floer cohomology FH*(X;L¢,L,) as the inverse limit of the
corresponding inverse system of cohomologies

FH*(X;L(),LI) = I'&I’IQFHT&] (X;Lo,Ll).

4.2 Chain Maps and Invariance

Our proof of the invariance of the Lagrangian Floer cohomology FH*
(X;Lo,L;) under isotopies of L; uses three ingredients: homology isomorphisms
induced by compactly supported isotopies, chain maps induced by joining
cobordisms, and chain homotopies induced by compactly supported deformations
of adjoined cobordisms. Before proving invariance, we consider these three
separately.



Rational SFT, Linearized Legendrian Contact Homology. . . 127

4.2.1 Compactly Supported Deformations

Let (X,Lo) and (X,L;) be exact cobordisms as above. We first consider deforma-
tions of (X, L) that are fixed in the positive end. More precisely, let L}, 0 <7 <1, be
a 1-parameter family of exact Lagrangian cobordisms such that the positive end A]
is fixed at A; for 0 <t < 1. Our proof of invariance is a generalization of a standard
argument in Floer theory.

We first consider changes of the chain complex. Assuming that L} is generic,
there is a finite number of birth/death instances 0 <t} < --- < t,;, < 1 when two
double points cancel or are born at a standard Lagrangian tangency moment.
(At such a moment ¢;, there is exactly one nontransverse intersection point x €
Ly NLY , dim(T, Lo N Y}Lt{) =1, and if v denotes the deformation vector field of
L; at x, then v is not symplectically orthogonal to T,Lo N TxLllj J)

For 0 <t <1, let M" denote a moduli space of the form M’(g;x) or M'(c),
where x is an intersection point, ¢ a Reeb chord, and g either a Reeb chord or
an intersection point of holomorphic disks as considered in the definition of the
differential, with boundary on Lo and L). If L} is chosen generically, then such
a moduli space M is empty for all ¢, provided dim(M") < —1 and there is a
finite number of instances 0 < 7y < --- < T < 1 where there is exactly one disk of
formal dimension —1 that is transversely cut out as a 0-dimensional parameterized
moduli space; see [6, Lemma B.8]. We call these instances (—1)-disk instances.
Furthermore, for generic L/, birth/death instances and (—1)-disk instances are
distinct.

For I C [0, 1], consider the parameterized moduli space of disks

M] = UtEIMt7

where dim(M’) = 0. If I contains neither (—1)-disk instances nor birth/death
instances, then M is a 1-manifold with boundary that consists of rigid disks in M’
and M", where 9 = {,¢'}, and it follows by the definition of the differential that
the chain complexes C(X,Lo,L}) and C(X ;L07L’1/) are canonically isomorphic. If,
on the other hand, I does contain (—1)-disk instances or birth/death instances, then
M has additional boundary points corresponding to broken disks at these instances.
It is clear that in order to show invariance, it is enough to show that the homology is
unchanged over intervals containing only one (—1)-disk instance or birth/death. For
simpler notation, we take I = [—1, 1] and assume that there is a (—1)-disk instance
or a birth/death atr = 0.

We start with the case of a (—1)-disk. There are two cases to consider: either the
(—1)-disk is mixed (i.e., has boundary components mapping both to Ly and L(l)), or it
is pure (i.e., all of its boundary maps to L?)- Consider first the case of a mixed (—1)-
disk. Since L] is fixed at infinity, the (—1)-disk must lie in a moduli space M (g;x),
where g is a Reeb chord or an intersection point and where x is an intersection point.
Write C(—) = C(X;Lo,L; ") and C(+) = C(X;Lo,L}) and let d~ and d* denote the
corresponding differentials. Note that there is a canonical identification between
generators of C(—) and C(+).
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Lemma 4.3. Let ¢: C(—) — C(+4) be the linear map defined on generators h as
follows:

x+g ifh=nx,
¢(h) =

h otherwise.
If ®©(h) = ¢(h+d h), then @: C(—) — C(+) is a chain isomorphism.

Proof. We first note that the differentials d* and d~ agree on the canonically
isomorphic subspaces Coo(—) and Cw(+). In order to study the remaining part of the
differential, we consider parameterized 1-dimensional moduli spaces of the form
M;(h;y), where y is an intersection point and where £ is either an intersection point
or a Reeb chord. Note that disks at a fixed generic instance that lie in a parameterized
moduli of dimension 1 are exactly those that contribute to the differential. Write
M;(g;x) for the transversely cut-out O-manifold that is the parameterized moduli
space containing the (—1)-disk.

If all punctures at intersection points are considered mixed, then any disk that
contribute to the differential is admissible, see Sect. 2.1, and since the (—1)-disk is
mixed, it follows from [6, Lemma B.9] (or from a standard result in Floer theory in
case both generators are double points; see [13, Lemma 3.5 and Proposition 4.2])
that the boundary of the compactified 1-manifold M (%;y) satisfies the following:

o Ifh+#g,y#x, and [s,t] C I, then
IM i, (hsy) = M®(hy) UM (h3y);
e If h=g, then y # x and
IMi(g:y) = M~ (gy) UM (:3) U (Mi(g:x) x MO(x;y));
« Ify=ux, thenh # g and
IM;(h;x) = M~ (h;x) UM (hyx) U (MO (s g) x My(g:x)).

Here M\O(h, g) denotes the moduli space divided by the R-action if both / and g are
Reeb chords, and the moduli space itself otherwise.

Translating this into algebra, we find that for any generator & the following
holds:

d h+¢(dh) if|h|=|x| -1,
d*h=< d h+x*(h)d~g if|h| = |x],
d h otherwise,

where x*: C(+) — Z; is the map given by x*(h) = 0if h # x and x*(h) = 1 if h = x.
The lemma follows.
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Consider next the case of a pure (—1)-disk. Since L| is fixed at infinity, such a
disk must lie in a moduli space M (c), where c is a Reeb chord of A;. This case is
less straightforward than the case of a mixed (—1)-disk considered above. In order
to get control of the resulting change in differential, we need to introduce abstract
perturbations of the d;-operator near the moduli space of J-holomorphic disks. We
give a short description here and refer to [6, Sect. B.6] for details. Note first that the
change in differential is caused by the change that the augmentation induced by L}
undergoes as ¢ passes 0. To describe this change, we study parameterized moduli
spaces of the form M;(b), I = [—1,1] of dimension 1, where b is a Reeb chord
of Aj. A priori, broken disks in the boundary of such a moduli space consist of a
several level disks with one positive puncture at b and several negative punctures
at ci,...,cm, where each c¢; is capped off with a disk in M(c;) and the only
requirement is that the sum of dimensions of the components equal 0. In particular,
if ¢; = c for several indices j, then since the cap at ¢ has dimension —1, the sum of
dimensions over the disks in the symplectization must be larger than 1.

This situation is impossible to control algebraically. In order to gain algebraic
control, a perturbation that time orders the complex structures at the negative pure
Aj-punctures of any disk in the symplectization (¥ x R, A; x R) is introduced. This
perturbation needs to be extended over the entire moduli space of 1-punctured holo-
morphic disks (below a fixed (+)-action) in the symplectization (¥ x R, A} x R).
Such a perturbation is defined energy level by energy level starting from the lowest
one. The time ordering of the negative punctures implies that only one (—1)-disk at
a time can be attached to any disk in the symplectization. It is important to note that
the time ordering itself may introduce new (—1)-disks, but the positive punctures
of such introduced disks all lie close to r = 0. More precisely, the count of (—1)-
disks with positive puncture at a Reeb chord b depends on the perturbation used on
energy levels below a(b), and the positive puncture of any such (—1)-disk lies close
to r = 0 compared to the size of the time-ordering perturbation of negative punctures
mapping to b.

Let €~ and €* denote the augmentations on A(Y,A) induced by (X,L; ') and
(x ,L}), respectively. It is a consequence of [6, Lemma B.15] (which uses the
perturbation scheme above) that there is a map K from the set of generators of
A(Y, A1) into Z, such that if ¢ is a Reeb chord, then K(c) counts (—1)-disks with
positive puncture at ¢, and such that

€ (c)+et(c) = Qk(dc). (12)

Here d: A(Y,A1) — A(Y,A;) is the contact homology differential, and if w =
by ...b,, is a word of Reeb chords, then

Qr(w) =Y e (b1)...e (bj_1)K(bj)e (bji1)...€" (bm).
J
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Fig. 3 A disk contributing to d* (c) +d~ (c): the disk breaks at the pure Reeb chord by, and the
(—1)-disk is attached to one of the negative ends of the disk with positive puncture at b

Define the linear map ¢ : C(—) — C(+) as

oc)= X |Ml@bce)%D)6(@)a
dim(M(asbce))=1
for generators ¢ € Co.(—) and ¢ (x) = 0 for generators x € Cy(—).
Lemma 4.4. The map ®: C(—) — C(+),
@(c) =c+9(c),

is a chain isomorphism.
Proof. The map is an isomorphism, since the action of any chord in ¢(c) is larger
than that of c. We thus need only show that it is a chain map, or in other words, that

d"+d =d op+¢od .

Consider first the operator on the left-hand side acting on a Reeb chord c.
According to (12), broken disk configurations that contribute to d*(c) +d~(c) are
of the following form; see Fig. 3:
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1. The top level is a 1-dimensional disk in ¥ x R with positive puncture at a
Reeb chord a connecting Ag to Ay, followed by k negative punctures at Reeb
chords b1,...,b; connecting A; to itself, followed by a negative puncture at ¢
connecting Ag to Ay, in turn followed by r negative punctures at Reeb chords
e1,...er connecting Ay to itself.

2. The middle level consists of Reeb chord strips at all negative punctures except
bs for some 1 < s < k. At by, a 1-dimensional disk in ¥ x R with boundary on

A1 x R and with negative punctures at g1, ..., g, is attached.
3. The bottom level consists of rigid disks with boundary on Ly and positive
puncture at e; attached at all punctures e, j =1,...,r, rigid disks with boundary

on Ll_1 attached at punctures b;, 1 < j <s—1, and at punctures g;, 1 < j <wv,
a (—1)-disk attached at g,, and rigid disks with boundary on L} at punctures b,
s+1<j<kandg;,v<j<m.

Consider gluing the top and middle levels above in the symplectization. This
gives one boundary component of a reduced 1-dimensional moduli space. The other
boundary component corresponds to one of three breakings: at a pure Aj-chord,
at a chord connecting Ag to Ay, or at a pure Ag chord. The first type of breaking
contributes to d_(c) +d+(c) as well; see Fig.3. The second type contributes to
either d* o ¢(c) or ¢ od (c) depending on the factor to which the (—1)-end
goes — see Figs. 4 and 5, respectively — and finally, the total contribution of the
third type of breaking is 0, since 8 o d = 0, where d: A(Y,Ag) — A(Y,Ap) is the
contact homology differential and where 0: A(Y,Ag) — Z, is the augmentation;
see Fig. 6.

Next, consider the operators acting on a double point x. The chain map property
in this case follows from an argument similar to the one just given. Additional
boundary components of the parameterized moduli space M’ (c;x) correspond to
two level disks with top level a disk as in (1) above and with bottom level as in (3)
above with the addition that there is a rigid disk with positive puncture at ¢ and a
puncture at x. We conclude that @ is a chain map.

Finally, consider a birth/death moment involving intersection points x and y.
Assume that x,y € C(+) (birth moment). Then dx = y+ v, where v does not
contain any y-term; see [13, Lemma 3.7 and Proposition 5.1]. Define the map
@: C(+) — C(—) by

D(x) =0, D(y)=v, and P(w)=wforw #x,y.
Define the map ¥': C(—) — C(+) by

Y(c)=c+y"(d"ec)x.

Lemma 4.5. The maps @ and ¥ are chain maps that induce isomorphisms on
homology.
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Fig. 4 A disk contributing to d* o ¢(c): the disk breaks at the mixed chord b, and the (—1)-disk
is attached to the disk with positive puncture at b

Proof. A straightforward generalization of the gluing theorem [9, Proposition 2.16]
(in the case that only one disk is glued at the degenerate intersection) shows that if
g is a generator of C(—), then

d~(c)=d"(c)+y"(d" (o).

The lemma then follows from a straightforward calculation.

4.2.2 Joining Cobordisms

Let (X,Lo) and (X,L;) be cobordisms as above. Consider the trivial cobordism
(Y x R,Ap x R) and some cobordism (¥ x R,L{), where the (—eo)-boundary of
L{ equals A; and its (4-eo)-boundary equals A{'. Then we can join these cobordisms
to (X,Lp) and (X,L;), respectively. This results in a new pair of cobordisms (X, L)
and (X, L;). Consider the subdivision

C(X;Lo,Ly) = Cu(X; Lo, L1) ®Co(X; Lo, Ly).
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Jd Yyl

Fig. 5 A disk contributing to ¢ od ™ (c): the disk breaks at the mixed chord b, and the (—1)-disk
is attached to the disk with positive puncture at a

If z € LyN Ly, then either z € Lo N L or z € (Ag x R) N LY, and we have the further
subdivision
Co(X;Lo,L1) = Co(X;Lo,L1) ®Co(Y x R; Ag x R, LY).
We define a map
D: Co(X; Lo, L) ®Co(X;Lo,L1) —

Coo(X;L0,L1) ®Co(Y x R; Ag x R, L) & Co(X; Lo, L),

with matrix

¢ 0
o 0],
0 1id

as follows, using moduli spaces of holomorphic disks in ¥ x R with boundary on
(Ag x R)ULS. If ¢ is a generator of C..(X;Lo, L), then ¢ is a Reeb chord from A
to A;. Thinking of ¢ as lying in the negative end of (¥ x R, A9 x RUL{), we define
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Fig. 6 Disks with total contribution O: the disk breaks at the pure Ag chord e, and the total
contribution vanishes, since 6 o d =0

do(c) = Y |IM(x;bce)|e(b)0(e)z,

dim M(z;bc2)=0
where the sum ranges over intersection points z € Co(Y x R; A x ]R,L?), and

9olc)= X [Mabce)le(d)o(e)a,
dim M (a;bce)=0
where the sum ranges over Reeb chords a connecting Ag to A{, i.e., over generators
of C(X; Lo, Ly).

Lemma 4.6. The map @ is a chain map. That is, if d and d denote the differentials
on C(X,Lo,Ly) and C(X,Lo,Ly), respectively, then

do®=dod.

Proof. As above, we write the differentials ¢ and d in matrix form with respect to
the splittings C = Ce. ® Cp:
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_(d- p - (dew P
d(o do) and d(o d~0>.

Furthermore, we decompose dy as dy = 4176 & Jg with respect to the decomposition
Co(X;Lo,Ly) = Co(Y x R;Ag x R, L{) & Co(X; Lo, Ly ),

i.e., d{, maps into the first summand and dj into the second.
Consider first an intersection point x € Ly N Ly. In this case, we must show that

Oee(PX) + G0 (px) + dox = px+djx +djx.

Note first that holomorphic disks that contribute to dox also contribute to d~6’x, and
hence the last terms on the left- and right-hand sides cancel.

A moduli space contributing to px or ci(’)x is of the form M(g;x), where g is
respectively a Reeb chord connecting Ay to A{" or an intersection point in (Ag X
R)NL{. Consider stretching along the hypersurface (¥,AgUA;) where the cobor-
disms are joined. It is a consequence of [2] that families of disks in M (g;x) converge
to broken disks with one part in (X,LoUL;), one in (¥ x R;Ag x RUL{), and
possibly other levels in the symplectizations, in the limit. Since dim(M (g;x))=0,
every level in the limit must have dimension O by transversality. By admissibility of
the disks in M (g;x) there is exactly one Reeb chord ¢’ connecting Ay to A; in the
hypersurface Y in the broken disk that arises in the limit. By definition, the sum of
the two first terms on the left-hand side counts broken disks of this type, and the
chain map equation follows in this case.

Consider second a Reeb chord ¢ connecting Ag to A;. In this case, we must show
that

(oo (des) + Q0 (des) = dea(9ee) + P (Q0C) + iy (o).

To show that the chain map equation holds in this case, we first consider
1-dimensional moduli spaces M (z;bce) of disks in ¥ x R with boundary on
(Ao x R)ULS. Here z is an intersection point in (Ag x R) NL{, b=b,..., b, and
e=ej,...,e, are words of Reeb chords connecting A; (i.e., the negative end of L{)
to itself and connecting A to itself, respectively, and such that |b j| =0 for all j,
and |¢;| = 0 for all /. By transversality and admissibility, the boundary points of
such a moduli space consists of a broken disks with two components that are either
both 0-dimensional and joined at an intersection point, or a 1-dimensional disk in
the negative end joined at a Reeb chord to a 0-dimensional disk. The former broken
disks contribute to djj (¢oc) and the latter to ¢o(d..c). Thus these two terms cancel.

Second, we consider 1-dimensional moduli spaces M (a;bce) of disks in ¥ x R
with boundary on (Ag x R) UL{. Here a is a Reeb chord connecting Ay to Af'
at the positive end of ¥ x R, with b = by,...,b; and € = ey,...,e, as above. By
transversality and admissibility, the boundary of such a moduli space consists of
two level broken disks of the following form.
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e Broken disks with two 0-dimensional components joined at an intersection point.
Such disks contribute to p(¢oc).

e Broken disks with one 1-dimensional component in the positive end joined at
Reeb chords to 0-dimensional disks. Such disks contribute to du(@uc).

e Broken disks with one 1-dimensional component in the negative end joined at a
mixed Reeb chord to a 0-dimensional disk. Such disks contribute to e (deoc).

¢ Broken disks with one 1-dimensional component in the negative end joined at a
pure Reeb chord to a 0-dimensional disk. Contributions from such disks cancel,
since od =0and eod = 0.

It follows that the first term on the left-hand side cancels with the sum of the two
first terms on the right-hand side. The lemma follows.

4.2.3 Joining Maps and Deformations

We next consider generic 1-parameter families of cobordisms as considered in
Sect. 4.2.2. More precisely, let (X,Ly) and (X,L;) be exact cobordisms as usual.
Let (Y x R,L{(t)), t € [a,b], be a 1-parameter family of exact cobordisms that is
constant outside a compact set and such that the (—eo)-boundary of L{(r) equals A,
and its (4-eo)-boundary equals A{. Adjoining (¥ x R,L{(r)) to (X,L;), we obtain
a 1-parameter family of cobordisms (X,L;(¢)), and for generic ¢ in [a,b], where
moduli spaces are transversely cut out, corresponding chain maps

®,: C(X;Lg,L1) — C(X;Lo, L1 (1)).

Furthermore, since (X,L;(¢)) and (X,L;(¢')) are related by a compact deformation,
Lemmas 4.3—4.5 provide chain maps

YW, C(X;Lo,Li(t)) = C(X; Lo, Ly (1)),

where r and ¢’ are generic, that induce isomorphisms on homology. In fact, unless the
interval between ¢ and ' contains (—1)-disk instances or birth/death instances, the
map ¥ is the canonical identification map on generators. Here the births/deaths
take place in the added cobordism, and the (—1)-disk instances correspond to
(—1)-disk instances in the added cobordism. As we shall see below, if the interval
between ¢ and ¢’ contains a birth/death or a (—1)-disk instance, then there is a chain
homotopy connecting the chain maps ¥ o @, and @, . The proofs of these results
are similar to the proofs of results in Sects. 4.2.1 and 4.2.2, and many details from
there will not be repeated. For convenient notation below we take t = —1,¢' = 1 and
assume that the critical instance is at # = 0. Furthermore, we write C = C(X,Lo,L;)
with differential d, C+ = C(X,Lo,L;(41)) with differential de, . = &y, and
Y=Y,

Consider first the case of a pure (—1)-disk in (¥ x R,L{(z)). Applying our
perturbation scheme that time orders the negative punctures of disks in the positive
end (Y x R,A{" x R), we see that such a disk gives rise to several (—1)-disks in
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(Y x R,L{(t)). The (—1)-disks in the total cobordism (X,L;(t)) are then these
(—1)-disks in (Y x R,L{(t)), capped off with O-dimensional rigid disks in (X,L;);
see [0, Lemmas 4.3 and 4.4].

Lemma 4.7. If there is a pure (—1)-disk at t = 0, then the following diagram
commutes:

c >, ¢

of

C—>C+
D

Proof. Consider the parameterized 1-dimensional moduli space corresponding to a
0-dimensional moduli space contributing to @... A boundary component at t = —1
contributes to ¥ o @_. A boundary component in the interior of [—1, 1] is a broken
disk consisting of a 1-dimensional disk in an end and a (—1)-disk and 0O-disks in
the cobordisms. If the 1-dimensional disk lies in the upper end, then the broken
disk contributes to W o @_, and as usual, the total contribution of disks with a 1-
dimensional disk in the lower end is O, since augmentations are chain maps. The
result follows.

Second, consider the case of a mixed (—1)-disk. By admissibility, any disk
contributing to the chain maps then contains at most one such (—1)-disk; see
[6, Lemma 2.8]. Define the map K: C — C, as follows:

K(x)=0
if x is an intersection point generator, and

K(c)= D |M(g;bce)|e(b)0(2) g
dim(M;(g:bce))=0

if ¢ is a Reeb chord generator, where M I(g;EcE) is the parameteriz_ed moduli space
of disks in ¥ x R with boundary on Ay x R and L{(r), and where b and ¢ are Reeb
chords of Ay and Ay, respectively.

Lemma 4.8. If there is a mixed (—1)-disk at t = 0, then the chain maps in the
diagram

c -, ¢

of e

c— e,
D

satisfy W o ®_+ D, =Kod+d, oK.
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Proof. Consider first the left-hand side acting on an intersection point x € Ly N
L;. Both maps @_ and @, are then inclusions, and by definition, ¥ (x) counts
(—1)-disks in M(g;x), where g is a generator. Since there are no (—1)-disks in
the lower cobordism, we find that in a moduli space that contributes to ¥(x),
the generator g is either an intersection point or a Reeb chord in the upper
cobordism. Consider now the splittings of a (—1)-disk as we stretch over the joining
hypersurface: it splits into a (—1)-disk in the upper cobordism and 0-dimensional
disks in the lower. By definition, the count of such split disks is K(d(x)). Since
K(x) =0, the chain map equation follows.

Consider next the left-hand side acting on a Reeb chord generator c¢. Here @4 (¢)
are given by counts of 0-dimensional disks in the upper cobordism, and ¥ is a count
of (—1)-disks emanating at double points. In particular, ¥(a) = a for any Reeb
chord. Consider now a moduli space that contributes to @_. The boundary of the
corresponding parameterized moduli space consists of rigid disks over endpoints
as well as broken disks with a 1-dimensional disk in either symplectization end
and a (—1)-disk in the cobordism. The total count of such disks gives the desired
equation after one observes that for the usual reason, splittings at pure chords do not
contribute.

Third, consider a birth/death instance.

Lemma 4.9. [f there is a birth/death instance att = 0, then the following diagram
commutes:

c 2., ¢

J o T

cC —— C;
D,

Proof. Assume that the canceling pair of double points is (x,y) with dix=y+vas
in Lemma 4.5. As was the case there, disks from x to v can on the one hand be glued
to rigid disks ending at y, resulting in rigid disks, and on the other, can be glued to
rigid disks ending at x, resulting in nonrigid disks. Commutativity then follows from
a straightforward calculation.

4.2.4 Invariance

Let (X,Lo) and (X,L;) be exact cobordisms as above.

Theorem 4.10. The Lagrangian Floer homology FH* (X; Ly, Ly ) is invariant under
exact deformations of L.

Proof. The proof is similar to the proof of Theorem 2.1: Any deformation con-
sidered can be subdivided into a compactly supported deformation and a Legen-
drian isotopy at infinity. The former type induces isomorphisms on homology by
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Lemmas 4.3-4.5. The latter type of deformation gives rise to an invertible exact
cobordism, which in turn gives a chain map on homology by Lemma 4.6. Lemmas
4.7-4.9 show that on the homology level these maps are independent of compact
deformations of the cobordism added. A word-for-word repetition of the proof of
Theorem 2.1 then finishes the proof.

4.3 Holomorphic Disks for FH*(X;L,L’)

Let (X,L) be an exact cobordism as considered above. Let L denote a copy of L.
In order to make L and L' transverse, we identify a neighborhood of L C X with the
cotangent bundle T*L. Pick a Morse function ' : L — R such that

F(y,t)=C+t,

where C is a constant, for (y,z) € A x [T, o) for some T > 0. Cut the function F off
outside a small neighborhood of L and let L” be the image of L under the time 1-flow
of the Hamiltonian vector field of €F for small €. Then L intersects L” transversely.
However, in the end where F = C + ¢, the Hamiltonian just shifts A along the Reeb
flow, so that there is a Reeb chord from A to A” at every point of A. In order to
perturb our way out from this Morse—Bott situation, we identify a neighborhood of
A CY with J'(A), fix a Morse function f: A — R, and let A’ denote the graph of
the 1-jet extension of f. Then A and A’ are contact isotopic via the contact isotopy
generated by the time-dependent contact Hamiltonian H; (¢, p,z) = y(t) f(q), where
(q,p,2) € T*A xR and y(¢) is a cut-off function. Take f and %—lﬁ’ very small and
adjoin the cobordism Y x R with the symplectic form de' (A — Hy) to (X,L). This
gives the desired L’ with A" as (40)-boundary.

We will state a conjectural lemma that gives a description of holomorphic
disks with boundary on LUL’. To this end, we first describe a version of Morse
theory on L and then discuss intersection points in LN L and Reeb chords
of AUA’.

Consider the gradient equation X = VF (x) of the function F: L — R, where

F(x) = F(x) + () f(3),

where we write x = (y,) € A x [T,o0). It is easy to see that if a solution of x =
VF (x) leaves every compact, then it is exponentially asymptotic to a critical-point
solution of the form s — (yo,s), where V£ (y9) =0in A X [0, ). Furthermore, every
sequence of solutions of X = VF(x) has a subsequence that converges to a several-
level solution with one level in L and levelsin A x R that are solutions to the gradient
equation of f -+, asymptotic to critical-point solutions. We call solutions that have
formal dimension O (after dividing out reparameterization) and that are transversely
cut out rigid flow lines. Consider a moduli space M (c) of holomorphic disks in X
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with boundary on L or a moduli space M (c;b) in ¥ x R with boundary on A x R.
Marking a point on the boundary, there is an evaluation map ev: M*(¢) — L or
ev: M*(c;l_)) — A X R; see [7, Sect. 6]. Consider now a flow line of F or of f +1
that hits the image of ev. We call such a configuration a generalized disk, and we
say that it is rigid if it has formal dimension O (after dividing out the R-translation
in Y x R) and if it is transversely cut out.

Note that points in LN L’ are in 1-to-1 correspondence with critical points of F.
We use the terms “intersection point” and “critical point” of F' interchangeably. Note
also that the Reeb chords connecting A to A’ are of two kinds: short chords, which
correspond to critical points of f, and long chords close to each Reeb chord of A. As
with intersection points, we will sometimes identify critical points of f with their
corresponding short Reeb chords. Also note that to each Reeb chord of A there is a
unique Reeb chord of A’.

The following conjectural lemma is an analogue of [7, Theorem 3.6].

Lemma 4.11 (Conjectural). Let b’ denote a word of Reeb chords of A and let b
denote the corresponding word of Reeb chords of A. Let also e denote a word of
Reeb chords of A. If c is a long Reeb chord connecting A to A’, then let ¢ denote
the corresponding Reeb chord of A.

For sufficiently small shift L' of L, there are the following 1-to-1 correspon-
dences:

1. If a and c are long Reeb chords, then rigid disks in M(a;b’ce) correspond to
rigid disks in M(d;b¢ @).

2. If a is a long Reeb chord and c is a short Reeb chord, then rigid disks
in M(a;b'ce) correspond to rigid generalized disks with disk component in
M(a;be) and with flow line asymptotic to the critical-point solution of ¢ at
—oco and ending at a boundary point between the last b-chord and the first
e-chord.

3. If a and c are short Reeb chords, then rigid disks in M(a;c) correspond to rigid
flow lines asymptotic to the critical-point solutions of ¢ and of a at —eo and o,
respectively.

4. Ifxis an intersection point and a is a long Reeb chord, then rigid disks in M (a;x)
correspond to rigid generalized disks with disk component in M(4) and with
gradient line starting at x and ending at the boundary of the disk.

5. If x is an intersection point and c is a short Reeb chord, then rigid disks in
M(c;x) correspond to rigid flow lines starting at x and asymptotic to the critical-
point solution of ¢ at +oo.

Here items (1) to (3) follow from [7, Theorem 3.6] in combination with
[8, Sect. 2.7] in the special case Y = P x R, where P is an exact symplectic manifold.
Proofs of (4) and (5) would require an analysis analogous to that of [7, Sect. 6]
carried out for a symplectization, taking into account the interpolation region used
in the construction of L.
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4.4 OQOutline of Proof of Conjecture 1.2

Choose a grading on C(X;L,L') such that if ¢ is a long Reeb chord connecting A to
A’, then the degree |c| satisfies |c| = |¢|, where ¢ is the corresponding Reeb chord
of A; see (3). Let C = Cigy (X ;L,L") and consider the decomposition

C=Cy®C,
where C is generated by long Reeb chords and where Cp is generated by short

Reeb chords and double points. Then C is a subcomplex, and we have the exact
sequence

0 C, c c 0,

where C = C /C+.If L and L' are sufficiently close, then the augmentations € and
0 agree, and Lemma 4.11(1) implies that the differential on Cy is identical to that
on Vi (X,L). Furthermore, Lemma 4.11(3),(4) implies that the differential on C is
that of the Morse complex of L, and the existence of the exact sequence follows.
Consider next the isomorphism statement. Since C" and J!'(R"~!) x R satisfy
monotonicity conditions, the homology of C in a fixed degree can be computed
using a fixed sufficiently large energy level. Furthermore, in C" or J!(R"~!), L
is displaceable, i.e., L' can be moved by Hamiltonian isotopy in such a way that
LNL' =0 and so that there are no Reeb chords connecting A and A’. Hence by
the invariance of Lagrangian Floer cohomology proved in Theorem 4.10, the total
complex C is acyclic. The theorem follows. O

4.5 Outline of Proof of Corollary 1.3

In order to discuss Corollary 1.3, we first describe the duality exact sequence (2) in
more detail.

4.5.1 Properties of the Duality Exact Sequence

We recall how the exact sequence (2) was constructed. Let A” be a copy of A shifted
a large distance (compared to the length of any Reeb chord of A) away from A in
the Reeb direction and then perturbed slightly by a Morse function f. The part of the
linearized contact homology complex of A UA"” generated by mixed Reeb chords
was split as a direct sum Q @& C @ P. Here Q is generated by the mixed Reeb chords
near Reeb chords of A that connect the lower sheet of A to the upper sheet of A”,
C is generated by the Reeb chords that correspond to critical points of f, and P is
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generated by the Reeb chords near Reeb chords of A that connect the upper sheet
of A to the lower sheet of A”. The linearized contact homology differential 0 on
Q @ C @ P has the form

S8)
I
S o &
a & o
o o

Using the analogue of Lemma 4.11, the subcomplex (P,d,,) can be shown to be
isomorphic to the dual complex of the complex (Q,d,) using the natural pairing
that pairs Reeb chords in Q and P that are close to the same Reeb chord of A.
Furthermore, the complex (Q, d;) is canonically isomorphic to the linearized contact
homology complex (Q(A),d;).

The next step is the observation that since A is displaceable (in the sense above),
the complex C® Q @ P is acyclic. Using the coarser decomposition (Q @ C) @ P and

writing
P dge O 7
H 09,

H=(n o)

the chain map induced by

induces an isomorphism on homology between Q @& C and P. Here the map
o: C — P counts generalized trees, whereas the map 1n: Q — P counts disks
with boundary on A and with two positive punctures disks. (To make sense of
the latter count and have transversely cut-out moduli spaces, actual disks counted
have boundary on A and on a nearby copy A’.) The exact sequence (2) is then
constructed from the long exact sequence of the short exact sequence for the
complex C Q.

Below we will also make use of the other splitting of the acyclic complex Q ®
CO P as Q@ (C® P) with differential

where

induces an isomorphism on homology: our proof of Corollary 1.3 relates the maps
H and H' to isomorphisms coming from Lagrangian Floer homology.
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Let C, denote the Morse complex for f: A — R and let C* denote the Morse
complex for —f. Then C, = C"~!=*, and we have the following diagram of chain
maps:

Cvnfk72 Pnfkfl N Pnfkfl D Cnfkfl

H d [

— G — Q1 DG —— Ok+1

Cn—k—l

Ce 13)

Lemma 4.12. The diagram (13) commutes after passing to homology.

Proof. The first and last squares commute already on the chain level by definition of
the differential. Commutativity of the middle square can be seen as follows. Starting
at the lower left corner with an element from Oy, , it is clear that the results of going
up then right, and right then up have common component in the P*~*~!-summand.
Using the commutativity already established, we see that starting with an element in
Ci+1 and going up, then right is the same thing as first pulling that element back to
the left and then going up and two steps to the right. This vanishes in homology by
exactness and hence gives the same result as going right then up. Finally, going right
then up and projecting to the C"~*~!-component is the same as going right twice and
then up. This vanishes in homology by exactness and gives the same result as going
the other way.

4.5.2 Proof of Corollary 1.3

We write down the diagram on the chain level. Let (C,,dc) denote the Morse
complex of the function —f: A — R and let (I,,d;) denote the Morse complex
of the function —F: L — R that computes the relative homology of (L,dL). As
above, we write C_ and I* for the corresponding cochain complexes of f and F,
respectively.

Then the complex that computes the homology for L is (I ® C, dic), where

where t counts flow lines of F that start at a critical point of F' and are asymptotic
to a critical-point solution at 4. We then have the following diagram:
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Cr1 — L ®Cpn — Jit1 — G
C*nfkfl I_nfkfl @ Cnfkfl ]_nfkfl Cnfk
| el oo
Cnfkfl Pnfk Pnfk ) C'nfk s C'nfk, (14)

where 511 o is the chain map inducing an isomorphism on homology from the
splitting C(X;L,L") = (P ® C) @1 instead of the splitting P& (C 1) used in the
proof sketch of Conjecture 1.2. Note that the bottom row of (14) is the same as
the top row of (13). Joining the diagrams along this row, we see that Corollary 1.3
follows once we show that (14) commutes on the homology level. For the left and
right squares, this is true already on the chain level by definition of the differential.
The fact that the middle square commutes for element in /"%~ after projection to
P %=1 is immediate from the definition. The same argument, using commutativity
of exterior squares, as in the proof of Lemma 4.12 then gives commutativity on the
homology level. O
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1 Equidimensional Folded Maps

Let V and W be two manifolds of dimension g. The manifold V will always be
assumed closed and connected. A map f:V — W is called folded if it has only
fold-type singularities. We will discuss in this paper an A-principle for folded maps
f:V — W with a prescribed fold £'°(f) C V. Folded maps with the fold § = Z1:0(¥)
are also called S-immersions; see [E170]. Throughout this paper we assume that
S # @. We provide in this paper an essentially complete description of the homotopy
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Remarks. 1. The results proven in this paper were formulated in [E170, E172], but
the proof of the injectivity part of the i-principle claim has never been published
previously.

2. The approach described in this paper to the problem of construction of mappings
with prescribed singularities can be generalized to the case of maps V" — W1
with n > ¢. However, in contrast to the case n = ¢, the results that can be proven
using the current techniques are essentially equivalent to the results of [E172].

3. The subject of this paper is the geometry of singularities in the source manifold.
The geometry of singularities in the image is much more subtle; see [Gr0O7].

1.1 S-Immersions

We refer the reader to Sect. 4 below for the definition and basic properties of folds
and wrinkles, and for the formulation of the wrinkling theorem from [EM97].

Let f:V — W be an S-immersion, i.e., a map with only a fold-type singularity
S =X19(f). The fold S C V has a neighborhood U that admits an involution o
U — U such that fo ogoc = f. In particular, if S divides V into two submanifolds V.
with common boundary dVy = S, then an S-immersion is just a pair of immersions
S+ : Vo — W such that fi = f_ o ajoc near S. Denote by 75V an n-dimensional
tangent bundle over V that is obtained from 7'V by regluing 7V along S with dogec.
For example, if V = 7 and S is the equator $7~! C §9, then TsV = 7 x RY. We will
call T3V the tangent bundle of V folded along S. The differential df : TV — TW of
any S-immersion f : V — W has a canonical (bijective) regularization dsf : TsV —
TW, the folded differential of f.

Let us denote by Mt(V, W, S) the space of S-immersions V — W. We also consider
the space m(V,W,S), a formal analogue of 9t(V,W,S), which consists of bijective
homomorphisms 7TsV — TW. The folded differential induces a natural inclusion
d: MV, W,S) — m(V,W,S). Our goal is to study the homotopic properties of the
map d. We prove that in most cases, the map d is a (weak) homotopy equivalence.
However, there are some exceptional cases that arise when the map d is a homotopy
equivalence on some of the components of D(V,W,S), while the structure of the
remaining components can also be completely understood.

1.2 Taut-Soft Dichotomy for S-Immersions

A map f € M(V,W,S) is called taut if there exists an involution o : V. — V
such that Fixa = S and foa = f. We denote by Moy (V, W, S) the subspace of
M(V,W,S) that consists of taut maps. Non-taut maps are called soft, and we define
Mot (V, W, S) := MV, W,8) \ Mau(V,W,S). A map f € My (V,W,S) uniquely
determines the corresponding involution ¢, and thus we have:
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1.2.1. (Topological Structure of the Space of Taut S-Immersions) The space
M (V,W,S) is the space of pairs (ot,h), where a.: V — V is an involution with
Fixo = S and h is an immersion of the quotient manifold V /oc with boundary S
toW.

Of course, for most pairs (V,S), the space J(V,S) of such involutions is empty,
and hence in such cases the space My (V, W, S) is empty as well.

The topology of the space M (V, W, S) is especially simple if S divides V into
two submanifolds V. with common boundary V. = S, e.g., when both manifolds
V and S are orientable. Clearly, we have the following result:

1.2.2. (Topological Structure of the Space of Taut S-Immersions: The Ori-
entable Case) If S divides V into two submanifolds Vi with common boundary
dVy = S such that there exists a diffeomorphism V.. — V_ fixed along the boundary,
then the space M (V,W,S) is homeomorphic to the product

Diffs(Vy) x Imm(V4, W),

where Diffs(V,.) is the group of diffeomorphisms V.. — V. fixed at the boundary
together with their oo-jet, and Imm(Vy, W) is the space of immersions Vo — W.

Note that according to Hirsch’s theorem [Hi], the space Imm(V,, W) is homotopy
equivalent to the space Iso(V, W) of fiberwise isomorphic bundle maps TV, — TW.
For instance, when V = §9, W = RY, and § is the equator S~ C $9, then we get

h.e.
Miau (S, RY, 597) 5 Diffy pg D x O(q).

In particular, when g = 2, the space of taut S'-immersions S> — R? that preserve
orientation on Si is homotopy equivalent to S'.

1.2.3. (Subspaces of Taut and Soft S-Immersions are Open—Closed) Ler SCV
be a closed (q — 1)-dimensional submanifold of V. Then the subspaces
Meaut(V,W,S) C M(V,W,S) and Mo (V,W,S) are open and closed, i.e., they
consist of whole connected components of M(V,W,S).

Proof. Given any f € 9(V,W,S) there exists € = €(f) > 0 such that the local invo-
lution oc{;c :OpS — OpS with fo Oq’;C = f is defined on an g-tubular neighborhood
Ue D S.If f is taut, then ai’;C extends as a global involution o/ : V — V such that
foo/ = f. Hence, for any x € V' \ Uy >, the distance d(x, of (x)) is greater than or
equal to €. This implies that there exists a §(&) > 0 such that if || — f]|2 < 6(¢),
then £(f") > §. Therefore, the local involution a{;c is defined on Uy /o. We extend
it to V\ Ug(s)/2 as a global involution o/ by defining o/’ (x) as the unique point
from (f')~!(x) whose distance from &/ (x) is less than S(Tf) Hence, Mau (V, W, S)
is open. On the other hand, using the same argument together with the implicit
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Fig. 1 f €M (S, R2.S)
as a pair f1, f» : D> — R?

function theorem, we conclude that given a sequence f,, € My (V, W, S) such that

2 1
Jn SN f, then o/ Saf , and hence f € My (V,W,S) and Moy (V, W, S) is closed.
O

The following theorem completes the description of the homotopy type of spaces
of S-immersions.

1.2.4. (Homotopic Structure of the Space of Soft S-Immersions) Let S C V be
a closed nonempty (q — 1)-dimensional submanifold of V. Suppose that ¢ > 3, or
q =2 but W is open. Then the inclusion

d: Mo (V,W,8) = m(V,W,S)

is a (weak) homotopy equivalence. In particular, when the space J(V,S) is empty
(and hence My (V,W,S) is empty as well), then d : M(V,W,S) — m(V,W,S) is a
(weak) homotopy equivalence.

For instance, when V = §9, W = RY and S is the equator S~ C §9, then we get

_ 1. he.
Myort(S7,RY, S771) = 0(q) x 2,(0(q)),

where Q,(O(q)) is the based g-loops space of the orthogonal group O(g). In
particular, using also Proposition 1.2.2, we conclude that the space of all S'-
immersions §> — R? that preserve orientation on S2+ consists of two components
homotopy equivalent to S'. The standard projection represents the taut component,
while an example of a soft S'-immersion f : §* — R? (as a pair of maps fi, > :
D? = R?, fi|g1 = fo|g1) is presented in Fig. 1.

Remarks. 1. Theorem 1.2.4 was formulated in [E172], but only the epimorphism
part of the statement was proven there.

2. Theorem 1.2.4 trivially holds for ¢ = 1 and any W.

3. In the case ¢ = 2 and W is a closed surface, we can prove only that the map d
induces an epimorphism on homotopy groups.
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2 Zigzags
2.1 Zigzags and Soft S-Immersions

A model zigzag is any smooth function Z : [a,b] — R such that

e Zisincreasing near a and b;
* Z has exactly two interior nondegenerate critical points m,M € (a,b), m < M,
o Z(b) > Z(a).

If, in addition, Z(b) > Z(M) and Z(a) < Z(m), then the model zigzag is called
long.

Example. The function Z(z) = z* — 3z is a model zigzag on any interval [a, b] such
thata < —landb > 1 and Z(b) > Z(a).If a < —2 and b > 2, then Z is long.

An embedding h : [a,b] — V is called a zigzag (respectively long zigzag) of a
map f € M(V,W,S) if

e Jtis transversal to S, and

* The composition f o & can be presented as g o Z, where Z : [a,b] — R is a model
zigzag (respectively long model zigzag) and g : [A,B] — W is an immersion
defined on an interval [A, B] such that (A,B) D Z([a,b]) (Fig.2).

The image /([a, b)) of the embedding i will also be called a (long) zigzag. The
points i(a),h(b) € V are called the endpoints of the zigzag h. Note that:

2.1.1. (Extension of Long Zigzags) Let h : [a,b] — V be a long zigzag. Then
any extension h' : [a',b'] — V of the embedding h that does not have additional
intersection points with S is a long zigzag.

The implicit function theorem implies the following:

2.1.2. (Local Flexibility of Zigzags) Let f, € 9M(V,W,S) defined fort € Op0 C R.
Suppose that fy admits a zigzag hy : [a,b] — V such that the composition fyo hy can
be factored as gy o Z for an immersion g : [A,B] — V. Suppose that g is included
in a family of immersions g, : [A,B] — W, t € OpO0. Then there exists a family of
zigzags hy - [a,b] — V defined for t € OpO0 such that fioh, = g,0 Z.

2.1.3. (Softness Criterion) A map f € IM(V,W,S) is soft if and only if it admits a
zigzag.

Fig. 2 Zigzag and long
zigzag
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Proof. Existence of any zigzag is incompatible with the existence of an involution,
and hence a map admitting a zigzag is soft. On the other hand, if f € M(V,W,S)
does not admit a zigzag, we can define an involutionax =/ : V =V, foa = f, as
follows. Given v € V, take any arc C C V connecting v in V' \ § with a point s € S.
Then the absence of zigzags guarantees that f~!(C) contains a unique candidate
v/ for a(v). Similarly, if for another path we had another candidate v, this would
create a zigzag. Hence, the involution o : V — V with foa = f is correctly defined,
and therefore f is taut. a

2.2 Zigzags Adjacent to a Chamber

The components of V' \ S are called chambers. We say that a zigzag h is adjacent to
a chamber C if this chamber contains one of the endpoints of the zigzag.

A family of maps f; € Mo (V,W,S), s € K, parameterized by a connected
compact set K can be viewed as a fibered map ]7: KXV — K xW. We will call
such maps fibered (over K) S-immersions. A fibered S-immersion is called soft if
it is fiberwise soft. According to 1.2.3, f is soft if it is soft over a point s € K.
We denote the space of soft S-immersions fibered over K by MK . (V,W.S). A
family Z; of zigzags for f;, s € K, will be referred to as a fibered over K zigzag
Z. A fibered zigzag is called special if the projections f;(Z*) are independent of
s € K. We say that a fibered soft map f K xV — K x W admits a set of fibered
(respectively special fibered) zigzags subordinated to a covermg K= Ul ; if there
exist fibered (respectively special fibered) dzs;omt zigzags Z - ZN for the fibered
mapsf] f|Uij UixV—=UjxW,j=1,...,N.

2.2.1. (Set of Zigzags Subordinated to an Inscribed Covering) Let Z yeen ,ZN be
a set of (special) fibered zigzags for a fibered map fsubordinated to a covering
K= UIIV Uj. Let K = Ullvl Uj’- be another covering inscribed in the first one, i.e., for
everyU!,i=1,...,N', thereisUj, j=1,...,N, such that U] C U;. Then there exists
a set of fibered (special) zigzags 7, , . .. ’ZI/V’ subordinated to the covering K = UIIV/ U;
such that for each s € U ; the zigzag Z’; is C”-close to the zigzag Z; for some
i=1,...,N.

Proof. Lemma 2.1.2 implies that a neighborhood of any (special) fibered zigzag is
foliated by (special) fibered zigzags, and hence near any (special) fibered zigzag Z
one can always find arbitrarily many disjoint copies of Z. a

We would like to prove that a fibered soft map admits a set of fibered zigzags
adjacent to any of its chambers C. Below, we explain two methods for proving this.
However, each of the methods requires some additional assumptions. The first one
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V V

Fig. 3 Making zigzags long

works for any W, but only if g > 3, while the second works for g > 2, but only if the
target manifold is open. We do not know whether the statement still holds if W is a
closed surface.'

2.2.2. (Fibered Zigzags Adjacent to a Chamber) Let fbe a fibered over K soft
S-immersion. Suppose that q > 3, or q =2 but W is open. Then given any chamber
C C V\S, there is a homotopy f, € MK . (V.W.S), t € [0,1), such that fo = f and
fl admits a set of special fibered zigzags adjacent to the chamber C.

CASE g > 3. We begin with two lemmas.

2.2.3. (Making Zigzags Long) Let [ € 9K (V,W,S). Suppose that ¢ > 3. Then
there exist a homotopy f; e ME(V,W,S), t €10,1], and a covering K = UIIV Uj such
that ﬁ) = f and fl admits a set of special fibered long zigzags subordinated to a
covering inscribed in the covering K = UIIV U;.

Proof. Choose a zigzag h : [a,b] — V for each f;, s € K, in the family f.
Denote by g the corresponding immersion [A,B] — W. According to Lemma
2.1.2, there is a neighborhood Uy > s in K such that for each s’ € U; there exists
a zigzag I, : [a,b] — V such that it factors through the same immersion g;. Due
to compactness of K, we can choose a finite subcovering U; = Uy, j = 1,...,N.
Lemma 2.1.2 further implies that if we C*-small perturb the immersions g; := gs;,
then there still exist for each j =1,...,N and s € U; zigzags Z; ; C V that factor
through them. Hence, if ¢ > 3, a general position argument allows us to assume
that the images of the immersions g;, and hence of the fibered zigzags Z;, do
not intersect. Now for each j = 1,...,N, there exists a deformation f,, s € U},
t € [0, 1], of the family f; supported for each s in an arbitrarily small neighborhood
of Z, that makes the zigzags long; see Fig. 3. But the images of constructed
zigzags do not intersect, and hence if the neighborhoods of zigzags are chosen suf-
ficiently small, then the above deformation can be done simultaneously over all Uj,
j=1,...,N. 0

I'The second approach also works for ¢ = 1 and any W. The case W = T can also be treated by a
slight modification of this method.
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Fig. 4 Penetration through a fold

zigza
wall gzag

zigzag

Fig. 5 Homotopy f; on
la.c) /f /$ //\ /A

2.2.4. (Penetration Through Walls) Let C be one of the chambers for f €
IM(V,W,S). Let h : [a,c] — V be an embedding such that

* There exists b € (a,c) such that h||, ) is a long zigzag for f;
* his transversal to S and h(c) € C.

Then there exists a deformation f; € M(V,W,S), t € [0,1], with fo = f that is
supported in a neighborhood of the image h([a, c]) and such that for some b’ € (a,c),
the embedding h| v'.c] Is a zigzag for fi adjacent to C.

Proof. Suppose that the embedding h‘[b,c] intersects the wall S in a sequence of
points A(p1),...,h(py). We can consequently push the original zigzag through these
points. Let k = 1. By a small perturbation of f near h([a,c]) we can make & invariant
with respect to the local involution o4 on Op p. Then there exists ¢’ € (p,c) such
that f o h, ) can be factored as [a,c’] — R — W. Then the deformation shown in
Figs. 4 and 5 allows us to move the zigzag from [a,b] to [b', ], where ¢ > p;, and
thus the new long zigzag ends in the next chamber through which the embedding &
travels. For k > 1 we apply inductively the same procedure. a

Proof of Lemma 2.2.2 for g > 3. We begin with a set of fibered long zigzags Zj
subordinated to a covering K = | J/ U;. Given a point s € Uj, foreach j=1,....N
we denote by Z‘; the zigzag over s € U, and by h; : [a,b] — V its parameterization.

Fix j=1,...,N and denote by Cy one of the chambers to which the zigzag z g
is adjacent, say hj(b) € Cp for s € U;. Passing, if necessary, to a set of zigzags
subordinated to a finer covering of K, we can extend the family of embeddings
hj s € Uj, to a family of embeddings [a,c] — V, ¢ > b, still denoted by A,
such that
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* For each s € U; the embedding hj is transversal to S and HJS. (c) €C;
* The image f;([a,c]) C W is independent of s and disjoint from images of all
other zigzags.

Using Lemma 2.2.4, we can construct a deformation of the fibered map ﬂUj

supported in Opzj([a,c]) that creates a fibered zigzag adjacent to the chamber
C. Note that for differenti = 1,...,k, and j = 1,...,N, all these deformations are
supported in nonintersecting neighborhoods, and hence can be done simultaneously.

O
CASE OF AN OPEN W AND ¢ > 2. Let us consider a function ¢ : W — R without
critical points. Let & be a 1-dimensional foliation by the gradient trajectories of ¢
for some Riemannian metric.

2.2.5. (The Case of K a Point) Any f € OV, W,S) admits a zigzag adjacent to any
of its chambers that projects to one of the leaves of the foliation .

Proof. Let us call a leaf L of F regular for f if the map f|s: S — W is transversal
to it. Sard’s theorem implies that a generic leaf of J is regular. Let C be one of
the chambers. Given a leaf L that is regular for f, we denote by Cy the union of
those connected components of the closed 1-dimensional manifold f~!(L) C V
that intersect C. We claim that for some regular leaf L, there exists a nonempty
component X of Cy, such that f|s : S — L has more than two critical points. Indeed,
otherwise we could reconstruct an involution ¢ : V — V such that f o o = f, which
would imply that f is taut. The intersection of C with the circle X consists of one or
several arcs. Let A be one of these arcs. Its endpoints, p; and p;, belong to the fold
S, and are critical points of f|y : ¥ — L. Let us assume that p; is a local minimum
and p; is a local maximum. Recall that the leaf L is oriented by the gradient vector
field of the function ¢. We orient the arc A from p; to p, and orient the circle X
accordingly. Let p3 be the next critical point of f|y. Choose a point g; € A close to
p1 and a point ¢ close to p3 and after it in terms of the orientation. If f(p3) > f(p1),
then the arc Z = [q1,q>] is a zigzag adjacent to C beginning at ¢; and ending at g5.
If f(p3) < f(p1), then the same arc Z = [q1,q>] is again is a zigzag adjacent to C,
but beginning at ¢, and ending at g . a

Proof of Lemma 2.2.2 for an open W and q > 2. Lemma 2.2.5 implies that over any
point s € K, the map f; admits a zigzag adjacent to the chamber C. Moreover, we
can assume that all these zigzags lie over different leaves of J. These zigzags extend
to a neighborhood Op s € K as fibered zigzags over this neighborhood that for each
s" € Ops project to the same leaves of F. Hence, we can choose a finite covering
K= UIIV U, by neighborhoods U; over which there exist ample sets of special fibered
zigzags. Clearly we can arrange that zigzags over different U; project to different
leaves of J, and thus their images do not intersect. O
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3 Proof of the Main Theorem

3.1 Wrinkled S-Immersions

A map f:V — W is called a wrinkled S-immersion if it has S as its fold singularity
and in the complement of S it is a wrinkled map; see Sect. 4.2. Let C be one of the
chambers (i.e., a connected component of V' \ §). We denote by I,,(V,W,S,C) the
space of wrinkled S-immersions that have all wrinkles in the chamber C. We will
call C the designated chamber. The regularized differential construction (see Sect.
4.2) provides a map dg : I, (V,W,S,C) — m(V,W,S), and the wrinkling Theorem
4.4.2 implies the following result:

3.1.1. (From Formal to Wrinkled S-Immersions) The map dg is a (weak)
homotopy equivalence.

Proof. Let Cy,...,C; be a sequence of all chambers in V' \ S such that C; = C and
each C;, 7 </, has a common wall with C;, j > i. We apply Hirsch’s h-principle (see
[Hi]) for equidimensional immersions of open (i.e., nonclosed!) manifolds to C; and
then make a fold on dC;. Next, we apply the relative version the same A-principle
to the pair (C,,dCy) and so on. At the last step, we apply the wrinkling Theorem
4.2 to the pair (C,dC). i

A slightly stronger statement can be formulated in the language of fibered maps.
A fibered over K map is called a fibered wrinkled S-immersion if it has S as its
fiberwise fold singularity, and in the complement of K x S C K x V it is a fibered
wrinkled map. One can also talk about fibered over K formal S-immersions, i.e.,
parameterized by K families Fy € m(V,W,S). Then a regularized differential of a
fibered S-immersion is a fibered formal S-immersion. The following proposition is
a slight improvement of the above homotopy equivalence claim, and it also follows
from Theorem 4.4.2.

3.1.2. (From Formal to Wrinkled S-Immersions; A Fibered Version) Given
any fibered over K formal S-immersion Fem K(Vv,W,S), there exists a fibered
over K wrinkled map g € MK (V,W,S,C) whose regularized ﬁbered dlﬁ‘erenttal is
homotopic to F. Moreover, if over a closed L C K we have F = df ‘where f isa
genuine fibered S-immersion, then the map g can be chosen equal to f over L, and
the homotopy can be made fixed over L.

Our next goal is to supply a wrinkled S-immersion with zigzags adjacent to the
designated chamber.

3.1.3. (Zigzags for Fibered Wrinkled S-Immersions) Let f be a fibered over
K wrinkled map that has all wrinkles in the chamber C. Suppose that over a
closed subset L C K, the fibered map f consists of genuine (i.e., nonwrinkled)
S-immersions. Let U] U;j O L be a covering of L by contractible and open in K
sets, and let Zl - ZN be a set of fibered zigzags adjacent to C subordinated to the
covering | JY U;. Then there is a homotopy f; € ME(V,W,S,C), t € [0,1], fo="1,
such that
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N

Dezignated chamber /
/ \ old

Fig. 6 Local birth of a zigzag

f, is fixed over L in a neighborhood of the zigzags Zi,. ZN,
e There exists a zigzag Z, fibered over a domain U, K \ Ul U CUCK\OpL, for

f1, adjacent to C and disjoint from Zl, 7ZN.

Let us define X := dC C S. The following two lemmas will be needed in the proof
of Lemma 3.1.3.

3.1.4. Let Uy,...,Uy be as in Lemma 3.1.3 and 6; : U; — U; x X, j=1,...,N,
disjoint sections. Then there exists a section ¢ : K — K x X disjoint from the sections
o1,...,0n and homotopic to a constant section.

Proof. Arguing by induction over j = 1,...,N, we construct a fiberwise isotopy
g KxV —=V,tel0,1], that makes sections ¢; : U; — U; x X constant, i.e., g1 o
oj(s) = (s,cj),c; €X, j=1,...,N. Take a point ¢ € X different from cy,...,cy and
define 6’ (s) := (s,¢) foranys € K. Then the section 6 = g; !0 0’ : K — K — V has
the required properties. O

3.1.5. (Local Birth of a Zigzag Near o) Let M C K be a closed subset and o :
M — M x 2 C K xV a section. Then there exists a deformatlon f, e ME(v,w.s,0)
offo = f that is supported in Op o (M) C K X V such that f1 admits a fibered over
OpM zigzag adjacent to C and supported in Opo(M) C K x V.

Proof. First we give a sketch of the construction. Take a fibered embedding e
M x I — M x OpX such that for all s € M, the image h(s x I) lies on a small 0foc-
invariant circle near o(s) € X; see Fig. 6. There exists a homotopy g; of the map
g = f|@ph(MX,) such that g| has a fibered zigzag over M; see Fig. 6. This local
homotopy can be extended as a homotopy f: € MK (V,W,S,C) of the whole fibered
map f.

Let us give now a more detailed description. Let S! C C be the unit circle, and
exp: R — S! acovering map u+ ¢!, u € R. Choose a neighborhood Q O o(M). Let

h:MxS'—QC MxV bea fibered embedding such that for all s € M, the image
h¥(S') is a small ogoc-invariant circle near o(s) € X; see Fig. 6. We can assume
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h*(expu) € C foru € [r/2,37/2] and h'(expu) ¢ C for u € (—m/2,7/2). Consider
also a fibered embedding

Q:OpMxB— OpMxCCQ,

where B is an open n-ball, such that @*(B) is a small ball centered at the point
h*(—1) € C and such that *(D) Nh*(S') = h*(exp((r — &, +¢€)), s € M. There
exists a compactly supported fibered regular homotopy (see Fig. 6)

U Q\o(OpM x B) = Q, 1 €10,1],

such that

Vi (h(s,expu)) = h(s,exp(1+1/2)u), se M, u € [-m+¢e,m — €.

Notice that y; maps an embedded arc h°([—m + €, — €]) onto an overlapping
arc h*([— ( T+e), 2( €)). Using Theorem 4.4.2, we can extend the regular
homotopy y; to a compactly supported fibered wrinkled homotopy Q — Q, and
then further extend it to the rest of K x V as the identity map. We will use the
same notation y; for this extension. Finally, the wrinkled homotopy f; = fo o 7
K xV — K xV connects fo with a wrinkled map f; that has the embedding
V1 0 hlprx[—n—e nte)) @S its fibered over M zigzag. ]

Proof of Proposition 3.1.3. Note that the zigzags Zj overU; CK, j=1,....N
intersect the closure C of the chamber C along intervals with one end on X and the
second inside C. Taking the endpoints in X, we get sections 0;: U; — U; X X, j =
1,...,N. Let us apply Lemma 3.1.4 and construct a section ¢ : K — K x X, disjoint
from the sections o7,...,0y. Let M C K\ L be a closed set such that K\ M C (Y U;.
There exists a neighborhood Q D o (M) C K x V that does not intersect the fibered
zigzags Zi,j=1,...,N.Let U D M be an open neighborhood whose closure is
contained in K \ L and such that 6(U) C Q. We conclude the proof of Lemma 3.1.3
by applying Lemma 3.1.5. a

3.2 Engulfing Wrinkles by Zigzags

3.2.1. (Getting rid of Wrinkles) Suppose that f € MK (V,W,S,C) admits a set of
fibered zigzags adjacent to the chamber C. Let fbe a genuine fibered S-immersion
over a closed L C K. Then f is homotopic in MK (V,W,S.C) to a genuine fibered
S-immersion via a homotopy fixed over L.

Proof. Let Zl, ZN be fibered zigzags adjacent to C and subordinated to a
covering U1 U; = K. First of all, we can apply the enhanced wrmkhng theorem

(see the remark after Theorem 4.4.2) to f \ kxc and get a modified f such that
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each fibered wrinkle is supported over one of the elements of the covering. Using
Lemma2.2.1, we can assume that wrinkles and zigzags are in 1-to-1 correspondence
with the elements of the covering. We will eliminate inductively all the wrinkles
by a procedure that we call engulfing of wrinkles by zigzags. We will discuss this
construction only in the nonparametric case, i.e., when K is a point. The case of a
general K differs only in the notation.

Let w = w(q) be the standard wrinkle with membrane D7 (see 4.2). Let us recall that
w is a fibered over RY~! map R¢ — RY defined by the formula

12) = (n2 +3(yF - 1)z),

wherey € RI™!, z € R!, and |y|*> = > ! y2. Note that for a sufficiently small & > 0
we have w(DY, ) C {|y| < 1+e,]z| € [-3,3]} = DI, x [-3,3].

We will need the following lemma.
3.2.2. (Standard Model for Engulfing) Let us consider a fibered over DY,

I Dlﬁé x la, C]—>D[1’+g [a,c] such that

l+s map

* for some b € (a,c), the restriction

1 1
DI ] DY, ¢ x[a,b] = D, x[a,c]

T

is a fibered over D1+s zigzag;
e the restriction

—1 —1
ot Db b > D

T

is a fibered over D1+g
projects to the sphere dDI~'. In other words, there exist fibered over DI~
embeddings o, : DY, — D7 ! x [b,c] and B : DI, x [-3,3] — D7 !

1+¢ 1+¢ I+¢&
such thatTo o = B ow.

wrinkled map with a unique wrinkle whose cusp locus

1+8

1+£ [av C]

Then there exists a fibered over D1 te homotopy
1
T,: D’f+8 [a,c] %Dﬁe [a,c],t €[0,1],

that begins with Ty =T, is fixed near DI~ +£ X [a,c], and satisfies the following
conditions:
o T D9 [ad] is the homotopy in the space of fibered folded maps;

I+e ’
o Iy DI (] is a fibered wrinkled homotopy that eliminates the wrinkle of the

Ll+e %12

map Iy =T, i.e., the map T’y |Dq—l is nonsingular.
1+¢

x[b,c]

We will call the homotopy I'; engulfing of the wrinkle w by a zigzag.
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VR

Fig. 7 Homotopy I't on y X [a,c|,y € IntD?

Fig. 8 Homotopy I't, ¢ =2 f

U

©*<>

<><<>> <<D<<

15640

Proof. Fory € IntDY~!, the homotopy I is shown in Fig. 7. This deformation can
be done smoothly depending on the parameter y € DY, +e ! and can be made to die out
on [1,1+ g]. See also Fig. 8, where the deformation I'; is shown for ¢ = 2. O

We continue now the proof of Lemma 3.2.1 by reducing it to the standard
engulfing model 3.2.2. Let us recall that there is 1-to-1 correspondence between
the wrinkles and zigzags. Let h : [a,b] — V be a zigzag of a map f adjacent
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Fig. 9 Embedding H

to the designated chamber C. The embedding % extends to an embedding H :

D?;‘i X [a,b] — V onto a small neighborhood of the zigzag Z = h([a,b]) such

that H |yx[av,,] is a zigzag for each y € D?~!. Take the corresponding wrinkle with
membrane D C C. By definition, this means that for a sufficiently small € > 0, there

exists an embedding o : DY, , — V such that o(D?) = D and f o ot = g o w(q) for

an embedding g : D?:S x [-3,3] = W.
As is clear from Fig. 9, there exists an extension of the embedding H to an

embedding H : D! x [a,c] =V, ¢ > b, such that

I+e

. I—AI(D‘III; x [b,c]) D D;

e The map foH : D‘f;; X [a,c] can be written as go T, where T is a fibered
over D?;ls map D?:s X [a,c] — D’f;ls X [a,c] and g : D?:s X [a,c] — W is an
immersion;

e The restriction of I' to D?:s x [b,c] is a fibered over D?:S wrinkled map with the
unique wrinkle whose cusp locus projects to the sphere D4~ C D‘lﬁé.

Thus we are in a position to apply Lemma 3.2.2. Let

T la,c] x DTS} — [a,c] x DL, 1 €[0,1],

be the engulfing homotopy of I' = I’y constructed in Lemma 3.2.2, which eliminates

I+e
us to define the required wrinkled homotopy f; : V — W, ¢ € [0, 1], which eliminates

the wrinkle w by setting it equal to f on V \I-AI([a7 c] x D‘{;é), andto goT, 0 H ! on

-1
H([a,c] x DY ,). 0

the wrinkle. Note that the homotopy I} is fixed near d ([a, c] x Dq_l). This enables
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3.3 Proof of Theorem 1.2.4

Let us prove that the map d induces an injective homomorphism on 7;_1, i.e., that
T(m(V,W,S), Mo (V,W,S)) = 0. Define K := D*, L := D" = §~1. We need

to show that if F € mK(V,W,S) is a fibered formal S-immersion that is equal
to df over L for f € ME (V,W,S), then there exists a homotopy F; of F in

soft '

(K (v,w,8),mL . (V,W,S) such that F; = dfj for f; € MK (V.W,S).

soft
The construction of the required homotopy can be done in four steps:

« Using Lemma 2.2.2, we first deform F in (mX (V,W,S),94(V,W,S)) so that the
new F admits over L a set of special fibered zigzags adjacent to a designated
chamber C.

e Using Lemma3.1.1, we further deform F into a differential of a fibered wrinkled
S-immersion f such that all the wrinkles belong to the chamber C. _

» Using Lemma 3.1.3, we can further deform f in such a way that the new f admits
a set of zigzags adjacent to the chamber C. Furthermore, we can choose this set
of zigzags in such a way that it includes the set of zigzags over L.

* Using Lemma 3.2.1, one can engulf all the fibered wrinkles.

The proof of the subjectivity claim is similar but does not use the first step.

4 Appendix: Folds, Cusps, and Wrinkles

We recall here, for the reader’s convenience, some definitions and results from
[EMO97]. We consider here only the equidimensional case n = ¢, and this allows
us to simplify definitions, notation, and the like from what appears in [EM97].

4.1 Folds and Cusps

Let V and W be smooth manifolds of the same dimension g. For a smooth map
f:V = W we will denote by Z(f) the set of its singular points, i.e.,

2(f)={p €V, rankd,f <q}.

A point p € X(f) is called a fold-type singularity or a fold of index s if near the point
p, the map f is equivalent to the map R?~! x R! — R9~! x R! given by the formula
(v,x) = (v, ¥?), where y = (y1,...,y4-1) € R,

Let ¢ > 1. A point p € X(f) is called a cusp of index s + % if near the point p,
the map f is equivalent to the map RY~! x R! — R?~! x R! given by the formula
(v,2) = (12> +3y12), where z € R', y = (y1,...,y,-1) € R
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For g > 1, a point p € X(f) is called an embryo of index s+ % if f is equivalent near
p to the map R7~! x R — R9~! x R! given by the formula (y,z) — (v,z° +3|y|%2),
where y € R~!, z e R!, |y|* = Zle%. The set of all folds of f is denoted by

Z19(£), the set of cusps by 2! (f), and the closure 10(f) by Z!(f).

Observe that folds and cusps are stable singularities for individual maps, while
embryos are stable singularities only for 1-parametric families of mappings. For a
generic perturbation of an individual map, embryos either disappear or give birth to
wrinkles, which we consider in the next section.

4.2 Wrinkles and Wrinkled Maps

Consider the map w(gq) : R9~! x R! — R¢~! x R! given by the formula
2) = (2 +3(y* - 1)2),

wherey € R?~! z € R! and |y|*> = Z‘f*ly%.

The singularity ='(w(g)) is the (g — 1)-dimensional sphere S¢~! C RY. Its
equator {z = 0,|y| = 1} € Z!(w(q)) consists of cusp points, while the upper
and lower hemispheres consist of folds points (see Fig. 10). We will call the g-
dimensional bounded by X! (w) disk D? = {z*> + |y|> < 1} the membrane of the
wrinkle.

A map f: U — W defined on an open subset U C V is called a wrinkle if it is
equivalent to the restriction of w(q) to an open neighborhood U of the disk DY C RY.
Sometimes, the term “wrinkle” can be also used also for the singularity (/) of the
wrinkle f.

Observe that for g = 1, the wrinkle is a function with two nondegenerate critical
points of indices 0 and 1 given in a neighborhood of a gradient trajectory that
connects the two points.

Restrictions of the map w(g) to subspaces y; = ¢, viewed as maps R9~! — R4~!
are nonsingular maps for || > 1, equivalent to w(g — 1) for || < 1 and to embryos
fort =+£1.

Although the differential dw(q) : T(R?) — T(R?) degenerates at points of
X(w), it can be canonically regularized. Namely, we can change the element
3(z> + |y|*> — 1) in the Jacobi matrix of w(g) to a function y that coincides with
3(z% + |y|* — 1) outside an arbitrarily small neighborhood U of the disk D? and
does not vanish on U. The new bundle map R(dw) : T(R?) — T(R?) provides
a homotopically canonical extension of the map dw : T(RY\U) — T(R?) to an
epimorphism (fiberwise surjective bundle map) 7'(RY) — T (R?). We call R(dw)
the regularized differential of the map w(g).

A map f:V — W is called wrinkled if there exist disjoint open subsets
Uy,...,U; CV such that f|V\U, U= U{ U;, is an immersion (i.e., has rank ¢) and for
eachi=1,...,l, therestriction f|y, is a wrinkle. Observe that the sets Uj, i =1,...,1,
are included in the structure of a wrinkled map.
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Fig. 10 Wrinkles. Pictures in the source and in the image

The singular locus X (f) of a wrinkled map f is a union of (¢ — 1)-dimensional
wrinkles S; = Z!(f|y;) C U;. Bach S; has a (¢ — 2)-dimensional equator 7; C S;
of cusps that divides §; into two hemispheres of folds of two neighboring indices.
The differential df : T(V) — T(W) can be regularized to obtain an epimorphism
R(df): T(V) — T(W). To get R(df), we regularize d ]|y, for each wrinkle f|y,.

4.3 Fibered Wrinkles

All the notions from 4.2 can be extended to the parametric case.
A fibered (over B) map is a commutative diagram
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where p and g are submersions. A fibered map can be also denoted simply by f :
X = Y if B, p, and g are implied from the context.
For a fibered map

we denote by 7gX and 7pY the subbundles Kerp C TX and Kerg C TY. They are
tangent to foliations of X and Y formed by preimages

plb)ycX,q ' (b)cY,beB.

The fibered homotopies, fibered differentials, fibered submersions, and so on are
naturally defined in the category of fibered maps (see [EM97]). For example, the
fibered differential of f : X — Y is the restriction

dpf = df|TBX :IgX — TgY .

Notice that dpf itself is a map fibered over B.

Two fibered maps f : X — Y over Band f : X' — Y’ over B’ are called equivalent
if there exist open subsets A C B, A’ C B, ZCY,Z' CY' with f(X) CZ, p(X) C
A, f/(X")cZ, p'(X") C A and diffeomorphisms ¢ : X - X', y:Z—Z' s:A— A
such that they form the following commutative diagram:

A

For any integer k > 0, the map w(k+ ¢) can be considered a fibered map wy(k + q)
over R¥ x 0  R¥4. A fibered map equivalent to the restriction of wy(k + ¢) to
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an open neighborhood U7 > D¥*4 is called a fibered wrinkle. The regularized
differential R (dwy (k+g)) is a fibered (over R¥) epimorphism

R(dwi(q))

RF x T(RI~! x RY) RF x T(RI~! x RY)

A fibered map f : V — W is called a fibered wrinkled map if there exist disjoint open
sets Uy,U,,...,U; CV such that f\V\U, U= Ull U,, is a fibered submersion and for
eachi=1,...,/, the restriction f|y, is a fibered wrinkle. The restrictions of a fibered
wrinkled map to a fiber may have, in addition to wrinkles, embryo singularities.

Similarly to the nonparametric case, one can define the regularized differential of
a fibered over B wrinkled map F : V — W, which is a fibered epimorphism R(dpf) :
TgV — TgW.

4.4 The Wrinkling Theorem

The following theorem 4.4.1 and its parametric version 4.4.2 are adaptations of the
results of our paper [EM97] to the simplest case n = g. In fact, in this case the results
below can also be deduced from a theorem of V. Poénaru; see [Po].

4.4.1. (Wrinkled Mappings) Let F : T (V) — T(W) be an epimorphism that covers
amap f:V — W. Suppose that f is an immersion on a neighborhood of a closed
subset K CV, and F coincides with df over that neighborhood. Then there exists
a wrinkled map g : V. — W that coincides with f near K and such that R(dg) and
F are homotopic relations. T (V)|k. Moreover, the map g can be chosen arbitrarily
CO-close to f and with arbitrarily small wrinkles.

4.4.2. (Fibered Wrinkled Mappings) Let f : V — W be a fibered over B map
covered by a fibered epimorphism F : Tg(V) — Tg(W). Suppose that f is a fibered
immersion on a neighborhood of a closed subset K C 'V, and F coincides with df
near a closed subset K C'V. Then there exists a fibered wrinkled map g : V. — W that
extends f from a neighborhood of K and such that the fibered epimorphisms R(dg)
and F are homotopic rel. Tg(V)|x. Moreover, the map g can be chosen arbitrarily
CO-close to f and with arbitrarily small fibered wrinkles.

Remark. The proof (see [EM97]) also gives the following useful enhancement for
4.4.2: given an open covering {U;};=1,.. n of B, one can always choose g such that
for each fibered wrinkle there exists U; such that p(D*t9) C U;, where D¥4 is the
membrane of the wrinkle.
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1 Introduction and Main Results

1.1 Quasimorphisms on Groups of Symplectic Maps

Let (X, ®) be a compact connected symplectic manifold (possibly with nonempty
boundary 0X). Denote by D (X, ) the identity component of the group of symplec-
tic C-diffeomorphisms of X whose supports lie in the interior of X. Write! 1 (X, ®)
for the C%-closure of D(Z, ®) in the group of homeomorphisms of X supported in
the interior of . We always equip X with a distance d induced by a Riemannian
metric on X, and view the C°-topology on the group of homeomorphisms of X as
the topology defined by the metric dist(¢, y) = max,cs d(x, w19 (x)).

The study of the algebraic structure of the groups D(X, ) was pioneered by
Banyaga; see [2, 4]. For instance, when X is closed, he calculated the commu-
tator subgroup of D(X, ) and showed that it is simple. However, the algebraic
structure of the groups H(Z, ®) is much less understood. Even for the standard
two-dimensional disk D?, it is still unknown whether 3 (ID?) coincides with its com-
mutator subgroup (see [10] for a comprehensive discussion). In the present paper,
we focus on a particular algebraic feature of the groups H (X, ®): homogeneous
quasimorphisms.

Recall that a homogeneous quasimorphism on a group I isamap u : I’ — R that
satisfies the following two properties:

1. There exists a constant C(ut) > 0 such that | ¢t (xy) — u(x) — p(y)| < C(u) for any
x,yinT.
2. u(x")=nu(x) forallx eI andn € Z.

Let us recall two well-known properties of homogeneous quasimorphisms that
will be useful in the sequel: they are invariant under conjugation, and their
restrictions to abelian subgroups are homomorphisms.

The space of all homogeneous quasimorphisms is an important algebraic in-
variant of the group. Quasimorphisms naturally appear in the theory of bounded
cohomology and are crucial in the study of the commutator length [6]. We refer to
[6,14,23] or [28] for a more detailed introduction to the theory of quasimorphisms.

Recently, several authors discovered that certain groups of diffeomorphisms
preserving a volume or a symplectic form carry homogeneous quasimorphisms;
see [5,7,17-19,22,41, 44, 45]. However, in many cases explicit constructions of
nontrivial quasimorphisms on D(X, ®) require a certain type of smoothness in
an essential manner. Nevertheless, as we shall show below, some homogeneous
quasimorphisms can be extended from D (X, ) to H(Z, o).

Our first result deals with the case of the Euclidean unit ball D?" in the standard
symplectic linear space.

'We abbreviate D(X) and J((Z) whenever the symplectic form @ is clear from the context.
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Theorem 1. The space of homogeneous quasimorphisms on H(D*") is infinite-
dimensional.

The proof is given in Sect. 2. Next, we focus on the case of a compact connected
surface ¥ equipped with an area form. Note that in this case, H(X) coincides
with the identity component of the group of all area-preserving homeomorphisms
supported in the interior of X; see [40] or [48].

Theorem 2. Let X be a compact connected oriented surface other than the sphere
S?, equipped with an area form. The space of homogeneous quasimorphisms on
H(Z) is infinite-dimensional.

The proof is given in Sect. 4. This result is new, for instance, in the case of the 2-
torus. The case of the sphere is still out of reach; see Sect. 5.2 for a discussion.
Interestingly enough, for balls of any dimension and for the two-dimensional
annulus, all our examples of homogeneous quasimorphisms on J{ are based on
Floer theory. When X is of genus greater than one, the group H(X) carries plenty
of homogeneous quasimorphisms, and the statement of Theorem 2 readily follows
from the work of Gambaudo and Ghys [22].

As an immediate application, Theorems 1 and 2 yield that if X is a ball or a
compact oriented surface other than the sphere, then the stable commutator length
is unbounded on the commutator subgroup of H{(X). This is a standard consequence
of Bavard’s theory [6].

1.2 Detecting Continuity

A key ingredient of our approach is the following proposition, due to Shtern [47].
It is a simple (nonlinear) analogue of the fact that linear forms on a topological
vector space are continuous if and only if they are bounded in a neighborhood of the
origin.

Proposition 1 ([47]). Let I" be a topological group and 1L : I" — R a homogeneous
quasimorphism. Then | is continuous if and only if it is bounded on a neighborhood
of the identity.

Proof. We only prove the “if” part. Assume that |¢| is bounded by K > 0 on an
open neighborhood U of the identity. Let g € I'. For each p € N, define

Vp(g):={hel | € g’U}.

It is easy to see that V,,(g) is an open neighborhood of g. Pick any & € V,(g). Then
h? = g? f for some f € U. Therefore

[u(h?) — (") —u(f) < C(p),
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and hence
Clu)+K
(k) —u(g)l < ;
p
which immediately yields the continuity of u at g. a

Let us discuss in greater detail the extension problem for quasimorphisms. The
next proposition shows that C°-continuous homogeneous quasimorphisms on D(X)
extend to H(X).

Proposition 2. Let A be a topological group and let I' C A be a dense subgroup.
Any continuous homogeneous quasimorphism on I' extends to a continuous homo-
geneous quasimorphism on A.

Proof. Since W is continuous, it is bounded by a constant C > 0 on an open
neighborhood U of the identity in I". Since U is open in I, there exists U, open
in A, such that U = W NT. We fix an open neighborhood O of the identity
in A such that O> C W and O = O~!. Given g € A and p € N, we define as
before

Vp(g):={heA|h”ecglO}.

Pick a sequence {f} in I" such that each i lies in Vi(g)N...N"V(g). For k > p,
we can write h‘Z =gPerp (kp € 0). If k1, k2 > p, we can write

P _pp 1 ~1
hkl _hkzgkz,pgkh]” gkz,pgkl-P el
Hence, we have the inequality

) —ml)] < g ),

and {u(hp)} is a Cauchy sequence in R. Denote its limit by p’(g). One can check
easily that the definition is correct and that for any sequence g; € I converging
to g € A, one has u(g;) — pt’(g). This readily yields that the resulting function
1 : A — R is a homogeneous quasimorphism extending t. Its continuity follows
from Proposition 1. ad

In view of this proposition, all we need for the proof of Theorems 1 and 2 is
to exhibit nontrivial homogeneous quasimorphisms on D(X) that are continuous
in the C°-topology. This leads us to the problem of continuity of homogeneous
quasimorphisms, which is highlighted in the title of the present paper.

Remark 1. Note that all the concrete quasimorphisms that we know on groups of
diffeomorphisms are continuous in the C'-topology.
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1.3 The Calabi Homomorphism and Continuity on Surfaces

It is a classical fact that the Calabi homomorphism is not continuous in the C°-
topology; see [21]. We will discuss the example of the unit ball in R** and then
explain why the reason for the discontinuity of the Calabi homomorphism is, in a
sense, universal.

First, let us recall the definition of the group of Hamiltonian diffeomorphisms of
a symplectic manifold (X, ®). Given a smooth function F : X x S' — R supported
in Interior(X) x S!, consider the time-dependent vector field sgradF; given by
Isgradr; @ = —dF;, where F;(x) stands for F(x,z). The flow f; of this vector field is
called the Hamiltonian flow generated by the Hamiltonian function F, and its time-
one map fi is called the Hamiltonian diffeomorphism generated by F. Hamiltonian
diffeomorphisms form a normal subgroup of D(X, ®), denoted by Ham(X, @) or
just by Ham(ZX). The quotient D(X)/Ham(X) is isomorphic to a quotient of the
group Hclomp (XZ,R). In particular, D(X) = Ham(X) for £ = D?" or for £ = S*>. We
refer to [38] for the details.

Example 1. Let ¥ = D" be the closed unit ball in R*" equipped with the sym-
plectic form @ = dp A dq. Take any diffeomorphism f € Ham(ID**) and choose a
Hamiltonian F generating f. The value

1
Cal(f) 2:/0 /D2"F(p7q,t)dpdth

depends only on f and defines the Calabi homomorphism Cal : D(D*") — R [13].

Take a sequence of time-independent Hamiltonians F; supported in balls of radii
% such that [pp. F;dpdg = 1. The corresponding Hamiltonian diffeomorphisms f;
CO-converge to the identity and satisfy Cal(f;) = 1. We conclude that the Calabi
homomorphism is discontinuous in the C°-topology.

In the remainder of this section, let us return to the case in which X is a compact
connected surface equipped with an area form. Our next result shows, roughly
speaking, that for a quasimorphism f on Ham(ZX), its nonvanishing on a sequence
of Hamiltonian diffeomorphisms f; supported in a collection of shrinking balls is the
only possible reason for discontinuity. The next remark is crucial for understanding
this phenomenon. Observe that support(f") C support(f) for any diffeomorphism
/. Thus in the statement above, nonvanishing yields unboundedness: if u(f;) # 0
for all 7, then the sequence p( le’) = N;u(f;) is unbounded for an appropriate choice
of N,.

Theorem 3. Let it : Ham(X) — R be a homogeneous quasimorphism. Then | is
continuous in the CO-topology if and only if there exists a > 0 such that the following
property holds: For any disk D C X of area less than a, the restriction of U to the
group Ham(D) vanishes.



174 M. Entov et al.

Here, by a disk in £ we mean the image of a smooth embedding D? < X. We view
it as a surface with boundary equipped with the area form that is the restriction of
the area form on X. The “only if”” part of the theorem is elementary. It extends to
certain four-dimensional symplectic manifolds (see Remark 2 below). The proof of
the “if”” part is more involved, and no extension to higher dimensions is available to
us so far (see the discussion in Sect. 5.3 below).

Corollary 1. Let it : D(X) — R be a homogeneous quasimorphism. Suppose that
the following hold:

(i) There exists a > 0 such that for any disk D C X of area less than a, the
restriction of L to the group Ham(D) vanishes.
(ii) The restriction of | to each one-parameter subgroup of D(X) is linear.

Then 1 is continuous in the C°-topology.

Note that assumption (ii) is indeed necessary, provided one believes in the axiom of
choice. Indeed, assuming that X is not D?, S, or T2, the quotient D(X)/Ham(X) is
isomorphic to the additive group of the vector space V := Hlo,,, (2, R) # {0}. Define
a quasimorphism y : D(X) — R as the composition of the projection D(X) — V
with a discontinuous homomorphism V' — R. The homomorphism pu satisfies (i),
since it vanishes on Ham(ZX), and it is obviously discontinuous.

The criteria of continuity stated in Theorem 3 and Corollary 1 are proved in
Sect. 3. They will be used in Sect. 4 in order to verify C°-continuity of a certain
family of quasimorphisms on D(Tz) introduced in [22] and explored in [46], which
will enable us to complete the proof of Theorem 2.

1.4 An Application to Hofer’s Geometry

Here we concentrate on the case of the unit ball D> C R*". For a diffeomorphism
f € Ham(D?"), define its Hofer norm [26] as

1A\l = mf/ (maxF z,t) — min F(z,¢ )> dr,

D2n ZEDZV!

where the infimum is taken over all Hamiltonian functions F' generating f. Hofer’s
famous result states that dy(f, g) := || f¢~" || is a nondegenerate bi-invariant metric
on Ham(D?"). It is called Hofer’s metric (see also [31, 42] for Hofer’s metric
on general symplectic manifolds). It turns out that the quasimorphisms that we
construct in the proof of Theorem 1 are Lipschitz with respect to Hofer’s metric.
Hence, our proof of Theorem 1 yields the following result:

Proposition 3. The space of homogeneous quasimorphisms on the group
Ham(]D)2”) that are both continuous for the C'-topology and Lipschitz for Hofer’s
metric is infinite-dimensional.



On Continuity of Quasimorphisms for Symplectic Maps 175

The relation between Hofer’s metric and the C°-metric on Ham(X) is subtle.
First of all, the C°-metric is never continuous with respect to Hofer’s metric.
Furthermore, arguing as in Example 1, one can show that Hofer’s metric on
Ham(ID?") is not continuous in the C°-topology. However, for R** equipped with
the standard symplectic form dp A dg (informally speaking, this corresponds to the
case of a ball of infinite radius), Hofer’s metric is continuous for the CO-Whitney
topology [27].

An attempt to understand the relationship between Hofer’s metric and the C°-
metric led Le Roux [34] to the following problem. Let & C Ham(D?") be the
complement of the closed ball (in Hofer’s metric) of radius C centered at the
identity:

& = {f € Ham(D*),du(f, 1) > C}.

Le Roux asked the following: Is it true that & has nonempty interior in the C°-
topology for any C > 07?

The energy-capacity inequality [26] states that if f € Ham(D?") displaces
¢ (D*"(r)), where ¢ is any symplectic embedding of the Euclidean ball of radius
r, then Hofer’s norm of f is at least /2. (We say that f displaces a set U if
Ff(U)NU = 0.) By Gromov’s packing inequality [25], this could happen only
when 72 < 1/2. Since any Hamiltonian diffeomorphism that is C°-close to f also
displaces a slightly smaller ball ¢(D*'(r')) (+' < r), we get that & indeed has
nonempty interior in the C%-sense for C < 7 /2. Using our quasimorphisms, we
get an affirmative answer to Le Roux’s question even for large values of C.

Corollary 2. For any C > 0, the set & has nonempty interior in the C'-topology.

Proof. The statement follows simply from the existence of a nontrivial homoge-
neous quasimorphism y : Ham(ID?*) — R that is both continuous in the C’-topology
and Lipschitz with respect to Hofer’s metric. Indeed, choose a diffeomorphism f
such that

()]
Lip(u)

>C+1,

where Lip(u) is the Lipschitz constant of u with respect to Hofer’s metric. There
is a neighborhood O of f in Ham(D?") in the C’-topology on which |u| > C -
Lip(u). We get that ||g||z > C for g € O, and hence O C &¢. This proves the
corollary. O

Note that Le Roux’s question makes sense on any symplectic manifold. For
certain closed symplectic manifolds with infinite fundamental group one can easily
get a positive answer using the energy-capacity inequality in the universal cover (as
in [32,33]). However, for closed simply connected manifolds (and already for the
case of the 2-sphere), the question is wide open.
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2  Quasimorphisms for the Ball

In this section we prove Theorem 1. Denote by D?'(r) the Euclidean ball
{Ip|*+|q|> < *}, so that D?" = D?*(1). We say that a set U in a symplectic
manifold (X, ®) is displaceable if there exists ¢ € Ham(X) that displaces it:
¢(U)NU = 0. A quasimorphism g : Ham(X) — R will be called Calabi if for any
displaceable domain U C M such that ®|;; is exact, one has [t [y, 1) = Callyam)-

We will use the following result, established in [18]: there exists a > 0 such
that the group Ham(D?*(1 +a)) admits an infinite-dimensional space of quasi-
morphisms that are Lipschitz in Hofer’s metric, vanish on Ham(U) for every
displaceable domain U C D*'(1 +a), and do not vanish on Ham(D?"). These
quasimorphisms are obtained by subtracting the appropriate multiple of the Calabi
homomorphism from the Calabi quasimorphisms constructed in [9]. We claim that
the restriction of each such quasimorphism, say 717, to Ham(ID?") is continuous in
the C%-topology. By Proposition 2, this yields the desired result. By Proposition 1,
it suffices to show that for some € > 0 the quasimorphism 7 is bounded on all
f € Ham(ID?") such that

|f(x) —x| <€ Vx e D™ (1)
For ¢ > 0 define the strip
M(c) == {(p.q) eR" : |qu| < c}.

Choose € > 0 so small that IT(2¢) ND?" is displaceable in D?*(1 + a). Put
Dy :=D?"N{+g, > 0}. Observe that Dy are displaceable in D*'(1 +a) by a
Hamiltonian diffeomorphism that can be represented outside a neighborhood of the
boundary as a small vertical shift along the g,-axis (in the case of D, we take
the shift that moves it up, and in the case of D_, the shift that moves it down)
composed with a 180° rotation in the (p,, g, )-plane. The desired boundedness result
immediately follows from the following fragmentation-type lemma:

Lemma 1. Assume that f € Ham(D*") satisfies (1). Then f can be decomposed as
0¢. ¢, where 6 € Ham(IT(2¢) NID*") and ¢ € Ham(D..).

Indeed, 1 vanishes on Ham(U) for every displaceable domain U C D*'(1 +a).
Since IT(2¢) ND** and D are displaceable, n(6) = n(¢+) = 0. Thus [n(f)| <
2C(n) for every f € Ham(D?") lying in the e-neighborhood of the identity with
respect to the C°-distance, and the theorem follows. It remains to prove the lemma.

Proof of Lemma 1: Denote by S the hyperplane {g, = 0}. For ¢ > 0 write R, for the
dilation z — cz of R?". We assume that all compactly supported diffeomorphisms of
D?" are extended to the whole R?" by the identity.

Take f € Ham(D?") satisfying (1). Let {f;}o</<1 be a Hamiltonian isotopy
supported in D?* such that f; = 1 for t € [0,8) and f;, = f for t € (1 —§,1] for
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some & > 0. Take a smooth function ¢ : [0,1] — [1,+e0) that equals 1 near 0
and 1 and satisfies ¢(t) > (2¢)~! on [8,1 — &]. Consider the Hamiltonian isotopy
he = Ry je(0) fiRe(ry of R?". Note that iy = 1 and i; = f. Since c(t) > 1, we have
h.z = z for z ¢ D", and h; is supported in D",

We claim that A, (S) C IT(2¢). Observe that R.,)S = S. Take any z € S. If R.(;yz ¢
D", we have that &,z = z. Assume now that Rz € D?". Consider the following
cases:

e If 1€ (1—38,1], then fiRe()(S) = f(S). Thus fiRe)z € f(SND) C II(2e),

where the latter inclusion follows from (1). Therefore i,z € I1(2¢) since ¢(1) > 1.
« Ift €[8,1— 8], then bz € D*'(2€) C I1(2€) by our choice of the function c(t).
o Ifr €[0,0), then hS =S C II(2¢).

This completes the proof of the claim.

By continuity of A, there exists k¥ > 0 such that  (IT(k)) C IT(2¢) for all .
Cutting off the Hamiltonian of &, near & (IT(x)), we get a Hamiltonian flow 6;
supported in IT(2¢) that coincides with &, on IT(k). Thus, 6,/ is the identity on
I1(x) for all . It follows that Gt_lh, decomposes into the product of two commuting
Hamiltonian flows ¢’ and ¢/ supported in D_ and D respectively. Therefore
f=610'¢ Jlr is the desired decomposition. a

3 Proof of the Criterion of Continuity on Surfaces

3.1 A C"-Small Fragmentation Theorem on Surfaces

Before stating our next result, we recall the notion of fragmentation of a diffeomor-
phism. This is a classical technique in the study of groups of diffeomorphisms; see,
e.g., [2,4, 10]. Given a Hamiltonian diffeomorphism f of a connected symplectic
manifold ¥ and an open cover {Uy} of X, one can always write f as a product of
Hamiltonian diffeomorphisms each of which is supported in one of the open sets
U, . It is known that the number of factors in such a decomposition is uniform in a
C 1-neighborhood of the identity; see [2, 4, 10]. To prove our continuity theorem,
we actually need to prove a similar result on surfaces in which one considers
diffeomorphisms endowed with the C%-topology. Such a result appears in [35] in
the case when the surface is the unit disk. Observe also that the corresponding
fragmentation result is known for volume-preserving homeomorphisms [20].

Theorem 4. Let ¥ be a compact connected surface (possibly with boundary),
equipped with an area form. Then for every a > 0, there exist a neighborhood U
of the identity in the group Ham(X) endowed with the C°-topology and an integer
N > 0 such that every diffeomorphism g € U can be written as a product of at most
N Hamiltonian diffeomorphisms supported in disks of area less than a.
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This result might be well known to experts and probably can be deduced from
the corresponding result for homeomorphisms. However, since the proof is more
difficult for homeomorphisms, and in order to keep this paper self-contained, we
are going to give a direct proof of Theorem 4 in Sect. 6. Note that this last section is
the most technical part of the text. Given the fragmentation result above, one obtains
easily a proof of Theorem 3, as we will show now.

3.2 Proof of Theorem 3 and Corollary 1

1. We begin by proving that the condition appearing in the statement of the theorem
is necessary for the quasimorphism p to be continuous. Assume that p is
continuous for the C%-topology. Then it is bounded on some C°-neighborhood
U of the identity in Ham(ZX). Choose now a disk Dy in Z. If Dy has a sufficiently
small diameter, then Ham(Dy) C U. But since Ham(Dy) is a subgroup and y is
homogeneous, t must vanish on Ham(Dy).

Now let a = area(Dy). If D is any disk of area less than a, the group Ham(D)
is conjugate in Ham(ZX) to a subgroup of Ham(Dy), because for any two disks of
the same area in X there exists a Hamiltonian diffeomorphism mapping one of
the disks onto another; see, e.g., [1, Proposition A.1] for a proof (which, in fact,
works for all X, though the claim there is stated only for closed surfaces). Hence,
U vanishes on Ham(D) as required.

Remark 2. This proof extends verbatim to higher-dimensional symplectic mani-
folds (X, @) that admit a positive constant ao with the following property: for every
a < ap, all symplectically embedded balls of volume a in the interior of X are
Hamiltonian isotopic. Here a symplectically embedded ball of volume a is the image
of the standard Euclidean ball of volume a in (R*",dp A dg) under a symplectic
embedding. This property holds, for instance, for blowups of rational and ruled
symplectic four-manifolds; see [8, 30,36, 37].

2. We now prove the reverse implication. Assume that a homogeneous quasimor-
phism u vanishes on all Hamiltonian diffeomorphisms supported in disks of area
less than a. Take the C-neighborhood U of the identity and the integer N from
Theorem 4. Then y is bounded by (N — 1)C(u) on U, and hence is continuous
by Proposition 1. a

We now prove Corollary 1. Choose compactly supported symplectic vector
fields vy,...,vx on X such that the cohomology classes of the 1-forms i, @
generate Hop,(Z,R). Denote by i the flow of v;. Let V be the image of the
following map:

(—e,e)f =D

k
(l‘],...,lk) — Hhi'
i=1
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Using assumption (i) and applying Theorem 3, we get that the quasimorphism u is
bounded on a C%-neighborhood, say U, of the identity in Ham(ZX). Thus by (ii) and
the definition of a quasimorphism, u is bounded on U - V. But the latter set is a C°-
neighborhood of the identity in D. Thus u is continuous on D by Proposition 1. O

4 Examples of Continuous Quasimorphisms

In this section we prove Theorem 2 case by case. The case of the disk has already
been explained in Sect. 2. This construction generalizes verbatim to all closed
surfaces of genus 0 with nonempty boundary, which proves Theorem 2 in this case.

When X is a closed surface of genus greater than one, Gambaudo and Ghys con-
structed in [22] an infinite-dimensional space of homogeneous quasimorphisms on
the group D(X) satisfying the hypothesis of Theorem 3. These quasimorphisms are
defined using 1-forms on the surface and can be thought of as some “quasifluxes.”
We refer to [22, Sect. 6.1] or to [23, Sect. 2.5] for a detailed description. The fact that
these quasimorphisms extend continuously to the identity component of the group
of area-preserving homeomorphisms of X can be checked easily without appealing
to Theorem 3. This was already observed in [23].

In order to settle the case of surfaces of genus one, we shall apply the criterion
given by Theorem 3. The quasimorphisms that we will use were constructed by
Gambaudo and Ghys in [22]; see also [46]. We recall briefly this construction now.

The fundamental group 7r; (T2 \ {0}) of the once-punctured torus is a free group
on two generators, a and b, represented by a parallel and a meridian in T?\ {0}.
Let i : (T2 \ {0}) — R be a homogeneous quasimorphism. It is known that there
are plenty of such quasimorphisms (see [11], for instance). We will associate to i a
homogeneous quasimorphism fi on the group D(T?).

We fix a base point x, € T2\ {0}. For all v € T?\ {0} we choose a path o (t),
t € 10,1], in T?\ {0} from x, to v. We assume that the lengths of the paths o, are
uniformly bounded with respect to a Riemannian metric defined on the compact
surface obtained by blowing up the origin on T2. Consider an element f € D(T?)
and fix an isotopy (f;) from the identity to f. If x and y are distinct points in the
torus, we can consider the curve

fix) = /i)
in T2\ {0}. Its homotopy class depends only on f. We close it to form a loop:
a(f7x7y) = Oy % (ﬁ(X) - ﬁ(y)) * af(x)_f(,">’
where ()~ f(y) () = Op(x)— f(y) (1 —1). We have the cocycle relation

a(fg,x,y) = a(g,xy) xo(f,g(x),g(y)).
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Define a function us on T? x T?\ A (where A is the diagonal) by us(x,y) =
w(a(f,x,y)). From the previous relation and the fact that u is a quasimorphism,
we deduce the relation

g (x,y) — g (x,y) — up(g(x),8(»))| < C(u), Vf.g € D(T?).

Moreover, it is not difficult to see that the function uy is measurable and bounded
on T2 x T2\ A. Hence, the map

Fro [y g () dxdy

is a quasimorphism. We denote by 1l the associated homogeneous quasimorphism

_ 1
= lim = » (x,y)dxdy.
u(f) pl “p Jrum ugr (x,y)dxdy

One easily checks that [ is linear on any 1-parameter subgroup. The following
proposition was established in [46]:

Proposition 4. Let f € Ham(Tz) be a diffeomorphism supported in a disk D. Then
for any homogeneous quasimorphism p : (T?\ {0}) — R, one has

1(f) =2u([a, b)) - Cal(f),

where Cal : Ham(D) — R is the Calabi homomorphism.

By Corollary 1, we get that the quasimorphisms (I, where y runs over the set of
homogeneous quasimorphisms on 7r; (T2 \ {0}) that take the value 0 on the element
[a,b], are all continuous in the C*-topology. According to [22], this family spans an
infinite-dimensional vector space. To complete the proof of Theorem 2 for surfaces
of genus 1, we have only to check that the diffeomorphisms that were constructed in
[22] in order to establish the existence of an arbitrary number of linearly independent
quasimorphisms [I can be chosen to be supported in any given subsurface of genus
one. But this follows easily from the construction in [22, Sect. 6.2].

5 Discussion and Open Questions

5.1 Is 3((D?) Simple? (Le Roux’s Work)

Although the algebraic structure of groups of volume-preserving homeomorphisms
in dimension greater than 2 is well understood [20], the case of area-preserving
homeomorphisms of surfaces is still mysterious. In particular, it is unknown whether
the group H(ID?) is simple. Some normal subgroups of 3((ID?) were constructed by
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Ghys, Oh, and more recently by Le Roux; see [10] for a survey. However, it is
unknown whether any of these normal subgroups is a proper subgroup of 3(ID?). In
[35], Le Roux established that the simplicity of the group H(ID?) is equivalent to a
certain fragmentation property. Namely, he established the following result (in the
following, we assume that the total area of the disk is 1):

The group H(D?) is simple if and only if there exist numbers p' < p in (0,1] and
an integer N such that any homeomorphism g € H(D?) whose support is contained
in a disk of area at most p can be written as a product of at most N homeomorphisms
whose supports are contained in disks of area at most p’.

By a result of Fathi [20], see also [35], g can always be represented as such a
product with some, a priori unknown, number of factors.

Remark 3. One can show that the property above depends only on p and not of the
choice of p’ smaller than p [35].

In the sequel we will denote by G the set of homeomorphisms in 3((D?) whose
support is contained in an open disk of area at most €. For an element g€ JH (Dz) we
define (following [12,35]) |g|¢ as the minimal integer n such that g can be written
as a product of n homeomorphisms of G.. Any homogeneous quasimorphism ¢ on
H(D?) that vanishes on G gives the following lower bound on | - |:

gle > 2@ (¢ ¢ 32,

C(9)

In particular, if ¢ vanishes on G¢ but not on G for some €' > €, then the norm |- |¢
is unbounded on Ggr.

If ¢ : H((D?) — R is a homogeneous quasimorphism that is continuous in the
C-topology, we can define a(¢) to be the supremum of the positive numbers a
satisfying the following property: ¢ vanishes on Ham(D) for any disk D of area
less than or equal to a (for a homogeneous quasimorphism that is not continuous
in the C%-topology, one can define a(¢) = 0). One can think of a(¢) as the scale at
which one can detect the nontriviality of ¢. According to the discussion above, the
existence of a nontrivial quasimorphism with a(¢) > 0 implies that the norm |- |44
is unbounded on the set G, (for any p > a(¢)).

According to Le Roux’s result, the existence of a sequence of continuous (for the
CP-topology) homogeneous quasimorphisms ¢, on 3((ID?) with a(¢,) — 0 would
imply that the group 3((ID?) is not simple. However, for all the examples of quasi-
morphisms on fH(]Dz) that we know (coming from the continuous quasimorphisms
described in Sect. 2), one has a(¢) > %

5.2 Quasimorphisms on S*

Consider the sphere S? equipped with an area form of total area 1.
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Question 1. (i) Does there exist a nonvanishing C°-continuous homogeneous
quasimorphism on Ham(S?)?
(i1) If so, can it be made Lipschitz with respect to Hofer’s metric?

If the answer to the first question is negative, this would imply that the Calabi
quasimorphism constructed in [18] is unique. Indeed, the difference of two Calabi
quasimorphisms is continuous in the C°-topology according to Theorem 3. Note
that for surfaces of positive genus, the examples of C’-continuous quasimorphisms
that we gave are related to the existence of many Calabi quasimorphisms [45,46].

In turn, an affirmative answer to Question 1(ii) would yield the solution of the
following problem posed by Misha Kapovich and the second author in 2006. It is
known [43] that Ham(S?) carries a one-parameter subgroup, say L := { f; };cr, that
is a quasigeodesic in the following sense: || f;|lu > c|t| for some ¢ > 0 and all .
Given such a subgroup, put

AL)i= s du(6.L).
¢ cHam(S?)

Question 2. 1s A(L) finite or infinite?

The finiteness of A(L) does not depend on the specific quasigeodesic one-
parameter subgroup L. Intuitively, the finiteness of A(L) would yield that the whole
group Ham(S?) lies in a tube of finite radius around L.

We claim that if Ham(S?) admits a nonvanishing C%-continuous homogeneous
quasimorphism that is Lipschitz in Hofer’s metric, then A(L) = oo. Indeed, such
a quasimorphism would be independent of the Calabi quasimorphism constructed
in [18]. But the existence of two independent homogeneous quasimorphisms on
Ham(S?) that are Lipschitz with respect to Hofer’s metric implies that A(L) = oo:
otherwise, the finiteness of A(L) would imply that Lipschitz homogeneous quasi-
morphisms are determined by their restriction to L.

5.3 Quasimorphisms in Higher Dimensions

Consider the following general question: given a homogeneous quasimorphism on
Ham(Z?", @), is it continuous in the C°-topology?

The answer is positive, for instance, for quasimorphisms coming from the
fundamental group m; (M) [22,44]. It would be interesting to explore, for instance,
the C%-continuity of a quasimorphism u given by the difference of a Calabi
quasimorphism and the Calabi homomorphism [9, 18] (or more generally, by the
difference of two distinct Calabi quasimorphisms). In order to prove the C°-
continuity of u, one should establish a C°-small fragmentation lemma with a
controlled number of factors in the spirit of Lemma 1 for D> or Theorem 4 for
surfaces. It is likely that the argument that we used for D** could go through
without great complications for certain Liouville symplectic manifolds, that is,
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compact exact symplectic manifolds that admit a conformally symplectic vector
field transversal to the boundary, such as the open unit cotangent bundle of the
sphere.

Our result for D" should also allow the construction of continuous quasimor-
phisms for groups of Hamiltonian diffeomorphisms of certain symplectic manifolds
symplectomorphic to “sufficiently large” open subsets of ID?" (for instance, the open
unit cotangent bundle of a torus).

The C°-small fragmentation problem on general higher-dimensional manifolds
looks very difficult. Consider, for instance, the following toy case: find a fragmenta-
tion with a controlled number of factors for a C°-small Hamiltonian diffeomorphism
supported in a sufficiently small ball D C X. A crucial difference from the situation
described in Sect. 2 is that we have no information about the Hamiltonian isotopy
{f+} joining f with the identity: it can “travel” far away from D. In particular, when
dimX > 6, we do not know whether f lies in Ham(D). When dim X = 4, the fact
that f € Ham(D) (and hence the fragmentation in our toy example) follows from
a deep theorem by Gromov based on pseudoholomorphic curves techniques [25].
It would be interesting to apply powerful methods of four-dimensional symplectic
topology to the C°-small fragmentation problem.

6 Proof of the Fragmentation Theorem

In this section we prove Theorem 4. First, we need to recall a few classical results.

6.1 Preliminaries

In the course of the proof we will repeatedly use the following result:

Proposition 5. Let ¥ be a compact connected oriented surface, possibly with
nonempty boundary 0%, and let @, @, be two area forms on X. Assume that
[5 01 = [5 @ If 0X # 0, we also assume that the forms @, and @, coincide on dX.

Then there exists a diffeomorphism f : X — X, isotopic to the identity, such that
f*w, = ). Moreover, [ can be chosen to satisfy the following properties:

(i) If 0X # 0, then f is the identity on dX, and if @ and @, coincide near 0,
then f is the identity near 0X.
(ii) If X is partitioned into polygons (with piecewise smooth boundaries) such that
Wy — @ is zero on the 1-skeleton I' of the partition and the integrals of ®; and
w over each polygon are equal, then f can be chosen to be the identity on I'.
(iii) The diffeomorphism f can be chosen arbitrarily C°-close to 1, provided w;
and w, are sufficiently C°-close to each other (i.e., @, = Yy for a function x
sufficiently C%-close to 1).
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The existence of f in the case of a closed surface follows from a well-known
theorem of Moser [39] (see also [24]). The method of the proof (“Moser’s method”)
can be outlined as follows. Set @ := @; +1(w, — ;) and note that the form @, — @,
is exact. Choose a 1-form o such that do = w, — w; and define f as the time-1
flow of the vector field w-dual to o. In order to prove (i) and (ii), one has to
choose a primitive ¢ for @, — @; that vanishes near dX or, respectively, on I'; the
construction of such a o can be easily extracted from [3]. Property (iii) is essentially
contained in [39]; it follows easily from the above construction of f, provided we
can construct a C%-small primitive ¢ for a C%-small exact 2-form @, — @, but
by [39, Lemma 1], it suffices to do so on a rectangle, and in this case ¢ can be
constructed explicitly.

In fact, a stronger result than (iii) is true. It is known, see [40, 48], that f can
be chosen C%-close to the identity as soon as the two area forms (considered as
measures) are close in the weak-* topology. Note that if one of the two forms is the
image of the other by a diffeomorphism C%-close to the identity, the two forms are
close in the weak-* topology. However, to keep this text self-contained, we are not
going to use this fact, but will prove again directly the particular cases we need.

We equip the surface X with a fixed Riemannian metric and denote by d the
corresponding distance. For any map f : X — X (where X is a closed subset of X)
we denote by || f|| := max,d(x, f(x)) its C%-norm. Accordingly, the C%-norm of a
smooth function u defined on a closed subset of X will be denoted by ||u||.

The following lemmas are the main tools for the proof.

Lemma 2 (Area-preserving extension lemma for disks). Let Dy C D, C D C R?
be closed disks such that D C Interior (D,) C D, C Interior (D). Let ¢ : Dy — D
be a smooth area-preserving embedding (we assume that D is equipped with some
area form). Then there exists y € Ham(D) such that

Vip, =9 and [y] =0 as [|¢]—0.

Lemma 3 (Area-preserving extension lemma for rectangles). Let IT = [0,R] x
[—c,c] be a rectangle and let TI} C II, C II be two smaller rectangles of the form
IT; = [0,R] X [—ci,ci] (i=1,2),0<c) <cp <c Let ¢ : I, — II be an area-
preserving embedding (we assume that I1 is equipped with some area form) such
that:

o ¢ is the identity near 0 X [—c,c2] and R X [—¢2,¢2).
o The area in IT bounded by the curve [0,R] X y and its image under ¢ is zero for
some (and hence for all) y € [—c2,¢3).

Then there exists y € Ham(IT) such that

Vg, =¢ and [y[ =0 as [[¢]—0.
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The lemmas will be proved in Sect. 6.3. Let us mention that we implicitly assume
in these lemmas that ¢ is close to the inclusion, i.e., that ||¢|| is small enough. Note
that if one is interested only in the existence of y, without any control on its norm
|lw]|, these results are standard.

6.2 Construction of the Fragmentation

We are now ready to prove the fragmentation theorem. In the case that X is
the closed unit disk D? in R?, the theorem has been proved by Le Roux [35,
Proposition 4.2]. In general, our proof relies on the case of the disk.

For any b > 0 we fix a neighborhood % (b) of the identity in Ham(DD?) and
an integer Np(b) such that every element of %4 (b) is a product of at most Ny(b)
diffeomorphisms supported in disks of area at most b. We will prove the following
assertion.

For any surface X there exist an integer Ny and disks (Dj)i<j<n, in X such
that for any € > 0 there exists a neighborhood ¥ (€) of the identity in Ham(X)
with the property that every diffeomorphism f € ¥ (€) can be written as a product
f =g8i1---gn,, where each g; belongs to Ham(D;) for one of the disks D; and is
e-close to the identity. (x)

Note that there is no restriction in (x) on the areas of the disks D;. Let us explain
how to conclude the proof of Theorem 4 from this assertion. Fix a > 0. We can
choose, for each i between 1 and Ny, a conformally symplectic diffeomorphism v; :
D? — D; such that the pullback of the area form on X by ; equals the standard area
form on the disk D? times some constant A; > 0. Here we are using Proposition 5. If
€ is sufficiently small, q/i_l giV; is in %0(/%) for each i, and we can apply the result
for the disk to it. This concludes the proof.

Remark 4. It is important that the disks D; as well as the maps y; are chosen in
advance, since we need the neighborhoods l//,-%o(%)yflf' to be known in advance.
They determine the neighborhood ¥ (¢).

We now prove (x). The arguments we use are inspired by the work of Fathi [20].
Fix € > 0. We distinguish two cases: (1) X has a boundary, and (2) X is closed.

First case. Any compact connected surface with nonempty boundary can be
obtained by gluing finitely many 1-handles to a disk. We prove the statement (x)
by induction on the number of 1-handles. We already know that (x) is true for a disk
(just take N; = 1 and let D; be the whole disk). Assume now that () holds for any
compact surface with boundary obtained by gluing / 1-handles to the disk. Let X be
a compact surface obtained by gluing a 1-handle to a compact surface X, where X
is obtained from the disk by gluing / 1-handles.

Choose a diffeomorphism (singular at the corners) ¢ : [—1,1]> — X — X sending
[—1,1] x {—1,1} into the boundary of Xy. Let IT. = @([—1,1] x [—r,r]). Let ¥{(¢)
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be the neighborhood of the identity in Ham(ZX, ) given by (*) applied to the surface
Ty = XoU@([—1,1] x {s,|s| > %}), and let Ny be the corresponding integer.

Let f € Ham(X) close to the identity. We apply Lemma 3 to the chain of
rectangles [T ! C I'I% C Il; and to the restriction of f to 17% (the hypothesis

8
on the curve [—1,1] x {y} is met because f is Hamiltonian). Here again we are
appealing to Proposition 5 to ensure that the pullback of the area form of X by
¢ can be identified with a fixed area form on IT 1 We obtain a diffeomorphism

supported in IT; and C-close to the identity that coincides with f on IT, . Hence, we
. 2
can write

f=wh,
where £ is supported in X;. Since f € Ham(X) and y € Ham(l'[%), we get that i
is Hamiltonian in X. Since H) (Z;,R) embeds in H (X R), it means that

comp comp
actually belongs to Ham(ZX, ).

Define a neighborhood 7#'(¢) of the identity in Ham(X) by the following
condition: f € ¥ (e) if first, || y|| < € (recall that when f converges to the identity,
so does ) and second, i € ¥{(€). Hence, if f € ¥ (e), we can write it as a
product of N; + 1 diffeomorphisms g;, where each g; is e-close to the identity and
belongs to Ham(D;) for some disk D; C X. This proves the claim (x) for X in the

first case.

Second case. The surface X is closed — we view it as a result of gluing a disk to
a surface X with one boundary component. Choose a diffeomorphism ¢ : D> —
Y — 3, sending the boundary of D? into the boundary of ). Once again, by
appealing to Proposition 5, we can assume that the pullback by ¢ of the area form
of X is a given area form on D?. Denote by D, the image by ¢ of the disk of radius
r€[0,1]in D?. Let 7 (¢) be the neighborhood of the identity given by (x) applied to
the surface Xy := Xy U ¢({z € D?,|z| > 1}) and let N be the corresponding integer
— recall that in the first case above, we have already proved (x) for X;, which is a
surface with boundary.

Let f € Ham(ZX) close to the identity. We apply Lemma 2 to the chain of disks
D 1 cD 3 C Dj and to the restriction of f to D 3 We obtain a diffeomorphism y

supported in Dy and close to the identity that coincides with f on D;. Hence, we
can write :

f=wh,

where & is supported in X;. Since f € Ham(X) and v € Ham(D,), we get that £ is
Hamiltonian in X. Since X has one boundary component, H/y,, (1, R) embeds in
Hclomp(Z ,R), so h actually belongs to Ham(X;). One concludes the proof as in the
first case.

This finishes the proof of Theorem 4 (modulo the proofs of the extension

lemmas).
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6.3 Extension Lemmas

The area-preserving extension lemmas for disks and rectangles will be conse-
quences of the following lemma.

Lemma 4 (Area-preserving extension lemma for annuli). Let A = S! x [-3,3]
be a closed annulus and let A = S' x [—1,1],Ay = S' x [~2,2] be smaller annuli
inside A. Let ¢ be an area-preserving embedding of a fixed open neighborhood of
Ay into Ay (we assume that A is equipped with some area form ®) such that for
some y € [—1,1] (and hence for all of them), the curves S' x y and ¢(S' x y) are
homotopic in A and

the area in A bounded by ! x y and ¢(S' x y) is 0. )

Then there exists y € Ham(A) such that y|,, = ¢ and |[y| — 0 as [|¢[| — 0.

Moreover, if for some arc 1 C S' we have that ¢ = 1 outside a quadrilateral
Ix[=1,1] and ¢ (I x [—1,1]) C I x [=2,2], then W can be chosen to be the identity
outside I x [—3,3].

Once again, we assume in this lemma that ||¢|| is small enough. Let us show how
this lemma implies the area-preserving extension lemmas for disks and rectangles.

Proof of Lemma 2. Up to replacing D, by a slightly smaller disk, we can assume
that ¢ is defined in a neighborhood of D;. Identify some small neighborhood of
9D, with A = §' x [—3,3] so that dD; is identified with S' x 0 C A; C A, C A and
(A1) C Interior (A) C A C Interior (D) \ ¢ (D).

Apply Lemma 4 and find 2 € Ham(A), [[A]| — 0 as € — 0, so that A, = ¢. Set
¢ :=h~'o¢ € Ham(D). Note that ¢; Ip, = ¢ and ¢y is the identity on A;. Therefore
we can extend @i |p, 5, to D by the identity and obtain the required y. O

Proof of Lemma 3. 1dentify the rectangles I'l} C I, C I, by a diffeomorphism, with
quadrilaterals I x [—1,1] C I x [~2,2] C I x [-3,3] in the annulus A = S! x [-3,3]
for some suitable arc 7 C S' and apply Lemma 4. O

In order to prove Lemma 4, we first need to prove a version of the lemma
concerning smooth (not necessarily area-preserving) embeddings.

Lemma 5 (Smooth extension lemma). Ler A C Ay, C A be as in Lemma 4. Let ¢
be a smooth embedding of a fixed open neighborhood of A into A, isotopic to the
identity, such that ||§|| < € for some € > 0. Then there exists y € Diffy .(A) such
that y is supported in Ay, W\, = ¢, and |\y|| < Ce, for some C > 0, independent
of .

Moreover, if ¢ = 1 outside a quadrilateral I x [—1,1] and ¢(I x [—1,1]) C
I x [~2,2] for some arc I C S, then y can be chosen to be the identity outside
Ix[-3,3].

Lemma 5 will be proved in Sect. 6.4.
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Proof of Lemma 4. As one can easily check using Proposition 5, we can assume
without loss of generality that the area form on A = S! x [-3,3] is ® = dx A dy,
where x is the angular coordinate along S' and y is the coordinate along [—3,3]. All
norms and distances are measured with the Euclidean metric on A. Define A, :=
Stx [1,2], A_ =S x [-2,~1].

Assume ||¢|| < e. By Lemma 53, there exists f € Diffg .(A2) such that || f|| < Ce,
and f = ¢ on a neighborhood of A;. Define 2 := f*w. By (2),

/A+Q:/A+w7/}'&g=/kw. 3)

Note that  coincides with @ on a neighborhood of dA and dA_. Let us find
h € Diffy . (Ay) such that

° h|A] = 11’
c N"Q=o,
e ||h|| > 0ase—0.

Given such an h, we extend fh by the identity to the whole of A. The
resulting diffeomorphism of A is C-small (if € is sufficiently small), preserves
o, and belongs to Diffy .(A), hence (see, e.g., [50]) also to D(A). It may not be
Hamiltonian, but one can easily make it Hamiltonian by a C°-small adjustment
on A\ A,. The resulting diffeomorphism ¥ € Ham(A) will have all the required
properties.

Preparations for the construction of 4. Since on A the map 4 is required to be
the identity, we need to construct it on A and A_. We will construct i := hl, ,
the case of A_ being similar. By a rectangle or a square in A we mean the product
of a connected arc in S! and an interval in [—3,3].

Let us divide A, = S' x [1,2] into closed squares K, ..., Ky, with a side of size
r=€'/4 > 3¢ (we assume that € is sufficiently small). Denote by V the set of vertices
that are not on the boundary and by E the set of edges that are not on the boundary.
Finally, denote by I the 1-skeleton of the partition (i.e., the union of all the edges).

For each v € V denote by B, () the open ball in A of radius § > 0 with center
at v. Fix a small positive & < r such that for 0 < & < &, the balls B,(8), v € V,
are disjoint and each B,(8) intersects only the edges adjacent to v. Given such a
8., consider for each edge ¢ € E a small open rectangle U, (8) covering e\ (¢ N
Uvev B, (8)) such that

e U,(0)NB,(8) # 0 if and only if v is adjacent to e.
* U,(0) does not intersect any other edge apart from e.
* All the rectangles U, (0), e € E, are mutually disjoint.

Define a neighborhood U (8) of I' by

U(8) = (UvevBu(8)) U (UeerUe(8)) -
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For each & > & > 0 we pick a cut-off function yg, ¢, : R — [0, 1] that is equal to 1
on a neighborhood of (—&,, &) and vanishes outside (—&;, € ). Finally, by C;,C, . ..
we will denote positive constants independent of €. The construction of A, will
proceed in several steps.

Adjusting Q2 on I'. We are going to adjust the form 2 by a diffeomorphism
supported inside U(8) to make it equal to @ on I'. One can first construct iy €
Diffy (A ) supported in U,cy B, (268) such that 2] = @ on U,cyB,(8) for some
0 < &y (simply using Darboux charts for £ and w). Note that ||A;]| < 26. Write
Q' := hi{Q. For each e € E we will construct a diffeomorphism %, supported in
U,(8) sothat h5Q’' = @ on [ := U,(8) Ne (and thus on the whole e, since ' already
equals @ on each B,(9)).

Without loss of generality, let us assume that e does not lie on dA , (since £’
already coincides with @ there) and that U, () is of the form (a,b) x (—0,8). Write
the restriction of ' on [ = (a,b) x 0 as (x)dxAdy, B(x) > 0.

Consider a cut-off function ¥ = 55> : R — [0,1] and define a vector field
w(x,y) on U,(0) by

w(x.y) = 20) log(ﬁ(x))y(%-

Note that w is zero on / and has compact support in U,(8) (the endpoints of / lie in
the balls B, (8) on which Q = o and thus 8 = 1 near these endpoints). Let ¢, be the
flow of w. A simple calculation shows that

%(pt*w = (PI*LW(D - log(ﬁ (_x))e”og(ﬁ(x))dx/\dy

at the point ¢;((x,0)) = (x,0). Therefore ¢;® = Q' on [. Thus setting &, := ¢, ',
we get that h2Q" = @ on [ and that ||h,|| < 268, because h, preserves the fibers

xx(—8,0). Set
hy =[] he.
eck

Since the rectangles U,(8) are disjoint, A is supported in U(8) and satisfies the
conditions

s i3Q =wonr.
s |l <26.

The diffeomorphism A3 := hhy € Diffy (A ) satisfies ||h3|| <46 and
B =hQ =wonT.

Consider the area form Q" := h3€. It coincides with @ on the 1-skeleton I" and
near dA . Moreover, jA+ Q"= AL €', and hence by (3),

Q' = . 4)
Ay A
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Adjusting the areas of the squares. In this paragraph we construct a C°-
perturbation p @ of @ that has the same integral as Q" on each square K;.

Making O sufficiently small, we can assume that |[A3]] < €. Recall that
r = €'/* > 3¢. Therefore the image of one of the squares K; by h3 contains a
square of area (r — €)? and is contained in a square of area (r -+ ¢)?. Hence,

o 2 . QII 2
(r 226) < Jx, < (r+2e)
fl(,—w r2

%

Since €/r = /4

C} > 0 such that

— 0 as € — 0, we get that if € is sufficiently small, there exists

_QN
—q <2 il (5)
r

re Jgo T

Now set §; 1= fKiQ” and #; = s;/r* — 1. By (5),

€
|#i] Scl; =C1.63/4. (6)

For each i we can choose a nonnegative function p; supported in the interior of
K; such that [ pi® = r? and

1pillco < Cre™'/? (7)

for some constant C; > 0 independent of i. Define a function ¢ on A by

N
o:=1+ Zt,p,».
i=1

By (6) and (7), the function g is positive, and the form pow converges to @ (in the
Co-sense) as € goes to 0. Moreover, g is equal to 1 on I', and the two area forms o @
and 2" have the same integral on each K;. By (4), one has

/Qa): Q"= | o (8)
Ay Ay Ap

Finishing the construction of .. : Moser’s argument. Let us apply Proposition 5,
part (ii), to the forms " and o on A . These forms have the same integral over
each K; and coincide on I" and near the boundary of A ; therefore, there exists a
diffeomorphism hy € Diffy (A ) that is the identity on I" and satisfies 1;Q" = ow.
Since hy is the identity on I" and maps each K; into itself, its C%-norm is bounded
by the diameter of K;, hence goes to 0 with €.
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Finally, apply Proposition 5 to the forms @ and o on A : By (8), their integrals
over A, are the same; they coincide on dA, and are C°-close. Therefore, there
exists hs € Diffp (A1) such that hi(ow) = ® and

l7s|| — 0 as e — 0. )

Then hy := h3zhahs is the required diffeomorphism. This finishes the construction
of h.

Final observation. Note that if ¢ = 1 outside a quadrilateral / x [—1,1] for some
arc I C S', then f can be chosen to have the same property. In such a case we need
to construct i € Diffy (A4 ) supported in I x [—3,3].

Let J be the complement of the interval / in the circle. The partition of A, into
squares can be chosen so that it extends a partition of J x [1,2] C A into squares
of the same size. Going over each step of the construction of /1 above, we see that
since Q = w on J x [1,2], each of the maps £y, hy, h3,hq, hs can be chosen to be the
identity on each of the squares in J x [1,2], hence on the whole J x [1,2]. Therefore,
hy, hence h, hence y = fh, is the identity on J X [1,2]. Moreover,  is automatically
Hamiltonian in this case. O

6.4 Proof of the Smooth Extension Lemma

As in the proof of Lemma 4, we assume that the Riemannian metric on A =
S' x [~3,3] used for the measurements is the Euclidean product metric. We can
also assume that the neighborhood of A on which ¢ is defined is, in fact, an open
neighborhood of A’ := S' x [~1.5,1.5] and that € < 0.5.

Proof of Lemma 5. Applying Lemma 6 (see the appendix by M. Khanevsky
below) to the two curves S' x {£1.5} and their images under ¢, we can find
v € Diffy .(A), supported in S! x (—2,—1)US! x (1,2), such that y; coincides
with ¢! on the curves ¢(S' x {£1.5}). Moreover, it satisfies ||| < C’e. Define
W, := y1¢. This map is defined on an open neighborhood of A’ = S' x [~1.5,1.5]
and has the following properties:

* The restriction of y; to A’ is a diffeomorphism of A'. It is the identity on JA’
and coincides with ¢ on A = S! x [-1,1] C A/
o w2l < C"€¢, where C" :=C' + 1.

We are going to modify y; (by a C°-small perturbation) to make it the identity
not only on dA’ but on an open neighborhood of dA’. Then we will extend it by the
identity to a diffeomorphism of A with the required properties.

Since y; is the identity on dA’, by perturbing it slightly near dA’ (in the C°-
norm) we can assume that in addition to the properties listed above, near dA’ the
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map y, preserves the foliation of A by the circles S' x y. Let us explain briefly why
(we describe how to perturb y», near the curve y = 1.5; the argument is the same
near the other boundary component of A').

Fix a > 0. Since yr(x,1.5) = (x,1.5), there exists 0 > 0 such that for
ly—1.5] < &, the curve y»(S' x {y}) is the graph of a function F, (depending
smoothly on y):

v (S x {y}) = graph(F)).
JF,

Note that > 0. Choosing ¢ sufficiently small, we can assume that

sup  |F(x)—1.5/<a and d<o.
xeSt |y—1.5|<8

We can now extend the family of functions (Fy),_;s5/<s to a family of functions
(Fy)|y—1.5/<o such that Fy(x) =y when |y — 1.5] is close to ¢ and such that we still

have the conditions aa—? > 0and |Fy(x) — 1.5] < o.. By the implicit function theorem,
We can now write

y:Fc(x,y)<x) (xESl,|y— 1~5| < OC),

with 3—; > 0. Note that ¢(x,y) =y when [y — 1.5] is close to a.. By composing y,

with the C%-small diffeomorphism / defined by (x,y) = (x,c(x,y)), we obtain the
desired perturbation.

The previous perturbation having been performed, we can now assume that for
some sufficiently small > 0 the restriction of y, to S' x [~1.5,—~1.5+r]US' x
[1.5 —r,1.5] has the form

w2 (x,y) = (xFulx,y),y),

for some smooth function u such that |lu|| < C”e. Choose a cut-off function
X =X1515-r: R—[0,1] and define a map y3 on A’ as follows:

w3i=yronS' x[—1.54+71.5—1],
ws(x,y) := (x+ x (y)u(x,y),y), when [y| > 1.5 —r.

We now consider the diffeomorphism y that equals w3 on A’ and the identity
outside A’. It coincides with ¢ on A; and satisfies ||y|| < C”e. Note that if € is
sufficiently small, y automatically belongs to the identity component Diffy .(A)
(this can be easily deduced, for instance, from [15, 16] or [49]). This finishes the
construction of y in the general case.

Let us now consider the case that @ = 1 outside a quadrilateral / x [—1,1] and
O (I x [~1,1]) C I x [~2,2] for some arc I C S'. Then, by Lemma 6, we can assume
that y; is supported in I x [—3,3]. Then y, is the identity outside I x [—1.5,1.5].
When we perturb v, near dA’ to make it preserve the foliation by circles, we can
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choose the perturbation to be supported in I x [—1.5,1.5]. Thus u(x,y) would be
0 outside I x [—1.5,1.5]. This yields that y3, and consequently v, is the identity
outside 7 x [—3,3]. O

7 Appendix by Michael Khanevsky: An Extension Lemma
for Curves

For a diffeomorphism ¢ of a compact surface with a Riemannian distance d we
write ||¢|| = maxd(x, ¢ (x)). The purpose of this appendix is to prove the following
extension lemma, which was used in Sect. 6.4 above.

Lemma 6. Let A := S' x [~1,1] be an annulus equipped with the Euclidean
product metric. Set L = S' x 0. Assume that ¢ is a smooth embedding of an open
neighborhood of L in A, so that L is homotopic to ¢ (L) and ||¢|| < € for some € < 1.
Then there exists a diffeomorphism y € Diffy .(A) such that w = ¢ on L and
vl < C'e for some C' > 0 independent of ¢.
Morveover, if ¢ = 1 outside some arc I C Land ¢(I) C I x [—1,1], then y can be
made the identity outside I x [—1,1].

Proof. We view the coordinate x on A along S' as a horizontal one, and the
coordinate y along [—1, 1] as a vertical one. If a,b € L are not antipodal, we denote
by [a,b] the shortest closed arc in L between a and b. The proof consists of a few
steps. By C1,C;, ... we will denote some universal positive constants.

Step 1. Shift the curve ¢(L) by 3¢ upward by a diffeomorphism y; € Diffy (A)
with ||y || < Cje, so that K := y;(¢(L)) lies strictly above L (see Fig. 1).

Step 2. Let x1,...,xy be points on L chosen in a cyclic order so that the distance
between any two consecutive points x; and x; 11 is at most € (here and below, i + 1 is
taken to be 1, if i = N).

Foreachi=1,...,N, consider a vertical ray originating at x; and assume, without
loss of generality, that it is transversal to K and that K is parallel to L near its
intersection points with the ray. Among the intersection points of the ray with K
choose the closest one to L and denote it by y;. Denote by r; the closed vertical
interval between x; and y;. Choose small disjoint open rectangles U;, of width at
most €/3 and of height at most 4¢ around each of the intervals r;.

For eachi=1,...,N, it is easy to construct a diffeomorphism y» ; supported in
U; that moves a connected arc of K NU; containing y; by a parallel shift downward

N ™\ /\SK\/\/
WV

Fig. 1 Shifting L o(L)
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Fig. 2 K coincides with L K
near Xx;
T

Fig. 3 The open set B;

NV

i Li+1

into an arc of L containing x; so that y» ;(K) lies completely in {y > 0}. Set y, :=
[TY., v Clearly, ||ya,|| < Cse for each i, and therefore, since the supports of all
the diffeomorphisms 5 ; are disjoint, ||y, || < Ce as well. Set (see Fig. 2)

¥ :=yoy €Diffo . (4), K:=W(¢(L)).

Note that || /|| < Cse.

Step 3. Note that the points x;, i = 1,...,N, lie on K and that
Kc{y>0}.

An easy topological argument shows that in such a case, since the points x; lie on L
in cyclic order, they also lie in the same cyclic order on K.

For each i there are two arcs in K connecting x; and x;, 1. Denote by K; the one
homotopic with fixed endpoints to the arc [x;,x;y1] C L. Since the points x; lie on K
in the same cyclic order as on L, we see that Ky, ..., Ky are precisely the closures of
the N open arcs in K obtained by removing the points x1,...,xy from K.

Let B; be the open set bounded by K; and [x;,x;; 1] (see Fig. 3). The B; are disjoint
and have diameter at most C4e. Let B} be disjoint open neighborhoods of the B; of
diameter at most Cse. Now for each i, the two arcs K; and [x;,x;; ] are homotopic
in B!, hence isotopic. Thus, one can find a diffeomorphism s ; € Diff .(B;) such
that y3 ;(K;) = [xi,x;11]. Since ys; is supported in B), we have ||y3 ;|| < Cse. Set
V3 = Hf»vzl y3 ;. Since the supports of all 3 ; are disjoint, we get || y3]| < Cse.

Step 4. Define yy := w3 = y3yny;. Clearly, yu € Diffy . (A) and ||yu] < Cse.
Recall that for each i we have y3(K;) = [x;,x;+1] and that each K; is the shortest arc
between x; and x;11 in K = y,y; (L). Thus yy maps K into L. The diffeomorphism
v, ! satisfies w; ' (L) = ¢(L). We now obtain easily the required y by a C%-small
perturbation of v, I O
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We dedicate this paper to Oleg Viro on the occasion of his 60th
birthday

Abstract An important class of contact 3-manifolds comprises those that arise as
links of rational surface singularities with reduced fundamental cycle. We explicitly
describe symplectic caps (concave fillings) of such contact 3-manifolds. As an
application, we present a new obstruction for such singularities to admit rational
homology disk smoothings.
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1 Introduction

Our understanding of topological properties of (weak) symplectic fillings of certain
contact 3-manifolds has improved dramatically in the recent past. These devel-
opments have rested on recent results in symplectic topology, most notably on
McDuff’s characterization of (closed) rational symplectic 4-manifolds [14]. In order
to apply results of McDuff, however, symplectic caps were needed to close up the
fillings at hand. General results of Eliashberg and Etnyre [5,6] showed that such caps
do exist in general, but these results can be used powerfully only when a detailed
description of the cap is also available. This was the case, for example, for lens
spaces with their standard contact structures [12] and for certain 3-manifolds that
can be given as links of isolated surface singularities [2, 3, 16].
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In the following we will show an explicit construction of symplectic caps for
contact 3-manifolds that can be given as links (with their Milnor fillable structures)
of rational singularities with reduced fundamental cycle. In topological terms, this
means that the 3-manifold can be given as a plumbing of spheres along a negative
definite tree, with the additional assumption that the absolute value of the framing
at each vertex is at least the valency of the vertex. The construction of the cap
in this case relies on a symplectic handle attachment along a component of the
binding of a compatible open-book decomposition. In the terminology of open-book
decompositions, our construction coincides with the cap-off procedure initiated and
further studied by Baldwin [1].

The success of the rational blowdown procedure (initiated by Fintushel and
Stern [8] and then extended by J. Park [17]) led to the search for isolated surface
singularities that admit rational homology disk smoothings. Strong restrictions on
the combinatorics of the resolution graph of such a singularity were found in
[20], and by identifying Neumann’s -invariant with a Heegaard Floer-theoretic
invariant of the underlying 3-manifold, further obstructions to the existence of such
a smoothing were given in [19]. More recently, the question was answered in [3]
for all singularities with star-shaped resolution graphs (in particular, for weighted
homogeneous singularities), but the general problem remained open. Motivated by
our construction of a symplectic cap for special types of Milnor fillable contact 3-
manifolds, we show examples of surface singularities that pass all tests provided by
[19,20] but still do not admit rational homology disk smoothings.

The paper is organized as follows. In Sect. 2, we describe the symplectic
handle attachment that caps off a boundary component of a compatible open-book
decomposition. Section 3 is devoted to a detailed description of the topology of the
symplectic cap, and also an example is worked out. In Sect. 4, we show that certain
singularities do not admit rational homology disk smoothings.

2 Symplectic Handle Attachments

Throughout this section, suppose that (¥,&) is a strongly convex boundary com-
ponent of a symplectic 4-manifold (X, ®); that & is supported by an open-book
decomposition with oriented page X, oriented binding B = 0%, and monodromy
h; and that L is a sublink of B. For each component K of L, let pf(K) denote the
page-framing of K, the framing induced by the page X. Note that if Y7 is the result
of performing surgery on Y along each component K of L with framing pf(K),
and if L # B, then the open book on Y induces a natural open book on Y, with
page X equal to X Up, (‘L|D2), the result of capping off each K with a disk, and
with monodromy equal to % extended by the identity on the D* caps. (In [1] this
construction has been examined from the Heegaard Floer-theoretic point of view.)
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If instead, for |L| = 1 and L = K, Yk is obtained by surgery along K with framing
pf(K) + 1, then the open book on Y induces a natural open book on Yx with page
Xk = X and with monodromy hx = ho ‘c,fl , where 7 is a right-handed Dehn twist
along a circle in the interior of X parallel to K. In fact, if K # B, then surgery
with framing pf(K) — 1 coincides with Legendrian surgery along a Legendrian
realization of K on the page; hence the 4-dimensional cobordism resulting from
the construction supports a symplectic structure. In the following two theorems we
extend the existence of such a symplectic structure to the cases in which the surgery
coefficients are pf(K) and pf(K) + 1.

In the first case, in which the surgery coefficient is pf(K), we have a rather
technical extra condition in terms of the existence of a closed 1-form with certain
behavior near K. Later, we will state one case in which this condition is always
satisfied, but for the moment we leave it technical because the theorem is most
general that way. When we discuss the behavior of anything near a component K of
B, we always use oriented coordinates (7,1, A) near K such that y,A € S' are the
meridional and longitudinal coordinates, respectively, chosen to represent the page
framing. In other words, u~'(8), for any 6 € S', is the intersection of a page with
this coordinate neighborhood, and the closure of A~ (0) is a meridional disk. Also,
we assume that dj points in the direction of the orientation of K, oriented as the
boundary of the page.

Theorem 2.1. Suppose that L is a sublink of B, not equal to B, and that X; D X is
the result of attaching a 2-handle to X along each component K of L with framing
pf(K). Suppose furthermore that there exists a closed 1-form o4 defined on Y \ L
that near each component K of L, has the form mgdu + IxdA for some constants
mg and lg, with lx > 0. (The coordinates (r,lt,1) near K are as described in the
preceding paragraph.) Then @ extends to a symplectic form g, on Xi, and the new
boundary Y is wp-convex. The new contact structure &y is supported by the natural
open book on Yy, described above.

Proof. Letm: Y\ B — S be the fibration associated with our given open book on Y,
and let 7z : Y7\ (B\ L) — S' be the fibration for the induced open book on Y;. Let
Z be [—1,0] x Y together with the 2-handles attached along {0} x L C {0} x Y, and
identify ¥ with {0} x Y. Thus Z is a cobordism from {—1} X ¥ to ¥, and Y N Y,
is nonempty and is in fact the complement of a neighborhood of L in Y. We will
show that there is a symplectic structure 1 on Z that on [—1,0] x Y, is equal to the
symplectization of a certain contact form o on Y supported by (B, ) and such that
Y, is m-convex, with induced contact structure &, supported by the natural open
book (B\ L, ) on Y7, described above. This proves the theorem.

As mentioned above, for each component K of L we use coordinates (7, 1, A) on a
neighborhood v 22 D? x S! of K, with (r, 1) being polar coordinates on the D*>-factor
and A being the S'-coordinate, in such a way that y = xt|,. Thus the pages are the
level sets for ©. We will also add now the convention that r is always parameterized
so as to take values in [0, 1 4 €] for some small positive €.

Let v/ be the corresponding neighborhood in Y, of the belt-sphere for the
2-handle H that is attached along K, with corresponding coordinates (#/, ', '),
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Fig. 1 Graphs of the functions f and g

with the natural diffeomorphism v\ {r = 0} — v\ {¥ = 0} given by ¥ =r,
' =—2,and A’ = . Note that 7z |,» = A/, which is defined on all of v'.

There are, of course, many different contact structures supported by the given
open book on Y, but they are all isotopic, and up to isotopy, we can always assume
that £ has the following behavior in each neighborhood v of each component
K of L:

1. & is (i, A)-invariant. That is, there exist functions F(r) and G(r) such that & is
spanned by o, and F (r)dy + G(r)dj, . We necessarily have G(0) = 0, and we will
adopt the convention that F(0) > 0, so that G’(0) < 0 and thus G(r) < 0 for r
close to 0.

2. As rranges from 0 to 1, & makes a full quarter-turn in the (i, A)-plane. In other
words, the vector (F(r),G(r)) € R? goes from F(0) > 0,G(0) =0to F(1) =0,
G(1) < 0, with F(r) > 0 and G(r) < 0 for all r € (0,1). (We can make this
assumption precisely because L # B. One way to see this is to think of the
construction of a contact structure supported by a given open book as beginning
with a Weinstein structure on the page. This Weinstein structure comes from a
handle decomposition of the page, and if we choose a handle decomposition
starting with collar neighborhoods of the components of L and then adding
1-handles, we will get the desired behavior.)

So now we assume that £ has the form above.

Next we claim that we can find a contact form ¢ for this £ satisfying certain
special properties. To understand the local properties of & near each K, consider
Fig. 1.

This figure shows graphs of two functions f and g, specified by constants Ry, Ik,
and R;. The properties of f and g are as follows:

. The function f is monotone increasing with f'(0) = 0 and f’(r) > 0 for r > 0.
f(0) =Ry and f(r) = \/2Igr for r > 1. (Hence \/2Ix > R;.)

g(0)=0.

. The function g is monotone increasing with g’(r) > 0 on [0, 1).

g(r) =Ry forr> 1.

N
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The claim, then, is that there exists a contact form o for £ such that the following
conditions hold:

1. The I-form o — og is a positive contact form on the complement of the
neighborhoods of radius » < 1 of each component K of L, and it also satisfies
the support condition for the given open book outside these neighborhoods.

2. For each component K of L there are constants R; and R, and associated
functions f and g, as in Fig. 1 (with the constant /g coming from oy =
mgdu + IxkdA), with %R% > mg such that in the neighborhood v of K, o has
the form

o= %g(r)zdu + (zk — %f(r)2> da.

(We might need to reparameterize the coordinate r, but only via a reparameteri-
zation fixing 0 and 1.)

The condition %R% > mg 1s necessary to guarantee that oo — o is positive contact
when r > 1; this condition will also be used later.

To verify this claim, first choose any contact form o’ for £ satisfying the support
condition for the given open book. Now note that for any suitably large constant
k>0, ko' — o is a positive contact form satisfying the support condition. We know
that in v, ko = —G(r)du + F(r)dA for functions F(r),G(r) such that the vector
(F(r),G(r)) makes one quarter-turn through the fourth quadrant as r goes from 0
to 1. Because k is large, we may assume that G(1) < —mg. We can then scale ko’ by
a positive function ¢ (r) supported inside r < 1 + € so as to arrange that the pair of
functions (F(r) = ¢(r)F(r),G(r) = ¢(r)G(r)) has the appropriate shape, and then
we let $g(r)> = —G(r) and Ix — 5 f(r)* = F(r). Then we have o = ¢ (r)kct’.

Now embed v and v/ in R* as follows, using polar coordinates (r1,0;,r2,6,)
on R*. The embedding of v is given by (r; = f(r),0; = —A,r = g(r), 6, = 1).
The embedding of V' is given by (r; = \/2Ixr’,0) = u',ry = Ry,0, = A'). This is
illustrated in Fig. 2, which also shows that the region between v and V' is precisely
our 2-handle H attached along K with framing pf(K). The overlap v NV’ is the set
{r1 > \2Ig,r» = Ry}, which in v-coordinates is {r > 1} and in v'-coordinates is
{r>1}

Consider the standard symplectic form wy = rdr;d6; + rpdr;,d6, on R*. Note
that |y = gg'drdu — ff'drdA = da, so that H equipped with this symplectic form
can be glued symplectically to [—1,0] x Y with the symplectization of ¢. Next note
that @y, =2Ixr’dr'dp’ = de’, where o' = 1 (v/2Ixr')?du’ + (3R — mg)dA'. (Here
we see that %R% > my is necessary for o to be a positive contact form and to be
supported by the open book inside this neighborhood v'.) On the overlap vN V' C
RR*, using the coordinates (r, i, 1) from v, we see that o = (3R3 —mg)du + (—

%( 21Kr)2)d7L = o/ — . Thus we see that o extends to the rest of Y7 as o0 — o,
concluding the proof of the theorem. ]



204 D.T. Gay and A.L Stipsicz

(12, 02)

> (7‘1791)

'l// Rl ‘ ' \/2lK

Fig. 2 Embeddings of v, v/, and H into R*

In fact, 2-handles can be attached with framing pf(K) + 1 to boundary compo-
nents of a compatible open book, and the symplectic structure will still extend.
In this case, however, the convex boundary will become concave. More precisely,
we have the following theorem.

Theorem 2.2. Suppose that K = B and that Xg D X is the result of attaching a
2-handle H to X along K with framing pf(K) + 1. Then w extends to a symplectic
form @k on Xk, and the new boundary Yk is wg-concave. The new (negative) contact
structure Ex is supported by the natural open book on Yk described above.

Proof. This is [9, Theorem 1.2]. However in that paper, which predates Giroux’s
work on open-book decompositions, the terminology is slightly different.
[9, Definition 2.4] defines what it means for a transverse link L in a contact 3-
manifold (M, &) to be “nicely fibered.” It is easy to see that if L is the binding
of an open book supporting &, then L is nicely fibered. (The notion of “nicely
fibered” is more general because, in open-book language, it allows for “pages”
whose boundaries multiply cover the binding.) Theorem 1.2 in [9] then says that if
we attach 2-handles to all the components of a nicely fibered link in the strongly
convex boundary of a symplectic 4-manifold, with framings that are more positive
than the framings coming from the fibration, then the symplectic form extends
across the 2-handles to make the new boundary strongly concave. In our case, we
have a single component, and we are attaching with framing exactly one more than
the framing coming from the fibration. Finally, [9, Addendum 5.1] characterizes
the negative contact structure induced on the new boundary as follows: There exists
a constant k such that ox = kdw — o on the complement of the surgery knots.
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(Here we are identifying Y \ K with the complement in Yk of the belt sphere for H
in the obvious way.) The constant k is simply the appropriate constant such that o
extends to all of Yx. Then dw A dog = —dm Ada, which is positive on —Yk. Since
dakx = —da, and the Reeb vector field for o is tangent to the level sets for the radial
function r on a neighborhood of K (see [9, Definition 2.4]), the Reeb vector field
for o is necessarily tangent to the new binding of Y, and it is not hard to check
that it points in the correct direction, so that o is supported by the natural open
book on Yx. O

We have the following application. (For a similar result, see [22, Theorem 4°].)

Corollary 2.3. If the open book on Y is planar (i.e., genus(X) = 0), then (X, ®)
embeds in a closed symplectic 4-manifold (Z,m) that contains a symplectic (+1)-
sphere disjoint from X.

As preparation we need the following lemma:

Lemma 2.4. Let B be the (disconnected) binding of a planar open book on Y, and
let L C B be the complement of a single component of B. Then there exists a I-
form o on Y \ L such that near each component K of L, o has the form o =
mgdu + IgdA, for lg > 0. (The coordinates near K are as in Theorem 2.1 and are
determined by the open book.)

Proof. Let Y be the result of page-framed surgery on L, with the corresponding
oriented link L' C Y, (the cores of the surgeries). Note that ¥ & $3, because the
induced open book on ¥; has disk pages. Thus L’ is an oriented link in S, and
there exists amap o : $*\ L' — S with the closure of each (), for each regular
value 6, an oriented Seifert surface for L'. Pull 0 back to Y \L =Y, \ L' and let
oy =do. O

Proof (of Corollary 2.3). Let the components of Bbe K1, ..., K. Attach 2-handles to
Ki,...,K,—1 with framings pf(K;), as in Theorem 2.1. This gives (X', ") D (X, ®)
with @’-convex boundary (Y’ £’). Now attach a 2-handle to K, with framing
pf(Ky) + 1 as in Theorem 2.2; the resulting concave end is S with its negative
contact structure supported by the standard disk open book, i.e., the contact structure
is the standard negative tight contact structure. Thus we can fill in the concave
end with the standard symplectic structure on B*. Alternatively, we can note that
on Y', the positive contact structure £ is supported by an open book with page
diffeomorphic to a disk. In other words, ¥’ is diffeomorphic to S3, and &’ is the
standard positive tight contact structure on S3. Thus we can remove a standard
(B*, ayy) from CP? with its standard Kihler form, and replace (B*, wy) with (X', ')
to get (Z,m). Since there is a symplectic (41)-sphere in CIP? disjoint from B*, we
end up with a symplectic (+1)-sphere in (Z, 1) disjoint from X’, and hence disjoint
from X. U

By [14], the symplectic 4-manifold Z found in the proof of Corollary 2.3 is
diffeomorphic to a blowup of CP?. Let Z’ be the result of anti—blowing down the
symplectic (+1)-sphere in Z (i.e., Z' is the union of the 4-manifold X’ in the proof
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of the corollary above with B*). Then Z’ (still containing X) is diffeomorphic to
the connected sum of a number of copies of CP2. Let D be the closure of Z’'\ X in
Z'; we will call this the dual configuration (or compactification) for X. Thus we get
embeddings of the intersection forms H, (X;Z) and H,(D;Z) into a negative definite
diagonal lattice, and therefore both H,(X;Z) and H,(D;Z) are negative definite.

Remark 2.5. A very similar compactification has been found by Némethi and
Popescu-Pampu in [15], using rather different methods.

3 Examples: Rational Surface Singularities with Reduced
Fundamental Cycle

Suppose that I" is a plumbing tree of spheres that is negative definite, and at each
vertex the absolute value of the framing is at least the number of edges emanating
from the vertex. Every negative definite plumbing graph I" gives rise to a (not
necessarily unique) surface singularity, and the further assumptions on I'" ensure that
the singularity has reduced fundamental cycle. According to Laufer’s algorithm, for
example, this property implies that the singularity is rational; cf. [19, Sect. 3]. The
Milnor fillable contact structure on such a 3-manifold is known to be compatible
with a planar open-book decomposition [7, 18]. A fairly explicit description of such
an open-book decomposition can be given by a construction resting on results of
[10]. By [10, Proposition 5.3], the Milnor fillable contact structure is compatible
with an open-book decomposition resting on a toric construction (cf. [10, Sect. 4]),
and therefore by [10, Proposition 4.2], a compatible planar open book can be
explicitly given as follows.

View the tree I" as a planar graph in R? and consider the boundary sphere of an €
neighborhood of it in R3. Suppose that v is a vertex of I" with framing e, and valency
dy. Then near v, drill —e,, —d, > 0 holes on the sphere. The resulting planar surface
will be the page of the open-book decomposition. Consider a parallel circle to each
boundary component and further curves near each edge, as shown by the example
of Fig. 3. The monodromy of the open-book decomposition is simply the product of
the right-handed Dehn twists defined by all these curves on the planar surface.

Consider now the Kirby diagram for Y based on the open-book decomposition
as follows: Regard the planar page as a multipunctured disk. (This step involves

Fig. 3 Light circles on the punctured sphere define the monodromy of the open book
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a choice of an “outer circle.”) Every hole on the disk defines a O-framed unknot
linking the boundary of the hole, while the light circles defining the monodromy
through right-handed Dehn twists give rise to (—1)-framed unknots. In fact, the
0-framed unknots can be turned into dotted circles and then viewed as 4-dimensional
1-handles (for these notions of Kirby calculus, see [11]). These will build up a
Lefschetz fibration with fiber diffeomorphic to the page of the open book, and
the addition of the (—1)-framed circles corresponds to the vanishing cycles of the
Lefschetz fibration, giving the right monodromy.

Having this Kirby diagram for Y, a relative handlebody diagram for the dual
configuration D (built on —Y) can be easily deduced by performing 0-surgery along
all the boundary circles except the outer one. This operation corresponds to capping
off all but the last boundary component of the open book defining the Milnor fillable
structure on Y. Since after all the capping off we get an open book with a disk as a
page, the 4-manifold D is a cobordism from —Y to S°.

It is usually more convenient to have an absolute handlebody than a relative one,
and since the other boundary component of D is S°, by turning D upside down we
can easily derive a handlebody description first for —D and then, after the reversal of
the orientation, for D. After appropriate handleslides, in fact, the diagram for D can
be given by a simple algorithm. Since we dualize only 2-handles, D can be given by
attaching 2-handles to D*. The framed link can be given by a braid, which is derived
from the plumbing tree by the following inductive procedure. To start, we choose a
vertex v where the strict inequality —e, — d, > 0 holds. (Such a vertex always exists;
for example, we can take a leaf.) We will choose the outer circle to be the boundary
of one of the holes near v. Now associate to every inner boundary component a string
and to every light circle a box symbolizing a full negative twist of the strings passing
through the box, which in our case consists of those strings that correspond to the
boundary components encircled by the light circle. The framing on a string is given
by the negative of the “distance” of the boundary component from the outer circle:
this distance is simply the number of light circles we have to cross when traveling
from the boundary component to the outer circle. Another (obviously equivalent)
way of describing the same braid purely in terms of the graph I" goes as follows:
Choose again a vertex v with —e,, — d,, > 0, and consider —e, — d,, strings for each
vertex u, except for v, for which we take only —e, —d, — 1 strings. Introduce a full
negative twist on the resulting trivial braid (corresponding to the light circle parallel
to the outer circle), and then introduce a further full negative twist for every edge e
in the graph, where the strings affected by the negative twist can be characterized
by the property that they correspond to vertices that are in a component of I' — {¢}
not containing the distinguished vertex v. Finally, equip every string corresponding
to a vertex u with r,,, — 2, where ry, is the negative of the minimal number of edges
we traverse when passing from u to v.

We will demonstrate this procedure through an explicit family of examples. (For
a similar result see [21, Theorem 3].) To this end, suppose that the graph I}, is given
by Fig. 4. It is easy to see that the graphs in the family for n > 1 are all negative
definite, and for n > 2, they define a rational singularity with reduced fundamental
cycle. Assume that n > 3 and choose a boundary circle near the (—n — 1)-framed
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Fig. 4 An interesting family
of plumbing graphs

Fig. 5 The light circles on the disk define the monodromy of the open book. There are n concentric
light circles around the boundary component labeled by K, and there are n — 3 boundary circles on
the right-hand side of the disk. For each of the interior boundary components there should be a cor-
responding unknot C; linking it and the exterior boundary component; here we have drawn only C;

vertex to be the outer circle. The page of the planar open book, together with the
light circles (giving rise to the monodromy through right-handed Dehn twists), is
pictured by Fig. 5 (with the circle C; disregarded for a moment).
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-2 -2 -4 -4 -4 -4 —(n+2) -3 -3 -4 -4 -4
n—3
strings
I -1 | L | [ =t ]
L [ [ ] [ [ ] [ [ ]
| -1 |
| ot
K,;... K,; 4 B C D E F G H I J

Fig. 6 Boxes in the diagram mean full negative twists

The 0-framed unknots originating from the 1-handles of the Lefschetz fibration
become unknots each of which links one of the interior boundary components of
the punctured disk once and the exterior boundary once. In the diagram, the unknot
labeled C; is one of these unknots; we have not drawn the rest because they would
only complicate the picture needlessly, but it is important to keep in mind that
there is one such unknot for each interior boundary. Putting (—1)-framings on
all light circles we get a convenient description of Y. Now add framing O to all
boundary components except the outer one. The result is a cobordism D from —Y
to 3. Mark all these circles (for example, use the convention of [11] by replacing
all framing a with (a)) and turn D upside down: add O-framed meridians to the
circles corresponding to the boundary components of the open book (these are the
curves along which we “capped off” the open book). Now sliding and blowing
down marked curves only, we end up with the diagram of —D, and by reversing all
crossings and multiplying all framings by (—1), eventually we get a Kirby diagram
for D, as shown in Fig. 6. (Every box in the diagram means a full negative twist.)

4 The Nonexistence of Rational Homology Disk Smoothings

Next we will demonstrate how the explicit topological description of the dual D
can be applied to study smoothings of surface singularities. We start with a simple
observation providing an obstruction for a 3-manifold to bound a rational homology
disk, i.e., a 4-manifold V with H,(V;Q) = H, (D4;Q).

Theorem 4.1. Suppose that the rational homology 3-sphere —Y is the boundary
of a compact 4-manifold D with the property that tkHy(D;Z) = n and that the
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intersection form (Hy(D;7Z),Qp) does not embed into the negative definite diagonal
lattice n{—1) of the same rank. Then Y cannot bound a rational homology disk.

Proof. Suppose that such a rational homology disk V exists; then Z=V Uy D is a
closed, negative definite 4-manifold. By Donaldson’s theorem [4], the intersection
form of Z is diagonalizable over Z, and by our assumption on V, we get that
tkHy(Z;Z) = tkHy(D;Z) = n. Since Ha(D;Z) C Hy(Z;Z) does not embed into
n{—1), we get a contradiction, implying the result. ([l

Consider now the plumbing graph I, of Fig. 4, and denote the corresponding
3-manifold by Y,,.

Proposition 4.2. The 3-manifold Y, does not bound a rational homology disk
4-manifold for n > 7.

Remark 4.3. Notice that elements of this family pass all the tests provided by [20],
since these graphs are elements of the family A of [20]: change the framing of the
single (—4)-framed vertex with valency two to (—1) and blow down the graph until
it becomes the defining graph of the family A. Also, using the algorithm described,
e.g., in [19], it is easy to see that detl;, = n mod 2; hence for odd n, the 3-manifold
Y, admits a unique spin structure. The corresponding Wu class can be given by the
(—3)-framed vertex of valency three, the unique (—4)-framed vertex on the long
chain, and then every second (—2)-framed vertex. A simple count then shows that
for n odd, we have (Y,) = 0, and hence the result of [19] provides no obstruction
to a rational homology disk smoothing. (For the terminology used in the above
argument, see [19].)

Proposition 4.4. The lattice determined by the intersection form of the dual D,
given by Fig. 6, for n > 7, does not embed into a negative definite diagonal lattice
of the same rank.

Proof. The labels on the components of the braid in Fig. 6 will be used to represent
the corresponding basis elements for the lattice determined by the intersection form
of D,,. Therankisn+7.Let E ={ey,...,e, 7} be the standard basis for the negative
definite diagonal lattice of rank n+7, so ¢; - ¢; = —&;;. Suppose that the lattice for
D,, does embed into the definite diagonal lattice. Then without loss of generality,
since K; - K; = —2 and K; - K; = —1 otherwise, we may assume that K; = e +ejo4,.
Furthermore, without loss of generality we may assume that every other one of the
basis elements A, B, ..., J is of the form e| +x where x is an expressionin ey, ..., ejo.
Thus each basis element whose square is —3 (i.e., F' and G) must be of the form
e1 £ u=+v, where u and v are distinct elements of the set {e»,...,e10}. Each element
whose square is —4 (i.e., A, B, C, D, H, I, and J) must be of the form e =g+ r=s,
where g, r, and s are distinct elements of the set {e;,...,ejo}.

Now we can assume that F' = e| +e; + €3 and G = e] + > + e4 (noting that
F -G = —2). Then we note that none of the expressions for A,B,C,D,H,I,J can
contain ey, e3, or e4 for the following reason: For each of X =A,B,C,D,H,1,J there
is another basis element Y from this set suchthat X - Y = -3, while X - X =Y .Y =
—4. Thus if we write X = e + aa+ b+ yc witha,b,c € E and a, B,y € {—1,1},
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then Y must be Y = e; + aa+ Bb+ 8d, withd € E and 6 € {—1,1}, where a, b,
¢, and d are distinct elements from the set {ey,...,e10}. Now noting that X - F =
X-G=Y -F=Y -G=—1, we see that if a = ey, then b,c,d must be in {e3,e4},
which cannot happen, because b, ¢, and d must be distinct. Similarly, b cannot be e;.
If a = e3, then b or ¢ must be e;, but we have just seen that it cannot be b, so ¢ = e5.
But the same argument also shows that d = e, but ¢ # d. Similarly, we can rule out
a=e4 and also b = e3 and b = e4. But if one of ¢ and d is in the set {e;,e3,e4}, then
one of @ and b must also be, so finally we see that none of them can be.

Thus we can now take H = e + e5 + e + e7. There are then two possibilities for
I and J (up to relabeling the members of the sets {eg,e9,e10} and {es,eq,e7}).

Casel: I =e1+es5+eg+egandJ =e; + e5+ e+ eq. In this case, we can see that
A,B,C,D cannot contain e7, eg, or eg. So then the only remaining possibilities are
all equivalent (after changing signs of basis elements in E) to A = e +e5 — e + €10,
but then we cannot find any candidates for B that give A - B = —3. This rules out
Case I.

Casell: I =e|+es5+e7+egandJ = e+ es+ eg+ eg. To rule out this case, write
A=e +aa+Bb+yc, ab,c € {es,es,e7,e8,e9,¢10}, and a, B,y € {—1,1}. In
order to have A - H = —1, either none or two of a,b,c must be in the set {es, eq,e7},
but not one or three of them. Similarly, using A - I = —1, either none or two must be
in {es,e7,eg}, and using A -J = —1, either none or two must be in {es,eg,eg}. If it
is none in one of these cases, it must be none for all three, but that leaves only eg
and e for a, b, and ¢, an impossibility. Thus it is two in each case. We cannot have
one of them es, because then we could not have exactly two from all three sets. So
we must have a = eg, b = e7, ¢ = eg. But exactly the same argument holds for B,

and we can never get A - B = —3. Thus Case Il is ruled out, concluding the proof of
the proposition. (]
Proof (of Proposition 4.2). Combine Theorem 4.1 and Proposition 4.4. O

Corollary 4.5. Suppose that (Sr,0) is an isolated surface singularity with resolu-
tion graph given by Fig. 4. If n > 7, then (Sr,0) admits no rational homology disk
smoothing, i.e., it has no smoothing V with H,(V;7) = H, (D4;Z). O

Acknowledgments The authors would like to acknowledge support from the Hungarian—South
African Bilateral Project NRF 62124 (ZA-15/2006), and we thank Andras Némethi for many useful
conversations. The second author was also supported by OTKA T67928. The authors would also
like to thank Chris Wendl for pointing out an important mistake in the first version of this paper.

References

1. J. Baldwin, Capping off open books and the Ozsvdth—-Szabo contact invariant, arXiv:0901.
3797.

2. M. Bhupal and K. Ono, Symplectic fillings of links of quotient surface singularities,
arXiv:0808.3794.



21

3

4.

AN

12.
13.

14.

15.

16.

17.

18.

19.

20.

21

22

2 D.T. Gay and A.L Stipsicz

. M. Bhupal and A. Stipsicz, Weighted homogeneous singularities and rational homology disk

smoothings, J. Amer. Math.

S. Donaldson, Irrationality and the h-cobordism conjecture, J. Differential Geom. 26 (1987),

141-168.

. Y. Eliashberg, A few remarks about symplectic filling, Geom. Topol. 8 (2004), 277-293.

. J. Etnyre, On symplectic fillings, Algebr. Geom. Topol. 4 (2004), 73-80.

. J. Etnyre and B. Ozbagci, Open books and plumbings, Int. Math. Res. Not. 2006 Art. ID 72710,
17pp.

. R. Fintushel and R. Stern, Rational blowdowns of smooth 4-manifolds, J. Diff. Geom. 46
(1997), 181-235.

. D. Gay, Symplectic 2—handles and transverse links, Trans. Amer. Math. Soc. 354 (2002),
1027-1047.

. D. Gay and A. Stipsicz, Symplectic surgeries and normal surface singularities, Algebr. Geom.
Topol. 9 (2009), no. 4, 2203-2223.

. R. Gompf and A. Stipsicz, 4-manifolds and Kirby calculus, AMS Grad. Studies Math. 20,

1999.

P. Lisca, On symplectic fillings of lens spaces, Trans. Amer. Math. Soc. 360 (2008), 765-799.

P. Lisca, Lens spaces, rational balls and the ribbon conjecture, Geom. Topol. 11 (2007),

429-472.

D. McDuff, The structure of rational and ruled symplectic 4-manifolds, J. Amer. Math. Soc. 3

(1990), 679-712; erratum, 5 (1992), 987-988.

A. Némethi and P. Popescu-Pampu, On the Milnor fibers of sandwiched singularities, Int. Math.

Res. Not. IMRN 2010, no. 6, 1041-1061.

H. Ohta and K. Ono, Simple singularities and symplectic fillings, J. Ditferential Geom. 69

(2005), no. 1, 1-42.

J. Park, Seiberg—Witten invariants of generalized rational blow-downs, Bull. Austral. Math.

Soc. 56 (1997), 363-384.

S. Schonenberger, Determining symplectic fillings from planar open books, J. Symplectic

Geom. 5 (2007), 19-41.

A. Stipsicz, On the li—invariant of rational surface singularities, Proc. Amer. Math. Soc. 136

(2008), 3815-3823.

A. Stipsicz, Z. Szabd, and J. Wahl, Rational blowdowns and smoothings of surface singulari-

ties, J. Topol. 1 (2008), 477-517.

. J. Wahl, Construction of QHD smoothings of valency 4 surface singularities, Geom. Topol. 15
(2011) 1125-1156.

. C. Wendl, Non-exact symplectic cobordisms between contact 3-manifolds, arXiv:1008.2465



Cauchy-Pompeiu-Type Formulas for o
on Affine Algebraic Riemann Surfaces
and Some Applications

Gennadi M. Henkin

Dedicated to Oleg Viro on the occasion of his 60th birthday

Abstract We present explicit solution formulas f = Ro and u = R, f for the
equations d f = @ and (d + Adz; )u = f — H(, f on an affine algebraic curve V C C2.
Here 3, f denotes the projection of f & Wll (V) to the subspace of pseudoholomor-

phic (1,0)-forms on V: 97, f = A2dz; A I, f. These formulas can be interpreted
as explicit versions and refinements of the Hodge—Riemann decomposition on
Riemann surfaces. The main application consists in the construction of the Faddeev—
Green function for d(d + Adz;) on V as the kernel of the operator R; o R. This
Faddeev—Green function is the main tool for the solution of the inverse conductivity
problem on bordered Riemann surfaces X C V, that is, for the reconstruction of
the conductivity function ¢ in the equation d(cd“U) = 0 from the Dirichlet-to-
Neumann mapping U|,,, — 6dU|, .. The case V = C was treated by R. Novikov
[N1]. In Sect. 4 we give a correction to the paper [HM], in which the case of a
general algebraic curve V was first considered.

Keywords Riemann surface ¢ Inverse conductivity problem e o-method
e Homotopy formulas

G.M. Henkin (P<)

Université Pierre et Marie Curie, Mathématiques, case 247, 4 place Jussive,
75252 Paris, FRANCE

e-mail: henkin @math.jussieu.fr

L. Itenberg et al. (eds.), Perspectives in Analysis, Geometry, and Topology: 213
On the Occasion of the 60th Birthday of Oleg Viro, Progress in Mathematics 296,
DOI 10.1007/978-0-8176-8277-4_10, © Springer Science+Business Media, LLC 2012



214 G.M. Henkin
Introduction

This paper is motivated by a problem from two-dimensional electrical impedance
tomography, namely the question of how to reconstruct the conductivity function o
on a bordered Riemann surface X from the knowledge of the Dirichlet-to-Neumann
mapping u|,, — 6d“U|,, for solutions U of the Dirichlet problem

a'(Gch)|X:O7 U’bxzu, where d =d+ 9, d°=i(d—9).

For the case X = Q C R?2 ~ C, z = x; + ixy, the exact reconstruction scheme
was given first by R. Novikov [N1] under a certain restriction on the conductivity
function o. This restriction was eliminated later by A. Nachman [Na].

The scheme consists in the following.

Let o(x) > 0 for x € Q and 6 € C?(Q). Put o(x) = 1 for x € R?\Q. The
substitution Y = /6U transforms the equation d(cdU) = 0 into the equation

dd‘y = dd%au/ on RZ. From L. Faddeev’s [F1] result (with additional arguments

[BC2] and [Na]), it follows that for each A € C, there exists a unique solution
y(z,A) of the above equation, with asymptotics

w(zA) e M E ) =1+0(1), 2o
Such a solution can be found from the integral equation

W(E,A)dd" /G

u(z,l):Hé /g(z—éafl) Jo

EeQ

where the function

zeC, A eC,

-1 eIt qyy A dp
g(z, 1) 72 /

" 2i(2rn ww—id)

weC

is called the Faddeev—Green function for the operator i — 9(d + Adz)u.
From the work of R. Novikov [N1] it follows that the function l,l/| »o can be found
through the Dirichlet-to-Neumann mapping by the integral equation

W=+ [ g8 (BY(EA) ~ By(E.2)),
EebQ

where

‘13‘1/:9‘»‘41,9, ‘f’O‘I’:é%’va ‘VO‘M):W’ 98%‘9:0'
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By results of R. Beals, R. Coifmann [BC1], P. Grinevi_ch, S. Novikov [GN], and
R. Novikov [N2], it then follows that y(z, A1) satisfies a d-equation of Bers—Vekua
type with respect to A € C:
dy b(A)
By v,
where A — b(A) € L*T¢(C)NL*¢(C), and y(z,A)e ** — 1 as A — oo, for all
zeC.
This d-equation combined with R. Novikov’s integral equation permits us to find,
starting from the Dirichlet-to-Neumann mapping, first the boundary values l//} b

second the “0-scattering data” b(A), and third l[/’ o

Summarizing, the conductivity function G| o 18 thus retrieved from the given
Dirichlet-to-Neumann data by means of the scheme

DN data — W‘b!! — d—scattering data — l//|_Q —

- dd°\/c
Vo o

Main result

We suppose that instead of C, we have a smooth algebraic Riemann surface V
in C2, given by an equation V = {z € C?;P(z) = 0}, where P is a holomorphic
polynomial of degree d > 1. Put z; = wy/wp, z2 = wa/wy, and suppose that the
projective compactification V of V in CP? © C? with coordinates w = (wg : wy : w»)
intersects CP! = {z € CP*;wy = 0} transversally in d points. In order to extend
the Novikov reconstruction scheme to the case of a Riemann surface V C C2, we
need first to find an appropriate Faddeev-type Green function for d(d + Adz;) on
V. One can check that for the case V = C, the Faddeev—Green function g(z,4) is a
composition of Cauchy—Green Pompeiu kernels for the operators f — ¢ = d f and
u— f=(d+ Adz)u, where u, f, and @ are respectively a function, a (1,0)-form,
and a (1, 1)-form on C. More precisely, one has the formula

—1 / MM dw A dw

2 5
) weC (W+Z) v

The main purpose of this paper is to construct an analogue of the Faddeev—Green
function on the Riemann surface V. To do this, we need to find explicit formulas
f =R and u = R, _f (with appropriate estimates) for solutions of the two equations
df = @ and (9 4 Adz;)u = f — H, f on V. Here we consider V equipped with the
Euclidean volume form dd®|z|?, and we require ¢ € L} |(V), f € Wllj’(f(V), andu €
L=(V), p > 2, with K, f the projection of f on the subépace of pseudoholomorphic
(1,0)-forms on V: 99, f = Adz; A, f.

The new formulas obtained in this paper for the solution of df = ¢ and
(d + Adz;)u = f on V can be interpreted as explicit and more precise versions of
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the classical Hodge-Riemann decomposition results on Riemann surfaces. We will
define the Faddeev-type Green function for d(d +Adz;) on V as the kernel g, (z, &)
of the integral operator R, o R.

Further results

Let 6 € C®(V), with ¢ > 0 on V, and ¢ = const on a neighborhood of V\V. Let
ai,...,ag be generic points in this neighborhood, with g the genus of V. Using
the Faddeev-type Green function constructed here, we have in [HM] obtained
natural analogues of all steps of the Novikov reconstruction scheme in the case
of a Riemann surface V. In particular, under a smallness assumption on dlog+/c,
the existence (and uniqueness) of the solution ft(z,A) of the Faddeev-type integral
equation

A)dde s
p(zA) =1+ /g HiE.A) \/_+i261g/1(17az)7 zeV, LeC,
2 Vo I=1
Eev -
holds for any a priori fixed constants ¢, . .. ,cg. However (and this was overlooked in

[HM]), there exists only one choice of constants ¢; = ¢;(A, &) for which the integral
equation above is equivalent to the differential equation

(9 + Adz)u 2(""\;\_{ )+i§lc,5(z,a1),

where 0(z,a;) are Dirac measures concentrated in the points a; (see also Sect. 4
below).

1 A Cauchy-Pompeiu-Type Formula on an Affine Algebraic
Riemann Surface

By L,4(V) we denote the space of (p,q)-forms on V whose coefficients are
distributions of measure type on V. By Lj, (V) we denote the space of (p,q)-forms
on V with coefficients absolutely integrable in degree s > 1 with respect to the
Euclidean volume form on V. If V = C and f is a function from L!(C) such that
df € Lo1(C), then the generalized Cauchy formula has the following form:

zeC.

fo=gk [0

27 E—z 7
EeC

This formula becomes the classical Cauchy formula when f = 0 on C\Q and
f € 0(Q), where Q is some bounded domain with rectifiable boundary in C.



Cauchy—Pompeiu-Type Formulas on Riemann Surfaces and Some Applications 217

The generalized Cauchy formula was discovered by Pompeiu [P1] in connection
with his solution of the Painlevé problem. Pompeiu proved the existence of a
nonzero function f € O(C\E)NC(C)NL!(C) for any totally disconnected compact
set E of positive Lebesgue measure. The Cauchy—Pompeiu formula has a large
number of fundamental applications: in the theory of distributions (L. Schwartz), in
approximation problems (E. Bishop, S. Mergelyan, A. Vitushkin), in the solution of
the corona problem (L. Carleson), in the theory of pseudoanalytic functions (L. Bers,
I. Vekua), and in inverse scattering and integrable equations (R. Beals, R. Coifman,
M. Ablowitz, D. Bar Yaacov, A. Fokas).

Motivated by applications to electrical impedance tomography, we develop in
this paper the Cauchy—Pompeiu-type formulas on affine algebraic Riemann surfaces
V C C? and give some applications.

Let V be a smooth algebraic curve in CP? given by the equation

V = {we CP* P(w) =0},

with P a homogeneous holomorphic polynomial in the homogeneous coordinates
w = (wg : wi : wa) € CP?. Without loss of generality, we may suppose the
following:

(i) V intersects CP! = {w € CP?; wy = 0} transversally, VN CP. = {ay,...,a4},
d= degf’;

(ii) V = V\CP! is a connected curve in C?> with an equation of the form V = {z €
C?%; P(z) =0}, where P(z) = P(1,z1,22) such that

dP/d
‘ [ <const(V), if |z1] > ro = const(V);

dP/dz

(iii) Forany z* € V' such that 92 (¢*) = 0, we have %(z*) £0.

By the Hurwitz—Riemann theorem, the number of such ramification points is equal
to d(d —1). Let us equip V with the Euclidean volume form dd®|z|?.

Notation

Let W'P(V) = {F € L*(V);dF € L§,(V)}, p > 2. Let us denote by Hj (V) the
subspace in Lg_’l (V), 1 < p <2, consisting of antiholomorphic forms. For all p €
(1,2), the space H[, (V) coincides with the space of antiholomorphic forms on V

admitting an antiholomorphic extension to the compactification V C CP?. Hence,
by the Riemann—Clebsch theorem, one has dim¢ HY (V) = (d — 1)(d —2)/2 for all

pe(1,2).

Proposition 1. Let {V;} be the connected components of {z € V; |z1| > ro}. Then
forall j € {1,...,d} there exist operators Ry: L (V) — LP(V), Ry: Ly (V) —
WP (V), and H: LE (V) — HS (V), 1 <p <2, 1/p=1/p—1/2, such that for
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all ® € Lg’1 (V), one has the decomposition

® = JRP+HP, where R=R;+Ry, (1.1)
R dé,  [oP .. E-z
N G| (12)

with {®;} an orthonormal basis for the holomorphic (1,0)-forms on V, ie.,
/0)]/\(1_)[(:5]'/(, jakilazv"wga
14

and

lim RP(z) =0.
€V
730

Remark 1. If p € [1,2) and q € (2,], the condition @ € L | (V) NL (V) implies
that R® € C(V).

Remark 2. For the case V =C ={z € C?; zo = 0}, Proposition 1 and Remark 1
reduce to the classical results of Pompeiu [P1], [P2] and of Vekua [V].

Remark 3. Based on the technique of [HP], one can construct an explicit formula
not only for the main part R; of the R-operator, but for the whole operator R.

Proof of Proposition 1: Let Q(&,z) = {01(&,2),02(§,z)} be a pair of holomorphic
polynomials in the variables & = (&;,&;) and z = (z1,22) such that

Q@,&)g—g@ and

P(E)—PR) =01(§,2)(& — 1)+ 02(E,2)(& — 2) € (0(E,2),E 7). (1.3)

The conditions (i) and (ii) imply that for & small enough, there exists a
holomorphic retraction z — r(z) of the domain Ug, = {z € C*: |P(z)| < &} onto
the curve V.

Put Ue , = {z € C% |P(2)| < &, |z1| < r}, where 0 < € < & and r > ry. Put also
V¢ ={z€C? P(z) =c}, where c € C, |c| < &, and ®(z) = ®((z)), z € Ug,. The
condition @ € Lg,] (V') and properties of the retraction z — r(z) together imply that
0® =0on Ug, and

1®]|r(vey < const(V) - [| D] o), (1.4)
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uniformly with respect to c, for |c| < &. By results from [H] and [Po] we can choose
the following explicit solution Fe »on Ug , of the 0- -equation 8Fg = <1§|ug

Fer(2) —(2m> / (D/\det[ z,agé |:|/\d§|/\d€2

{_ (& —2)
(&1 —21)|E—2)?

+ / DN :| ANdE NdE,
EebUs ,: |&|=r

£z Q ]
1§ —22" P(§) = P(2)

+ / éAdet[ NE NG S | 2 Ueg.

EebUe : |P(E)|=¢
(1.5)

Property (1.4) implies that for any z € V, we have

/ <I)/\det{ |2,95|§ P }/\dél/\dézﬁo €—0 and
Eele,, _
DN [(iz—zz)z] AdETNAE =0, € — 0, 1 — oo,
(&1 =z 7
EebUe ,: |&y|=r

Hence for all z € V there exists lim F; , = F(z), where

ejo(z
N 1 ddE, E—z
Pl — - haet| 250069 (16
2m§e/v g_g(g) |E —z]2
From (1.5) and (1.6) it follows that
0-F|, = @(z). (1.7)

Now put F| = R ®. Using (1.2), (1.3), (1.6), and (1.7), we obtain

AR @), =5 [ @@ Adt[ag@)af_jz}
Eev
1 d&jl 1 FEE) G-z | |G -ndy
q>+2mée/v @(é)A MNE=: |4dtg_P(<§)7(§lim) A,

=®+KOD,
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where
L o@Endg (@)L (@60
K(D_Z”i.»;e/v i T e Ze o

The estimate R1® = F, € LP(V) follows from the property @ € LP(V) and the
following estimate of the kernel for the operator R;:

(Z10) |2, E5 o] =0y )ueai+ .

where ,z€ V.
For the kernels of the operators @ — K® and @ — J,K® we have the
corresponding estimates

(28(6).6~2) (2 (2),& -2 dE ndz,
ZE) &4 £

O(ﬁm(dﬁl +d&) A (dzy +dz)| if |-z <1,

(1.9

O(1) (€ +d&) A (dzy +dz)| if |E—2] > 1.

1
[E—]?

(5(8).6~2) (3£ (2).E ~2d&indz
AENE— ()

9

O(ﬁ) [(d&) 4+ dé&) A (dzy +dz2) A (dZ) +dzZ2)] if [E—2]>1,
EzeV
(1.10)
These estimates imply that for all p > 2 and p > 1, one has

@y & KD e Wy (V)NL], (V). (1.11)

From estimates (1.9)—(1.11), it follows that the (0,1)-form @y = K® on V can be
considered also as a (0,1)-form on the compactification V of V in CP? belonging to
the spaces WOl 7 (V) for all p < 2, where V is equipped with the projective volume

form dd‘1In(1 + |z]?).
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From the Hodge—Riemann decomposition theorem [Ho], [W], we have
Dy = 9 (*Gdy) + Hby, (1.12)

where H®) € Hy 1 (V), and G is the Hodge-Green operator for the Laplacian d0* +
d*0 on V with the properties

G(Ho1(V)) =0, 0G=Gad, 3*G=Gd".
The decomposition (1.12) implies that
d*GPy c WHP(V), p € (1,2) and Hdy € Ho 1 (V),

and this in turn implies that 9*G®y € C(V). Returning to the affine curve V with
the Euclidean volume form, we obtain that

def

= GK<I)|V€W1’1’( ), Vp > 2, where

WP (V) S F e L7 (V): OF e 1 (V)},
and P < HKD|, € HY,(V), p> 1. (1.13)

Now put R = Ry + Ry. Then for all ® € L] (V), we have Ry® € W!7(V) and
R® e L= (V)ULP(V).

By Corollary 1 below, which is based only on (1.13), it follows that for any form
@ € L{,(V), one has a limit

. = def
lim R®(z) = ROD(eo).
2€Vj

Put Ry®@ = Ry@ — R®P(e<;) and R® = R® — RP(o;). We then have property (1.1)
for R = R; + Ry. This concludes the proof of Proposition 1.

Corollary 1. Let F € L™(V) and dF € L, (V), 1 < p < 2. Then for all j €

{1,...,d}, there exists a limit lim F(z) défF( i) such that (F — F (co €L’
EEVj

Dl

Proof. Put 0F = ®. Then by (1.13) we have R® € L=(V) ULP(V) and d(F —
R®) = HP. Then the function 7 = F — R® is harmonic on V. The estimates F €
L>(V)and R® € LP(V)UL>(V) imply by the Riemann extension theorem that & can

be extended to a harmonic function 2 on V. Hence, one has h = F — R® = const = c.

This implies that there exists lim F(z) =c; d—EfF( ;). Corollary 1 is proved.

€V

Corollary 1 admits the following useful reformulation.
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Corollary 2. In the notation of Proposition 1, for any bounded function y on 'V
such that dy € LP(V), 1 < p < 2, the following formula is valid:

where Rydy € WHP(V), 1/p=1/2—1/pand Rydy(z) — 0, for V; > z — oo,

2 Kernels and Estimates for Jf =¢ with ¢ ¢ Lil(V)

Let ¢ be a (1,1)-form of class LT (V) with support in Vo = {z € V; |z1]| < ro},
where rq satisfies condition (ii) of Sect. 1.

If V = C, then by classical results from [P1] and [V], the Cauchy—Pompeiu
operator

dz ?(E) def 5
= [ A5 dfp
(szm/é—z ¢

sV

determines a solution f = Re for the equation d f = ¢ on C with the property
FEWT(@)NO1H(C\Vo) forall j>2.

In this section we derive an analogous result for the case of an affine algebraic
Riemann surface V C C2.
Let V\Vp = U‘}ZZIVj, where {V} are the connected components of V\Vp.

Lemma 1. Let @ =dz; |@ and f = Fdz; = (R®)dzy, where R is the operator from
Proposition 1. Then

(i) L (Vo). pe1,2), ®=00nV\Vy
(i) Fl, € W'P(Vo) forall p€ (1,2), f € W,{g}(V)foi all p € (2,00), IF = & —
HD, where H is the operator from Proposition 1, d f = ¢ — (H®) Adzy, and
1E = v\v) + 1 llo(vg) < const(V, p)|@llov), 1/5=1/p —1/2;
(iii) If, in addition, @ € W1(V), then f € W>P(V)).
Proof. (i) The property @| yy, = 0 follows from (P|V\V0 =0.
Put Vi = {z € Vo; £| g—£| > | g—g |}. The definition @ = dz] ¢ implies that

®|,. = @"dz;, where @ € L”(V;") and
J

@|, =® dz/(dz1/022), where @~ € L™(Vy). 2.1)
J

The properties (2.1) imply that @ € Lg,l (Vo) forall p € (1,2).
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(ii) The equalities dF = @ — H® and df = @ — (HP) Adz follow from
Proposition 1 together with the definitions @ = dz;|¢ and f = Fdz;. The
inclusions F € L*(V\V}) and F|VO € W'P(V) follow from the formula F =

R® and Proposition 1. The inclusion f € Wll_‘oﬁ (V) follows from the equalities
Of = @ — (3®) Adzy, f = Fdzy, and Proposition 1.

(iii) If, in addition, ¢ € W117’1°°(V), then f € Wﬁ ’({7(V). This follows from the
equalities above with ¢ € W117’1°°(V) and supp, @ C V.

Lemma 2. For each (0,1)-form g € H&l (V) there exists a (1,0)-form h € L‘io(f/)

(1 < p <2), unique up to adding holomorphic (1,0)-forms on V, such that

ohl, = gdz. (2.2)

Proof. For any g € H (V) the (1,1)-form g A dz; determines a current G on ¥ by
the equality

d
(G.x) —h Z /x %j(e0))gdzi + x (o) / gNdzy |,

V; {z€Vj; |zi|<r}

where y € C(®)(V), £ >0, and (o) = Ig‘l} x(2).
Vi
Zse

By Serre duality [S], the current G is d-exact on V if and only if

(G, 1) = lim / gAdz =0, (2.3)
R—yo0
{z€V; |z1|<r}

Let us check (2.3). We have

gNdzy = — / NG
{zeV: |z1|<r} {zeV: [z1|=r}

Putting w; = 1/z; into the right-hand side of this equality, we obtain

d
gnds = =Y [ gl <o
{zeV: |z|<r} JZI\W1\=1/V

Here the last equality follows from the properties

gj(wr)dw; = g‘vjn{\w”gl/r} and g; € O(D(0,1/r)).
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Hence by (2.3), there exists h € L}’O(V) such that equality (2.2) is valid in the sense
of currents. Moreover, any solution of (2.2) automatically belongs to Lf 0(\7), 1<

p < 2. Such a solution & of (2.2) is unique up to holomorphic (1,0)-forms on Vv
because the conditions i € LY (V) and dh =0 on V imply that  extends as a

holomorphic (1,0)-form on V.

Notation: Let H*: HY (V) — L} (V) (1 < p < 2) be the operator defined by the
formula g — Hg, where (g is the unique solution % of (2.2) in L’f 0(\7) with the
property

/h/\gzo for all geH({](V).
v

Lemma 2 guarantees the existence and uniqueness of H'g € Lf 0(\7) for any g €
Hf (V).

Proposition 2. Let R be the operator defined by formula (1.1), and H the operator

defined by formula (1.13). For any (1,1)-form ¢ € L} (V) NLS, (V) with support

in Vo, put / '
Rp=R'¢o+R, (2.4)

where
R'¢ = (R(dzi]@))dzi, ROp=3"oH(dzi]g).

Then B
IRp = ¢, (2.5)

f=Fdz =R e W, (V) forall € (2,e0),

F|, €W (V) forall p € (1,2) (2.6)

w ()
C .
and f‘V[ :](Z]?dzl—l—bldzl’ if |Z]|ZV().

Herel=1,...,d, and by =0 forl = j.

Proof. The properties (2.5) and f = R € WI{'OI’(V) follow from Proposition 1 and
Lemmas 1 and 2. The properties (2.5) and (p|v\v0 = 0 imply analyticity of f on
V\Vo. The series expansion (2.6) follows from the analyticity of f ’V\Vo and the
inclusion f’v\vo € LT(V\Vo).

Supplement. Let Vo = {z € V : |z1| < 7y}, where 7 > ry. If supp C V and

g
<(p - c15(z,al)> €LY, (V), where a; € V;y NV,
=1
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then

(zéq) -3 CIR(5(Z7611))) W V).

=1

3 Kernels and Estimates for (0+Adzy)u =f, with f € W}*Z(V)

If V = C, then the equation du + Audz; = f was also introduced by Pompeiu [P2].
One can check that this equation can be solved by the explicit formula

/ (HE(E)ag

§-z

- LE-LE £
elz*lzu(z) — 1 : / € _ f(é)dé d;f lim 1 .
2mi E—z r—oo 27TI
ceC {EeC: []<r}

For a Riemann surface V = {z € C?>: P(z) = 0} we will obtain the following
generalization of this formula.
Proposition 3. Ler f = Fdzy be a (1,0)-form as in Proposition 2, i.e., F|V0 €
WP (Vo) forall p € (1,2), f € Wll"(f(V)for all p € (2,0), and suppdf C Vy. Let
er(8) = r-28 pyr |

— dﬁf_L - . dE] a_P é_z
Rl(e;tf)— 27tir1ﬂ°°{gevé<r} k(é)f(g)ap/aé—z det[aé—(é) |€ Z|2:|

Put also H f def J-f_f where H is the operator from Proposition 1. Finally, let
u=Ryf =Ry f+R)S, (3.1)
where R} f+R) f = e_;(2) - Ry (3 f) + e_(2) - Ro(ex f), with Ry and Ry being the

operators from Proposition 1.
Then for all A # 0 one has the following:

(i) (d+Adz1)Ryf = f—3y(f), where 30, (f) = e_3(2)H (e f).
(ii)

[l = w(oor) || L=(v) <

const(V, p) - min <\/—— 7) (1F o vy + I1F lli=ovwe) + ||3F||L11’70(V)),

ngHL’,"”O(V) < const(V,p) - H&F||Lf10(v)7 where 1/p=1/p—1/2,1=1,...,d.
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(iii) In addition, if || < 1, then

const(V, p
1+ 2 o — o) oy < #(HFUWM o),

11+ [z1)dull 5y vy < const(V, p)(VIA[+ D IF s v
+IFllz=v\vp)), VP > 2.
Supplement. Put
V) = {usuly, € L275(Vo), uly,g, € LFE(V\Vo)).
If f = fo— fi, where f € Wl{-g(v), suppdfo C Vo, and f = él cR(8(z,a))), ay €

Vi N Vo, then instead of (i)—(iii) we have (i) and the following conclusion:

(ii") We have

const(V,p) . _ — :
IR~ Raf(eo)leegyy < VP min(2 12, ) (ufonwgbﬁzm),
S

const(V, p
19R, fl sy < SAY-P) (Ifol D) |cl|)

const(V, p) S _
0o < — 7 15 .
||f]{;b(f)||L1‘0(V)_ A 1AD <||f0|W11‘,5, +1:zi|q| , where p>2,0<e<1/2

Lemma 3. Put

w(E)dEnds

El-1E—2|
{EeC: [E]<p} el-18 ==

where @ € LP(Vy), p > 1. Then for any € > 0 and any p > 2, one has the estimate

J(z) =

1
@) < 500 2P/) - [yl aseyeyy

Proof. Using the notation ||yl = ||y|| L(+€)/e(y,)» We obtain from the expression
for J(z) the following estimates:

1/(1+€)
|d€ A dE]
V(2)] < ] g Nwlle
IEl<p
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p I 1/(1+¢)
<ol [%]: vl
= e ) (r= |z||+|z|(p>1+f Ve
r=0 0
p | 1/(1+¢€)
dr 1 do
<ol [Som [ = wle
J T (E=1+e)
p 1/(1+€)
<10 /drl< 1 - 1 ) H ||
“e S FRNr=TFE T U=+ D¢ Ve

From the last estimate we deduce

I P 1/(1+e)
1 (1 dr elz] .
< = — R <
V(z)| < 80(|Z </ NG +/ r£r£r> [wlle, if 2] <p,
0

P 1/(1+€)
1 1 d .
wai@ < 30( 5 [ )) Il it =p.

lz| J rez|®
0

These equalities imply

1 1 2¢e/(1+¢)

(@) <20 <(|7) >|Iw|ls, if [ <p,
1 1 (1—€)/(1+¢€)

V@)= 20 P lwlle, if |z[ = p.

Putting |z| = 7, we obtain finally that

p

1 dr ey [t 7 1 ;
I llzoc) < < P /W e /ﬁ_ ||‘I/||s§5 P A e
p

Lemma 3 is proved.
Proof of Proposition 3:
(i) We have
(0 +Adz1)Ry f = (04 Adzy)e_; (z) - R(é) f)

=d(e_1(2)) R(erf) +e-2(x)9(R(€1f)) + Adzie_3(2) - R(érf)
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= (—Adz; +Adz1)e_y (z) - R(é.f)

te_;(2)- (er(@)f —Herf) = f—e 1 H(erf) & f =3, f,

where we have used the equality (1.1) from Proposition 1.
Let r > ro. Let the functions y+ € C()(V) be such that y, +y_ =1onV,

suppy+ C {§ €V |&i| < 2r}, suppy- C{S €V :[&i = r}, and |dy+| =
O(1/r). We then have u = u; +u_, where

ur(z) =Ry (x=f)- (3.1)+

Using the properties f € L*(V) and |ey| = 1, in combination With the

equality duy = yFdz; — Auydz; — Hy (x+f), we obtain for u and ot the
estimates

11+ 12} (w4 (2) = - (e20) =) = O f Iy vys L= 1o d,s

11+ 2D us (2| ez v) = OAr + DI f Iz v)- (3.2)

In order to estimate u_, we transform the expression (3.1)_ using the series
expansion (2.6) for f ‘ v.» and we integrate by parts. We thus obtain
J

u (D) =Ry f=Rx f+Ryx f

e / eta-A8(dy )F A det[2E(8),6 2]

omi A L) 12

Eev

- d&i nd& det [2£(2),6 ]
e 7L el -1§ k 9¢
2 12/ - (21 é"“) 2@ g P

éev,
13 B -
_e—l(z)% / elélfiéleFag det(gg_é Z}dél
] o0 )
2mi A L&) g~
+€_)L(Z)R()(exx,f), 3.3)

where the operator Ry = d*GK is defined by (1.13). Using Corollary 2 we have, in
addition,
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et [ —7|déE
B e%@% [ ey ra (d t[;jg (£). z]dzgl)

21i toy 3—-2(5)|<§*Z|2
= ar @F 0 - P2 L R@ear F)

= st FE) ~ FED LRl ).

Putting the last equality into (3.3) and making use of the properties |e; | = 1,

O(1/r), du_ = y_Fdz; — Au_dz; — K, (x—f), and the property of Ry, we obtain
from Proposition 1

11+ Jza]) (e = e (o21)) | = vy

1
0<|7L )(HFLP wo) FIF l=vg)) + 111+ [z1)Ro(en x— 1)l = (v
1 _
3yl (DRI (2 -F)lle=w) <0(|/1| )||F||L,3(V)7 I=1,..d

Ju_
and ||(1+|Z1|)a_zl||1f’(v) =0(1/r+ D)(IFllavy) + I1Fll =) (3.4)
The estimates (3.2) and (3.4) imply

(1 |z]) (e = e(00)) | =y

=0 (r+ g7 ) (Pl + 1N
and [|(1+ |Z1D3u||L‘;jO(V)
= O(|Alr+1/r+ D)([|F | oy + 1Fll = r\vg) ) VP > 2. (3.5)
Putting in (3.5) r =ry/ \/|7L_| , we obtain (iii).

(ii) For proving (ii), let us put r = 7y and transform (3.1) ;. for u in the following
way:

us(2) =Ryx+f =—

/ - kéldX+F/\d§1det[ ,5(5) 5_4
|€1§ 8-52(@ =P

27ri
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a1 [ O aF A det[$£(9).6 ]
i A ) g <P

+e_2(2)Ro(exx+f), (3.6)

where Ry is the operator from Proposition 1. Using the last expression for u (z),
together with the property F ’Vo € WP (Vp) and Corollary 2, we obtain

[l llz=(vy = O/ ) F i1 vy (3.7)

This inequality together with (3.4) and statement (iii) proves the first part of
statement (ii). Formula u = R, f implies d,u = f — Adzju — 3, f. From this
and from the already obtained estimates for u#, we deduce the second part of
statement (ii):

19ull 7 vy < const(V, )IOF Iz v

(i)' In order to prove in this case the estimate for u = R; f with |A| < 1, we combine
the arguments above with Lemma 3, and obtain instead of (3.5) the following:

8
e atlzieqy < 30 (r+ 577 ) <||fo||v~vllg(v>+lzl |Cz|>

A 1+r d ,

Putting in 3.5 r=ry/ \/| %], we obtain the required estimate for R; f with [1] < 1.
To prove the estimate for u = R, f with |A| > 1, we use (3.6) and the Calderon—
Zygmund L>~¢-estimate for the singular integral on the right-hand side of (3.6).

In order to prove the statement concerning H; f, we just perform an integration
by parts in the expression

10 = e ileaf) = Sea(@) | (@) na | o)

\
g .
where f = fo+ Y ¢;R(8(z,a;)), and where {@;,/ = 1,...,g} is an orthonormal
=1

basis of holomorphic (1,0)-forms on V.
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4 Faddeev-Type Green Function for d(d + Adz;)u = ¢
and Further Results

Let R be the operator defined by formula (2.4) and let R, be the operator defined by
formula (3.1).
Proposition 4. Let ¢ € LT (V) with supportin Vo ={z €V : |z1] < ro}, where ro

satisfies the condition of Sect. 1. Then for u = Gy ¢ & R o RQ, where A # 0, one
has

(i) 9(d +Adz))u = @ +Adz; AF, (Rp) on V.
(ii) We have

[[ull=(v) < const(Vo, p) -min(1/\/[A[, 1/|AD) [[@l s (vg): P> 2,

19ull 7y, < const(Ve, ) [l vy 7> 2

Supplement. If we can write ¢ = @y + @;, where @y € LY, (V), supp @y C Vo, and
g _
@1 = Y ic;8(z,a;), with a; € Vi) NVp, then instead of (i)—(ii) we have (i) and the
=1

following conclusion:

(i)’ We have
- 12 1 -
(|t — u(oop) || 2+e(y,) < const(V,€) -min ([A]~ 20417 1ol vy + 21|Cj| 7
=

8
19ull 22 ) < const(V;€) <|(P0||L‘fl(vo) +3 |Cl|> ,
; =1

where 0 < £ < 1/2.

Proof. By Proposition 2 we have
f=Fdzy=Rp e W/J(V) Vp e (2,), F|, eW"P(Vo)Vpe(1,2).

Propositions 2 and 3 imply that u = R; o Rp € W'?(V'). Let us now verify statement
(i) of Proposition 4. From Proposition 3(i), we obtain

(04 Adz1)u = (9 +Adz1)Ry o Rp = Rp + H; (Rp), where
3, (Rp) = e H(eyRo). (4.1)
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From (4.1) and Proposition 2 we obtain
9(d +Adz))u= @ +3(Hy(Rp)) = ¢ + Adz; AFy (R),

where we have used that H(R¢) € Hy o(V).
Property 4(ii) follows from Proposition 3(ii), (iii). The supplement to Proposition
4 follows from the supplement to Proposition 3.

Definition 1. We define the Faddeev-type Green function for d(d 4 Adz;) on V as
the kernel g (z, &) of the integral operator R; o R.

Definition 2. Letq € Cy 1 (V) be a form with suppg contained in Vy, and let g denote
the genus of V. The function y(z,4), z € V, 2 € C, will be called the Faddeev-
type function associated with the potential ¢ and the points ay,...,as € V\Vy
if VA € C\E, where E is closed nowhere dense subset in C, the function y =
w(z,A)e *%1 has the following properties:

; g
(9 + Adzy ) = éqwilzlcla(z,a,) and Jim p(z.2) = 1,

zeVy
(= pl=p)y, €L7(V)), p>2,j=1,00d,

where 6(z,q;) is the Dirac measure concentrated at the point g;.

Based on the Faddeev-type Green function g, (z,&), and on Proposition 4, we
have in [HM] extended the Novikov reconstruction scheme from the case X C C to
the case of a bordered Riemann surface X C V.

Definition 3. Let {®,} be an orthonormal basis for the holomorphic forms on V.

An effective divisor {ay,...,a,} on V will be called generic if

@j
det [d_zl(ak)‘j,kzll,...,g #0.

Lemma 4. Let {a;} be a generic divisor on'V. Put

AQ)=det| [ RGEap)na@eraal ],
Eev

|A(A)]e = sup [A(X)],
A —Al<e

where R is the operator from Proposition 2. Then for all € > 0, one has limy_,.,|A8 -
A(L)] < oo, limy ,,|A8-A(A)|e > 0, and the set

E={1e€C: A(A) =0} isaclosed nowhere dense subset of C. (%)
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The following is a corrected version of the main results from [HM]:

1. Let X be a domain with smooth boundary on V such that X D Vo, X CY C V.
Let 6 € C?(V), 6 >00nV,and 6 =1 on V\X. Let ay,...,a, be a generic
divisor on Y\X, satisfying condition (*). Then for all A € C\E, there exists a
unique Faddeev-type function y(z,A) = i (z, A )e*?! associated with the potential
q= %\6@ and the divisor {a;}. Such a function can be found (together with

constants {c¢;}) from the integral equation

u(zA)=1+= /g;tzi (&,2)q +ch, )& (z.ar), (4.2)
.’;eX
where
—fHA zczgﬁ (z,ap))
p(zA) =1, z€Vy, z—e, A €C\E. (4.3)

The relation (4.3) is equivalent to the system of equations

& [0)
2 ey(A)etin i X (g) =

dz
iz (dd\/o = o,
— /e“"“l (—\/_—2i81n\/5/\81n\/5>u(z,7t)—_k(z),
Vo dz;
zeX
where k = 1,...,¢ and {®;} is an orthonormal basis of holomorphic forms

onV.
2. Forall A € C\E, the restriction of u = e *%1y(z, 1) to bX can be found through
Dirichlet-to-Neumann data for ¢ on bX by the Fredholm integral equation

BEA |t [ (e OPRER) T ) =141 Y iz ), (44
Eebx J=1

where —I = lim [ pd(d + Ad&))gy + hm [ [dgimo + gr(0 +

€01 z|>e TlE =R

—jzamg%q:(/Z#@+l&ﬂﬂ=Q k=2,...8+1,  (45)

zebX

and L is the solution of the Dirichlet problem

90 +Adzi)toly =0, Holy\y = Ky y-
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The parameters {a;;} (the first coordinates of {a;}) are supposed to be distinct.
Equations (4.4) and (4.5) are solvable simultaneously with (4.2), (4.3).
The relations (4.5) are equivalent to the equality

- g
a(d +7Ldzl)u|v\x =i c;b(z,a)).
=1

3. The Faddeev-type function u = v(z,A)e 1 satisfies the Bers—Vekua-type
d-equation with respect to A € C\E:

a“(;;/l) _ b(k)ﬂ(z,k)ehl_hl, (4.6)

where

lim K240,
zEV)

with [ = 1,...,d. The function b(1), referred to as nonphysical scattering data,
can be found by (4.6) through u | bX"
In addition, the following important formulas for the data b(A) are valid:

2mi 2mi

- ; - g -
d-i-b(l):—L / elzvliléuzL / %elzlflzlq'u_‘_izCjelaj«,lfla_.i.l,
z€bY zeX j=1

(4.7)
where A € C\E.

On the basis of (4.3), (4.7), and Proposition 3, one can derive the estimate

|2 -b(2)| < const(V,0)(1+|A])4|A(X)|~!, A €C\E. (4.3)

4. Let us suppose now that the divisor {aj,...,a,} on Y\X is such that the
exceptional set E in C consists of isolated points Ay,..., Ay, N < oo, and

|A(A)| > const(V)dist(A,E) if dist(A,E) < const. (4.9)

Then the reconstruction procedure for |, . and |, through scattering data
b| ¢ can be done in the following way.

The relations (4.2), (4.3), combined with the inequalities (4.8), (4.9), imply
that the d-equation (4.6) can be replaced by the singular integral equation

dénde 1 X o
Ea a2 7

=1

1 . _

_ I i —-Euy —_

(-5 tim [ b )
C\U{|E—4|<6}
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- _L/b(g)eleémdgﬂ where

27 2
77:1(C £
W = lim / beta 6 dE AdE = lim / wdé = 0,(1),
60 650
|E—-2[<8 |E—2|=6
I=1,2,...,N, A €C\E. (4.10)

This equation is of Fredholm—Noether type in the space of functions
A (LCA) = 1) =11 [AQ)|(1+]A[%) € LP(C), > 2.

In contrast to the planar case, when d = 1, g =0, (4.10) does not necessarily have
a unique solution. This makes it possible to find a basis of independent solutions
of (4.10) for almost all z; € C:

Az A), k=1,2,....d, A€C, d>d.
Put

p(z1,22,A) = p(z1,22,5(z1), 4 Z)/]k 21)ti(z1,4),

where (z1,22) = (z1,22,j(z1)) € V. j = 1,2,....d. The condition for the form
= '9(d+ Adz;)u to be independent of A allows us to find (maybe not uniquely)
the coefficients y; ¢ (z) in the expression for p(z;,22,4). The equalities

ldd\/—| |
27 Jo =dix =

finally permit us to find all ¢ and ¢ with given scattering data b|

The uniqueness of the reconstruction of u‘ yxc and O" y from the data b on
C\ E is plausible but still unknown. Nevertheless, the unique reconstruction of
G‘  from Dirichlet-to-Neumann data of the equation d(cdU )‘ y = 0 can be
obtained using Dirichlet-to-Neumann data not just for a single function, but for
a family of Faddeev-type functions depending on a parameter 0:

w90+ 2dz)ul,

Vo(z,A) = CMZWGZZ)UQ(Z] Zz,/’L), where

9(9+A(dzy + 0dz)) g = —qug +12c,5 z,a;) and lim Ug(z,A) =1,

ZEV]
(o — po(=2)))|y, €L7(V)), p>2, A€C\Eg, j=1,....d;

see [HN].
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Remarks on Khovanov Homology
and the Potts Model

Louis H. Kauffman

Dedicated to Oleg Viro on his 60th birthday

Abstract In the paper we explore how the Potts model in statistical mechanics
is related to Khovanov homology. This exploration is made possible because the
underlying combinatorics for the bracket state sum for the Jones polynomial are
shared by the Potts model for planar graphs. We show that Euler characteristics of
Khovanov homology figure in the computation of the Potts model at certain imag-
inary temperatures and that these aspects of the Potts model can be reformulated
as physical quantum amplitudes via Wick rotation. The paper concludes with a
new conceptually transparent quantum algorithm for the Jones polynomial and with
many further questions about Khovanov homology.

Keywords Khovanov homology ¢ Potts model ¢ Jones polynomial ¢ Bracket
state sum ¢ Dichromatic polynomial

1 Introduction

This paper is about Khovanov homology and its relationships with finite combina-
torial statistical mechanics models such as the Ising model and the Potts model.
Partition functions in statistical mechanics take the form

Zg =Y el"VHE(©)
o
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where o runs over the different physical states of a system G, and E (o) is the energy
of the state ¢. The probability of the system being in the state ¢ is taken to be

prob(c) = el ~V/KEW@) /7.

Since Onsager’s work showing that the partition function of the Ising model has a
phase transition, it has been a significant subject in mathematical physics to study
the properties of partition functions for simply defined models based on graphs G.
The underlying physical system is modeled by a graph G. and the states o are certain
discrete labelings of G. The reader can consult Baxter’s book [4] for many beautiful
examples. The Potts model, discussed below, is a generalization of the Ising model,
and it is an example of a statistical-mechanical model that is intimately related to
knot theory and to the Jones polynomial [8]. Since there are many connections
between statistical mechanics and the Jones polynomial, it is remarkable that there
have not been many connections between statistical mechanics and categorifications
of the Jones polynomial. The reader will be find other points of view in [5, 6].
The partition function for the Potts model is given by the formula

PG(Q; T) — ZC(J/kT)E<G) — E:eKE((F)7
(o) o

where o is an assignment of one element of the set {1,2,...,0} to each node of
the graph G, and E (o) denotes the number of edges of a graph G whose end nodes
receive the same assignment from . In this model, ¢ is regarded as a physical state
of the Potts system, and E(0) is the energy of this state. Here K = J %, where J
is =1 (ferromagnetic and antiferromagnetic cases), k is Boltzmann’s constant, and
T is the temperature. The Potts partition function can be expressed in terms of the
dichromatic polynomial of the graph G. Letting

v=ef— 1,

it is shown in [12, 13] that the dichromatic polynomial Z[G](v, Q) for a plane graph
can be expressed in terms of a bracket state summation of the form

OO =00+0 0D,
with
{O} =0
Then the Potts partition function is given by the formula

Pe = Q"*{K(G)},
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where K(G) is an alternating link diagram associated with the plane graph G
such that the projection of K(G) to the plane is a medial diagram for the graph.
This translation of the Potts model in terms of a bracket expansion makes it possible
to examine how the Khovanov homology of the states of the bracket is related to the
evaluation of the partition function.

There are five sections in this paper beyond the introduction. In Sect. 2, we review
the definition of Khovanov homology and observe, in parallel with [27], that it is
very natural to begin by defining the Khovanov chain complex via enhanced states
of the bracket polynomial model for the Jones polynomial. In fact, we begin with
Khovanov’s rewrite of the bracket state sum in the form

(X0 =X =40 <),

with (O) = (¢+ ¢ !). We rewrite the state sum formula for this version of the
bracket in terms of enhanced states (each loop is labeled +1 or —1 corresponding
to gt and ¢! respectively) and show how, by collecting terms, the formula for the
state sum has the form of a graded sum of Euler characteristics

(K) = X0/ 3 (1) dim(€") = 3¢/ x(e") = Ta/x(3),
J t J J

where @'/ is a module with basis the set of enhanced states s with i smoothings of
type B (see Sect. 2 for definitions), H*®/ is its homology, and j = j(s), where

J(s) = np(s) +A(s),

where np(s) denotes the number of B-smoothings in s and A4 (s) denotes the number
of loops with positive label minus the number of loops with negative label in s.
This formula suggests that there should be differentials d : €/ — C*1:/ such that
J is preserved under the differential. We show that the restriction j(s) = j(d(s))
uniquely determines the differential in the complex, and how this leads to the
Frobenius algebra structure that Khovanov used to define the differential. This
part of our remarks is well known, but I believe that the method by which we
arrive at the graded Euler characteristic is particularly useful for our subsequent
discussion. We see clearly here that one should look for subcomplexes on which
Euler characteristics can be defined, and one should attempt to shape the state
summation so that these characteristics appear in the state sum. This happens
miraculously for the bracket state sum and makes the combinatorics of that model
dovetail with the Khovanov homology of its states, so that the bracket polynomial
is seen as a graded Euler characteristic of the homology theory. The section ends
with a discussion of how Grassmann algebra can be used, in analogy with de
Rahm cohomology, to define the integral Khovanov chain complex. We further note
that this analogy with de Rahm cohomology leads to other possibilities for chain
complexes associated with the bracket states. These complexes will be the subject
of a separate paper.
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In Sect. 3 we recall the definition of the dichromatic polynomial and the fact
[12] that the dichromatic polynomial for a planar graph G can be expressed as a
special bracket state summation on an associated alternating knot K(G). We recall
that for special values of its two parameters, the Potts model can be expressed as
a dichromatic polynomial. This sets the stage for examining the role of Khovanov
homology in the evaluation of the Potts model and the dichromatic polynomial. In
both cases (dichromatic polynomial in general and the Potts model in particular),
one finds that the state summation does not so easily rearrange itself as a sum
over Euler characteristics, as we have explained in Sect. 2. The states in the bracket
summation for the dichromatic polynomial of K(G) are the same as the states for
the bracket polynomial of K(G), so the Khovanov chain complex is present at the
level of the states.

We clarify this relationship using a two-variable bracket expansion, the p-
bracket, that reduces to the Khovanov version of the bracket as a function of ¢ when
p isequal to 1:

X1=0X1-4apD (]

with

[Ol=g+q".

We can regard this expansion as an intermediary between the Potts model (dichro-
matic polynomial) and the topological bracket. The p-bracket can be rewritten in
the following form:

[K] = X (=p)'q’dim(C7) = ¥ ¢’ 3 (~p) dim(€7) = X¢/xp (C*/),
J l J

i.J

where we define €7 to be the linear span of the set of enhanced states with
np(s) =i and j(s) = j. Then the number of such states is the dimension dim(C%).
We have expressed this p-bracket expansion in terms of generalized Euler charac-
teristics of the complexes C*/:

X%p(C*7) =3 (=p)dim(CY).

i

These generalized Euler characteristics become classical Euler characteristics when
p =1, and in that case, are the same as the Euler characteristic of the homology.
With p not equal to 1, we do not have direct access to the homology. In that case,
the polynomial is expressed in terms of ranks of chain modules, but not in terms of
ranks of corresponding homology groups.

In Sect. 3 we analyze those cases of the Potts model in which p = 1 (so that Euler
characteristics of Khovanov homology appear as coefficients in the Potts partition
function), and we find that at criticality this requires Q =4 and e = —1 (K = J /kT
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as in the second paragraph of this introduction), hence an imaginary value of the
temperature. When we simply require that p = 1, not necessarily at criticality, then
we find that for O =2 we have eX = +i. For Q = 3, we have ek = %‘E’ ForQ=4
we have eX = —1. For Q > 4 it is easy to verify that eX is real and negative. Thus
in all cases of p = 1 we find that the Potts model has complex temperature values.
Further work is called for to see how the evaluations of the Potts model at complex
values influence its behavior for real temperature values in relation to the Khovanov
homology. Such relationships between complex and real temperature evaluations
are already known for the accumulation of the zeros of the partition function (the
Lee—Yang zeros [20]). In Sect. 5 we return to the matter of imaginary temperature.
This section is described below.

In Sect. 4 we discuss Stosic’s categorification of the dichromatic polynomial,
which involves using a differential motivated directly by the graphical structure and
gives a homology theory distinct from Khovanov homology. We examine Stosic’s
categorification in relation to the Potts model and again show that it will work (in
the sense that the coefficients of a partition function are Euler characteristics of the
homology) when the temperature is imaginary. Specifically, we find this behavior for
K =in+In(g+¢*+---+4¢"), and again the challenge is to discover the influence
of this graph homology on the Potts model at real temperatures. The results of this
section do not require planarity of the graph G.

More generally, we see that in the case of this model, the differential in the
homology is related to the combinatorial structure of the physical model. In that
model, a given state has graphical regions of constant spin (calling the discrete
assignments {1,2,...,0} the spins). We interpret the partial differentials in this
model as taking two such regions and making them into a single region, by adding an
edge that joins them, and reassigning a spin to the new region that is a combination
of the spins of the two formerly separate regions. This form of partial differential is a
way to think about relating the different states of the physical system. It is, however,
not directly related to a classical physical process, since it invokes a global change
in the spin configuration of the model. (One might consider such global transitions
in quantum processes.)

The Stosic homology measures such global changes, and it is probably the
nonclassical physicality of this patterning that makes it manifest at imaginary
temperatures. The direct physical transitions from state to state that are relevant
to the classical physics of the model may indeed involve changes of the form of
the regions of constant spin, but this will happen by a local change, so that two
disjoint regions with the same spin join into a single region, or a single region of
constant spin bifurcates into two regions with this spin. These are the sorts of local-
classical-time transitions that one works with in a statistical-mechanics model. Such
transitions are part of the larger and more global transitions that are described by
the differentials in our interpretation of the Stosic homology for the Potts model.
Obviously, much more work needs to be done in this field. We have made some first
steps in this paper.
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In Sect. 5 we formulate a version of Wick rotation for the Potts model so that it
is seen (for imaginary temperature) as a quantum amplitude. In this way, for those
cases in which the temperature is pure imaginary, we obtain a quantum-physical
interpretation of the Potts model and hence a relationship between Khovanov
homology and quantum amplitudes at the special values discussed in Sect. 3.

In Sect. 6, we remark that the bracket state sum itself can be given a quantum-
statistical interpretation, by choosing a Hilbert space whose basis is the set of
enhanced states of a diagram K. We use the evaluation of the bracket at each
enhanced state as a matrix element for a linear transformation on the Hilbert
space. This transformation is unitary when the bracket variable (here denoted as
above by ¢g) is on the unit circle. In this way, using the Hadamard test, we obtain
a new quantum algorithm for the Jones polynomial at all values of the Laurent
polynomial variable that lie on the unit circle in the complex plane. This is not
an efficient quantum algorithm, but it is conceptually transparent and it will allow
us in subsequent work to analyze relationships between Khovanov homology and
quantum computation.

2 Khovanov Homology

In this section, we describe Khovanov homology along the lines of [2, 19], and we
tell the story in a way that allows the gradings and the structure of the differential
to emerge in a natural way. This approach to motivating the Khovanov homology
uses elements of Khovanov’s original approach, Viro’s use of enhanced states for
the bracket polynomial [27], and Bar-Natan’s emphasis on tangle cobordisms [3].
We use similar considerations in our paper [17].

Two key motivating ideas are involved in finding the Khovanov invariant. First
of all, one would like to categorify a link polynomial such as (K). There are many
meanings to the term categorify, but here the quest is to find a way to express the link
polynomial as a graded Euler characteristic (K) = x,(H(K)) for some homology
theory associated with (K).

The bracket polynomial [11] model for the Jones polynomial [8-10, 28] is
usually described by the expansion

(X)=40X)+a70 (),

and we have
(KO) = (~A*—A72)(K)
()= (=A%) ()
(8= (A7) ().
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Letting ¢(K) denote the number of crossings in the diagram K, if we replace
(K) by A=<K)(K) and then replace A2 by —g~ ', the bracket will be rewritten in the
following form:

X0 =0 -400

with (O) = (¢ +¢~"). Tt is useful to use this form of the bracket state sum for
the sake of the grading in the Khovanov homology (to be described below). We
shall continue to refer to the smoothings labeled ¢ (or A~! in the original bracket
formulation) as B-smoothings. We should further note that we use the well-known
convention of enhanced states, where an enhanced state has a label of 1 or X on each
of its component loops. We then regard the value of the loop ¢+ ¢~ as the value of
a circle labeled with a 1 (the value is ¢g) added to the value of a circle labeled with
an X (the value is ¢~'). We could have chosen the more neutral labels of +1 and
—1 so that

gl = +l=1
and
g le—=-1=X,

but since an algebra involving 1 and X naturally appears later, we take this form of
labeling from the beginning.

To see how the Khovanov grading arises, consider the form of the expansion of
this version of the bracket polynomial in enhanced states. We have the formula as a
sum over enhanced states s:

(K) =Y (~1)0)g/t),

N

where np(s) is the number of B-type smoothings in s, A(s) is the number of loops
in s labeled 1 minus the number of loops labeled X, and j(s) = ng(s) + A (s). This
can be rewritten in the following form:

(K) = 3(~1)iq/dim(e?),

where we define '/ to be the linear span (over k = Z/2Z, since we will work with
coefficients modulo 2) of the set of enhanced states with ng(s) =i and j(s) = j.
Then the number of such states is the dimension dim(C%).

We would like to have a bigraded complex comprising the ¥/ with a differential

9:C7 — el
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—

O o T
g = DOC

Fig. 1 Reidemeister moves

The differential should increase the homological grading i by 1 and preserve the
quantum grading j. Then we could write

Zq Z ) dim(C") Zq x(€%),

where y (€®/) is the Euler characteristic of the subcomplex C*/ for a fixed value of ;.

This formula would constitute a categorification of the bracket polynomial.
Below, we shall see how the original Khovanov differential d is uniquely determined
by the restriction that j(ds) = j(s) for each enhanced state s. Since j is preserved
by the differential, these subcomplexes C*/ have their own Euler characteristics and
homology. We have

X(H(€)) = x(€%),

where H(C*/) denotes the homology of the complex C*/. We can write
Zq x(H(C))

This last formula expresses the bracket polynomial as a graded Euler characteristic
of a homology theory associated with the enhanced states of the bracket state
summation. This is the categorification of the bracket polynomial. Khovanov proves
that this homology theory is an invariant of knots and links (via the Reidemeister
moves of Fig. 1), creating a new invariant that is stronger than the original Jones
polynomial.

We will construct the differential in this complex first for mod-2 coefficients.
The differential is based on regarding two states as adjacent if one differs from the
other by a single smoothing at some site. Thus if (s,7) denotes a pair consisting
of an enhanced state s and site 7 of that state with 7 of type A, then we consider
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all enhanced states s" obtained from s by smoothing at T and relabeling only those
loops that are affected by the resmoothing. Call this set of enhanced states S'[s, 7].

Then we shall define the partial differential d:(s) as a sum over certain elements
in §'[s, 7] and the differential by the formula

3(s) = du(s)

with the sum over all type-A sites 7 in s. It then remains to determine the possibilities
for d;(s) for which j(s) is preserved.
Note that if s’ € S'[s, 7], then ng(s’) = ng(s) + 1. Thus

i) =np(s") +A(s") = 1 +np(s) + A(5).
From this we conclude that j(s) = j(s') if and only if A(s') = A(s) — 1. Recall that
Als)=[s:+]=ls: ],

where [s : +] is the number of loops in s labeled +1, and [s : —] is the number of
loops labeled —1 (same as labeled with X) and j(s) = ng(s) + A(s).

Proposition. The partial differentials d;(s) are uniquely determined by the con-
dition j(s') = j(s) for all ' involved in the action of the partial differential on
the enhanced state s. This unique form of the partial differential can be described
by the following structures of multiplication and comultiplication on the algebra
A = k[X]/(X?), where k = Z/2Z for mod-2 coefficients, or k = Z for integral
coefficients:

1. The element 1 is a multiplicative unit and X* = 0.
2A1)=10X+X®@1land A(X) =X ®X.

These rules describe the local relabeling process for loops in a state. Multiplication
corresponds to the case that two loops merge to a single loop, while comultiplication
corresponds to the case in which one loop bifurcates into two loops.

Proof. Using the above description of the differential, suppose that there are two
loops at 7 that merge in the resmoothing. If both loops are labeled 1 in s, then
the local contribution to A (s) is 2. Let 5" denote a resmoothing in S[s, 7. In order
for the local A contribution to become 1, we see that the merged loop must
be labeled 1. Similarly, if the two loops are labeled 1 and X, then the merged
loop must be labeled X, so that the local contribution for A goes from 0 to —1.
Finally, if the two loops are labeled X and X, then there is no label available for
a single loop that will give —3, so we define d to be zero in this case. We can
summarize the result by saying that there is a multiplicative structure m such that
m(1,1)=1,m(1,X) =m(X,1) = x,m(X,X) =0, and this multiplication describes
the structure of the partial differential when two loops merge. Since this is the
multiplicative structure of the algebra A = k[X]/(X?), we take this algebra as
summarizing the differential.
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Now consider the case that s has a single loop at the site 7. Resmoothing produces
two loops. If the single loop is labeled X, then we must label each of the two loops
by X in order to make A decrease by 1. If the single loop is labeled 1, then we can
label the two loops by X and 1 in either order. In this second case we take the partial
differential of s to be the sum of these two labeled states. This structure can be
described by taking a coproduct structure with A(X) =X ®X and A(1) = 1@ X +
X ® 1. We now have the algebra A = k[X]/(X?) with product m : A ® A — A and
coproduct A : A — A ® A, describing the differential completely. This completes
the proof. a

Partial differentials are defined on each enhanced state s and a site T of type
A in that state. We consider states obtained from the given state by resmoothing
the given site 7. The result of resmoothing 7 is to produce a new state s’ with one
more site of type B than s. Forming s’ from s, we either amalgamate two loops
to a single loop at T or divide a loop at 7 into two distinct loops. In the case of
amalgamation, the new state s acquires the label on the amalgamated circle that is
the product of the labels on the two circles that are its ancestors in s. This case of
the partial differential is described by the multiplication in the algebra. If one circle
becomes two circles, then we apply the coproduct. Thus if the circle is labeled X,
then the resultant two circles are each labeled X corresponding to A(X) = X ® X.
If the original circle is labeled 1, then we take the partial boundary to be a sum
of two enhanced states with labels 1 and X in one case, and labels X and 1 in the
other case, on the respective circles. This corresponds to A(1) = 1@X +X ® 1.
Modulo two, the boundary of an enhanced state is the sum, over all sites of type
A in the state, of the partial boundaries at these sites. It is not hard to verify
directly that the square of the boundary mapping is zero (this is the identity of
mixed partials!) and that it behaves as advertised, keeping j(s) constant. There
is more to say about the nature of this construction with respect to Frobenius
algebras and tangle cobordisms. In Figs. 2 and 3 we illustrate how the partial
boundaries can be conceptualized in terms of surface cobordisms. The equality of
mixed partials corresponds to topological equivalence of the corresponding surface
cobordisms, and to the relationships between Frobenius algebras and the surface
cobordism category. The proof of invariance of Khovanov homology with respect
to the Reidemeister moves (respecting grading changes) will not be given here.
See [2,3,19]. It is remarkable that this version of Khovanov homology is uniquely
specified by natural ideas about adjacency of states in the bracket polynomial.

Remark on integral differentials. Choose an ordering for the crossings in the
link diagram K and denote them by 1,2,...,n. Let s be any enhanced state of K
and let J;(s) denote the chain obtained from s by applying a partial boundary at
the ith site of s. If the ith site is a smoothing of type A~!, then 9;(s) = 0. If the
ith site is a smoothing of type A, then J;(s) is given by the rules discussed above
(with the same signs). The compatibility conditions that we have discussed show
that partials commute in the sense that d;(d;(s)) = d;(d;(s)) for all i and j. One
then defines signed boundary formulas in the usual way of algebraic topology. One
way to think of this regards the complex as the analogue of a complex in de Rahm
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cohomology. Let {dx;,dx,,...,dx,} be a formal basis for a Grassmann algebra such
that dx; A dx; = —dx; Adx;. Starting with enhanced states s in C°(K) (that is, states
with all A-type smoothings), define formally d;(s) = d;(s)dx; and regard d;(s) as
identical with 9;(s), as we have previously regarded it in C'(K). In general, given

an enhanced state s in C*(K) with B-smoothings at locations i; < iy < ---

represent this chain as sdx;, A--- Adx;, and define

n
d(sdx;y A+~ Adxy) = Y, 9;(s)dxj Adxi, A--- Adx;

j=1

< ig, we
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just as in a de Rahm complex. The Grassmann algebra automatically computes
the correct signs in the chain complex, and this boundary formula gives the
original boundary formula when we take coefficients modulo two. Note that in this
formalism, partial differentials o; of enhanced states with a B-smoothing at the site
i are zero due to the fact that dx; A dx; = 0 in the Grassmann algebra. There is more
to discuss about the use of Grassmann algebras in this context. For example, this
approach clarifies parts of the construction in [18].

It of interest to examine this analogy between the Khovanov (co)homology
and de Rahm cohomology. In that analogy the enhanced states correspond to
the differentiable functions on a manifold. The Khovanov complex C¥(K) is
generated by elements of the form sdx;, A--- Adx;,, where the enhanced state s has
B-smoothings at exactly the sites iy,...,i. If we were to follow the analogy with
de Rahm cohomology literally, we would define a new complex DR(K), where
DR* (K) is generated by elements sdx;; A--- Adx;,, where s is any enhanced state
of the link K. The partial boundaries are defined in the same way as before, and the
global boundary formula is just as we have written it above. This gives a new chain
complex associated with the link K. Whether its homology contains new topological
information about the link K will be the subject of a subsequent paper.

A further remark on de Rham cohomology. There is another deep relationship
with the de Rham complex: In [21], it was observed that Khovanov homology is
related to Hochschild homology, and Hochschild homology is thought to be an
algebraic version of de Rham chain complex (cyclic cohomology corresponds to
de Rham cohomology); compare [22].

3 The Dichromatic Polynomial and the Potts Model

We define the dichromatic polynomial as follows:

Z[G)(v.Q) = Z[G'](» Q) +vZIG"|(» Q),
ZleUG] = QZ[G],

where G’ is the result of deleting an edge from G, while G” is the result of
contracting that same edge so that its end nodes have been collapsed to a single
node. In the second equation, e represents a graph with one node and no edges, and
o L G represents the disjoint union of the single-node graph with the graph G.

In [12, 13] it is shown that the dichromatic polynomial Z[G](v,Q) for a plane
graph can be expressed in terms of a bracket state summation of the form

OG=C0+0 900

with

{O)=0".
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Fig. 4 Medial graph, Tait checkerboard graph, and K (G)

Here

Z[G)(v,0) = O"*{K(G)},

where K (G) is an alternating link diagram associated with the plane graph G in such
a way that the projection of K(G) to the plane is a medial diagram for the graph.
Here we use the opposite convention from [13] in associating crossings to edges
in the graph. We set K(G) so that smoothing K(G) along edges of the graph gives
rise to B-smoothings of K(G). See Fig. 4. The formula above, in bracket expansion
form, is derived from the graphical contraction—deletion formula by translating first
to the medial graph as indicated in the formulas below:

2[X] = 2[X]+vz[ X],

Z[RUK] = QZ[K].
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Here the shaded medial graph is indicated by the shaded glyphs in these formulas.
The medial graph is obtained by placing a crossing at each edge of G and then
connecting all these crossings around each face of G as shown in Fig. 4. The medial
can be checkerboard-shaded in relation to the original graph G (this is usually called
the Tait checkerboard graph after Peter Guthrie Tait, who introduced these ideas
into graph theory), and encoded with a crossing structure so that it represents a link
diagram. Here R denotes a connected shaded region in the shaded medial graph.
Such a region corresponds to a collection of nodes in the original graph, all labeled
with the same color. The proof of the formula Z[G] = Q/2{K(G)} then involves re-
counting boundaries of regions in correspondence with the loops in the link diagram.
The advantage of the bracket expansion of the dichromatic polynomial is that it
shows that this graph invariant is part of a family of polynomials that includes the
Jones polynomial, and it shows how the dichromatic polynomial for a graph whose
medial is a braid closure can be expressed in terms of the Temperley—Lieb algebra.
This, in turn, reflects on the structure of the Potts model for planar graphs, as we
remark below.

It is well known that the partition function Pg(Q,T) for the O-state Potts model
in statistical mechanics on a graph G is equal to the dichromatic polynomial
when

J-L
yv=e i —1,
where T is the temperature for the model and k is Boltzmann’s constant. Here
J = £1 according to whether we work with the ferromagnetic or antiferromagnetic
model (see [4, Chap. 12]). For simplicity, we define

1

K=J—
kT’

so that
v=eKk—1.
We have the identity
P6(Q,T) =Z[G)(e" ~ 1,0).

The partition function is given by the formula

P6(0,T) =Y KE©),
o

where o is an assignment of one element of the set {1,2,..., 0} to each node of the
graph G, and E(0) denotes the number of edges of the graph G whose end nodes
receive the same assignment from ©. In this model, o is regarded as a physical
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state of the Potts system, and E(0) is the energy of that state. Thus we have a link
diagrammatic formulation for the Potts partition function for planar graphs G:

Po(Q.T) = Q" {K(G)}(Q,v=¢" ~ 1),

where N is the number of nodes in the graph G.

This bracket expansion for the Potts model is very useful in thinking about the
physical structure of the model. For example, since the bracket expansion can be
expressed in terms of the Temperley—Lieb algebra, one can use this formalism to
express the expansion of the Potts model in terms of the Temperley—Lieb algebra.
This method clarifies the fundamental relationship between the Potts model and the
algebra of Temperley and Lieb. Furthermore, the conjectured critical temperature

for the Potts model occurs for 7 when Q_%v = 1. We see clearly in the bracket
expansion that this value of T corresponds to a point of symmetry of the model
where the value of the partition function does not depend on the designation of over-
and undercrossings in the associated knot or link. This corresponds to a symmetry
between the plane graph G and its dual.

We first analyze how our heuristics leading to the Khovanov homology look
when generalized to the context of the dichromatic polynomial. (This approach
to the question is different from the methods of Stosic [26] and [7, 24], but
see the next section for a discussion of Stosic’s approach to categorifying the
dichromatic polynomial.) We then ask questions about the relationship between
Khovanov homology and the Potts model. It is natural to ask such questions, since
the adjacency of states in the Khovanov homology corresponds to an adjacency for
energetic states of the physical system described by the Potts model, as we shall
describe below.

For this purpose we now adopt yet another bracket expansion as indicated
below. We call this two-variable bracket expansion the p-bracket. It reduces to the
Khovanov version of the bracket as a function of ¢ when p is equal to one:

X1=0X1-apD(
with
Ol=q+q "

We can regard this expansion as an intermediary between the Potts model (dichro-
matic polynomial) and the topological bracket. When p = 1, we have the topological
bracket expansion in Khovanov form. When

_1
—qp=Q v

and 1
q+q ' =02,

we have the Potts model. We shall return to these parameterizations shortly.
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Just as in the last section, we have

K] =Y (—p)"sg/),

N

where np(s) is the number of B-type smoothings in s, A(s) is the number of loops
in s labeled 1 minus the number of loops labeled X, and j(s) = np(s) + A(s). This
can be rewritten in the following form:

K] :Z( p) /dlm G” Zq z dlm G” Zq xp G")

iJ

where we define GV to be the linear span of the set of enhanced states with ng(s) = i
and j(s) = j. Then the number of such states is the dimension dim(C"/). Now
we have expressed this general bracket expansion in terms of generalized Euler
characteristics of the complexes:

1p(€7) = . (~p) dim (€.

i

These generalized Euler characteristics become classical Euler characteristics when
p =1, and in that case are the same as the Euler characteristic of the homology.
With p not equal to 1, we do not have direct access to the homology.

Nevertheless, I believe that this raises a significant question about the relationship
between [K](g,p) and Khovanov homology. We get the Khovanov version of the
bracket polynomial for p = 1 such that for p = 1, we have

[K)(q.p=1)=3.¢'xp(C*)) qu H(e))

Away from p = 1 one can inquire into the influence of the homology groups on the
coefficients of the expansion of [K](g,p) and the corresponding questions about the
Potts model. This is a way to generalize questions about the relationship between
the Jones polynomial and the Potts model. In the case of the Khovanov formalism,
we have the same structure of the states and the same homology theory for the
states in both cases, but in the case of the Jones polynomial (p-bracket expansion
with p = 1), we have expressions for the coefficients of the Jones polynomial in
terms of ranks of the Khovanov homology groups. Only the ranks of the chain
complexes figure in the Potts model itself. Thus we are suggesting here that it
is worth asking about the relationship between the Khovanov homology and the
dichromatic polynomial, the p-bracket and the Potts model, without changing the
definition of the homology groups or chain spaces. This also raises the question
of the relationship of the Khovanov homology to those constructions that have
been made (e.g., [26]) where the homology has been adjusted to fit directly
with the dichromatic polynomial. We will take up this comparison in the next
section.
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We now look more closely at the Potts model by writing a translation between
the variables g, p and Q,v. We have

_1
—gp =0 v
and :
g+q"' =07,
and from this we conclude that
¢~ /Qq+1=0,
whence
_Jo+y/0-4
2
and
1_vo+vo-4
q 2 '
Thus

v (12140
P="Voq " 2 '

For physical applications, Q is a positive integer greater than or equal to 2. Let
us begin by analyzing the Potts model at criticality (see discussion above), where
—pg = 1. Then

I —\/0+0—3

p=—=—

q 2

For the Khovanov homology (its Euler characteristics) to appear directly in the
partition function, we want

p=1

Thus we want

2=—/0+/0—4

Squaring both sides and collecting terms, we find that 4 — Q = F/0/0 — 4.
Squaring once more and collecting terms, we find that the only possibility for p = 1
is O = 4. Returning to the equation for p, we see that this will be satisfied when
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we take /4 = —2. This can be done in the parameterization, and then the partition
function will have Khovanov topological terms. However, note that with this choice,
g = —1, and so v/\/O = —pq = 1 implies that v = —2. Thus K —1 = -2,
and so

K=—1.

From this we see that in order to have p = 1 at criticality, we need a four-state
Potts model with imaginary temperature variable K = (2n+ 1)ir. It is worthwhile
considering the Potts models at imaginary temperature values. For example, the
Lee—Yang theorem [20] shows that under certain circumstances, the zeros on the
partition function are on the unit circle in the complex plane. We take the present
calculation as an indication of the need for further investigation of the Potts model
with real and complex values for its parameters.

Now we go back and consider p = 1 without insisting on criticality. Then we
have 1 = —v/(g+/Q), so that

D= —Q$¢ZQ\/_Q—4.

From this we see that

K:l+v:

2-0% /004
/ .

From this we get the following formulas for eX: For Q = 2, we have ¢X = +i. For
0=3,we havee 'i‘f’ . For Q =4, we have ¢X = —1. For Q > 4, it is easy to
verify that eX is real and negatlve. Thus in all cases of p = 1, we find that the Potts
model has complex temperature values. In a subsequent paper, we shall attempt to
analyze the influence of the Khovanov homology at these complex values on the
behavior of the model for real temperatures.

4 The Potts Model and Stosic’s Categorification
of the Dichromatic Polynomial

In [26], Stosic gives a categorification for certain specializations of the dichromatic
polynomial. In this section we describe this categorification, and discuss its
relationship to the Potts model. The reader should also note that the relationships
between dichromatic (and chromatic) homology and Khovanov homology are
observed in [7, Theorem 24]. In this paper we use the Stosic formulation for our
analysis.
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For this purpose, we define, as in the previous section, the dichromatic polyno-
mial through the formulas

Z[G)(» Q) = Z[G'|(», Q) +vZ[G"](»,Q)
and
Z[e UG] = QZ[G],

where G’ is the result of deleting an edge from G, while G” is the result of
contracting that same edge so that its end nodes have been collapsed to a single
node. In the second equation, e represents a graph with one node and no edges,
and e LI G represents the disjoint union of the single-node graph with the graph G.
The graph G is an arbitrary finite (multi)graph. This formulation of the dichromatic
polynomial reveals its origins as a generalization of the chromatic polynomial for
a graph G. The case v = —1 is that of the chromatic polynomial. In that case, the
first equation asserts that the number of proper colorings of the nodes of G using Q
colors is equal to the number of colorings of the deleted graph G’ minus the number
of colorings of the contracted graph G”. This statement is a tautology, since a proper
coloring demands that nodes connected by an edge be colored with distinct colors,
whence the deleted graph allows all colors, while the contracted graph allows only
colorings where the nodes at the original edge receive the same color. The difference
is then equal to the number of colorings that are proper at the given edge.

We reformulate this recursion for the dichromatic polynomial as follows: Instead
of contracting an edge of the graph to a point in the second term of the formula,
simply label that edge (say with the letter x) so that we know that it has been used
in the recursion. For thinking of colorings from the set {1,2,...,0} when Q is a
positive integer, regard an edge marked with x as indicating that the colors on its
two nodes are the same. This rule coincides with our interpretation of the coloring
polynomial in the last paragraph. Then G” in the deletion—contraction formula above
denotes the labeling of the edge by the letter x. We then see that we can write the
following formula for the dichromatic polynomial:

2(6)= 3, oM,

HCG

where H is a subgraph of G, |H| is the number of components of H, and e¢(H) is
the number of edges of H. The subgraphs H correspond to the graphs generated
by the new interpretation of the deletion—contraction formula, where contraction is
replaced by edge labeling.

Moving now in the direction of Euler characteristics, we let w = —v, so that

Z[G) = Z|G'] - wZ|G"],

Z[e iG] = QZ[G],
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and

Z[G]

2 (—1)<tH) QIHl )

HCG

This suggests that differentials should increase the number of edges on the
subgraphs, and that the terms 0HyweH) should not change under the application
of the (partial) differentials. Stosic’s solution to this requirement is to take

0=4"

and
w=1+q+¢*+ - +q"

so that

2G)= 3, () g1+ a4 gy ),
HCG

To see how this works, we first rewrite this state sum (over states H that are
subgraphs of G) as a sum over enhanced states h, where we define enhanced
states h for a graph G to be labeled subgraphs h, where a labeling of & consists
in an assignment of one of the elements of the set § = {l,X,XZ,...,X”} to
each component of h. Regard the elements of S as generators of the ring R =
Z[X]/(X"*1). Define the degree of X' by the formula deg(X') = n — i and let

Jj(h) =nlh|+ Y, deg(label(y)),
YeC(h)

where the sum goes over all v in C(h), the set of components of / (each component
is labeled from S and || denotes the number of components in /). Then it is easy to
see that

216 = 3, (~1)Wgit,
hes(G)

where S(G) denotes the set of enhanced states of G.

We now define a chain complex for a corresponding homology theory. Let C;(G)
be the module generated by the enhanced states of G with i edges. Partial boundaries
applied to an enhanced state /& simply add new edges between nodes, or from a node
to itself. If A and B are components of an enhanced state that are joined by a partial
boundary to form a new component C, then C is assigned the label X'/ when A
and B have respective labels X’ and X/. This partial boundary does not change the
labels on other components of 4. It may happen that a component A is transformed
by adding an edge to itself to form a new component A’. In this case, if A has label
1, we assign label X" to A’ and otherwise take the partial boundary to be zero if the
label of A is not equal to 1. It is then easy to check that the partial boundaries defined
in this way preserve j(h) as defined in the last paragraph, and are compatible so that
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the composition of the boundary with itself is zero. We have described Stosic’s
homology theory for a specialization of the dichromatic polynomial. We have, as in
the first section of this paper,

Z[G] =34’ x(C*(G)) = Xa’x (H*(G)),

where x (C*/(G)) denotes the complex defined above generated by enhanced states
h with j = j(h), and correspondingly for the homology.

Now let us turn to a discussion of the Stosic homology in relation to the Potts
model. In the Potts model we have that Q = ¢" is the number of spins in the model.
Thus we can take any ¢ such that ¢” is a natural number greater than or equal to 2.
For example, we could take g to be an nth root of 2, and then this would be a two-
state Potts model. On the other hand, we have w = —v = 1 — X as in our previous
analysis for the Potts model. Thus we have

—K :q+q2+...+qn_
With ¢ real and positive, we can take

K=in+In(g+¢*+-+q"),

arriving at an imaginary temperature for the values of the Potts model where the
partition function is expressed in terms of the homology. If we take g = (1 +n) In,
then the model will have Q = n+ 1 states, and so in this case, we can identify
the enhanced states of this model as corresponding to the spin assignments of
{1,X,X?,...,X"} to the subgraphs, interpreted as regions of constant spin. The
partial boundaries for this homology theory describe particular (global) ways to
transit between spin-labeled regions where the regions themselves change locally.
Usually in thinking about the dynamics of a model in statistical physics, one looks
for evolutions that are strictly local. In the case of the partial differentials, we
change the configuration of regions at a single bond (edge in the graph), but we
make a global change in the spin-labeling (for example, from X’ and X/ on two
separate regions to X'/ on the joined region). It is likely that the reason we see the
results of this cohomology in the partition function only at imaginary temperature
is related to this nonlocal structure. Nevertheless, the categorified homology is seen
in direct relation to the Potts partition, function and this connection deserves further
examination.

5 Imaginary Temperature, Real Time, and Quantum Statistics

The purpose of this section is to discuss the nature of imaginary temperature in
the Potts model from the point of view of quantum mechanics. We have seen that
for certain values of imaginary temperature, the Potts model can be expressed in
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terms of Euler characteristics of Khovanov homology. The suggests looking at the
analytic continuation of the partition function to relate these complex values to real
values of the temperature. However, it is also useful to consider reformulating the
models so that imaginary temperature is replaced with real time, and the context
of the models is shifted to quantum mechanics. To see how this works, let us recall
again the general form of a partition function in statistical mechanics. The partition
function is given by the formula

Z6(0,T) = Y e V/IDE(0),

o

where the sum runs over all states ¢ of the physical system, 7T is the temperature,
k is Boltzmann’s constant, and E(0) is the energy of the state ¢. In the Potts
model, the underlying structure of the physical system is modeled by a graph G,
and the energy has the combinatorial form that we have discussed in previous
sections.

A quantum amplitude analogous to the partition function takes the form

Ao(Q.1) = T a0,
o

where t denotes the time parameter in the quantum model. We shall make precise
the Hilbert space for this model below. But note that the correspondence of form
between the amplitude Ag(Q,?) and the partition function Zg(Q,T) suggests that
we make the substitution

—1/kT =it/h
or equivalently that
t=(h/k)(1/iT).

Time is, up to a factor of proportionality, inverse imaginary temperature. With
this substitution, we see that when one evaluates the Potts model at imaginary
temperature, it can be interpreted as an evaluation of a quantum amplitude at
the corresponding time given by the formula above. Thus we obtain a quantum-
statistical interpretation of those places where the Potts model can be expressed
directly in terms of Khovanov homology. In the process, we have given a quantum-
statistical interpretation of the Khovanov homology.

To complete this section, we define the associated states and Hilbert space for
the quantum amplitude Ag(Q,¢). Let H denote the vector space over the complex
numbers with orthonormal basis {|o)}, where o runs over the states of the Potts
model for the graph G. Define a unitary operator U (1) = elit/MH by the formula on
the basis elements

U(t)|o) = el/ME@)|g),
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The operator U (¢) implicitly defines the Hamiltonian for this physical system. Let
lw)=2|o)
(e}
denote an initial state and note that

Un)ly) =Y eMH|q)
o

and

(W|U@)|y) =Y el"/MEC = a5(0,1).

Thus the Potts amplitude is the quantum-mechanical amplitude for the state |y)
to evolve to the state U(z)|y). With this we have given a quantum-mechanical
interpretation of the Potts model at imaginary temperature.

Note that if in the Potts model, we write v = ¢X — 1, then in the quantum model
we would write

K = e”/h.
Thus we can take t = —hKi, and if K is pure imaginary, then the time will be real in
the quantum model.

Returning now to our results in Sect. 3, we recall that in the Potts model we have
the following formulas for eX: For Q = 2 we have eX = +i. For Q = 3, we have
K = ’liTﬁ’ For Q = 4 we have ¢K = —1. It is at these values that we can interpret
the Potts model in terms of a quantum model at a real time value. Thus we have
these interpretations for Q = 2,1 =hn/2; Q =3,t =hn/6;and Q =4, t = hm. At
these values the amplitude for the quantum model is Ag(Q,7) = Y5 el#/ME©) and
it is given by the formula

Ac(0,1) = Q" {K(G)},

where

{K(G)} = 2.a'x(HY (K(G))),
J

where H*/(K(G)) denotes the Khovanov homology of the link K(G) associated
with the planar graph G and g = (1 —e™/")/,\/0. At these special values, the
Potts partition function in its quantum form is expressed directly in terms of
the Khovanov homology and is, up to normalization, an isotopy invariant of the
link K(G).
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6 Quantum Statistics and the Jones Polynomial

In this section we apply the point of view of the last section directly to the bracket
polynomial. In keeping with the formalism of this paper, we will use the bracket in
the form

X=X =400

with (O) = (¢+¢~'). We have the formula for the bracket as a sum over enhanced
states s:

where ng(s) is the number of B-type smoothings in s, A(s) is the number of loops
in s labeled 1 minus the number of loops labeled —1, and j(s) = np(s) + A(s).
In analogy to the last section, we define a Hilbert space H(X) with orthonormal
basis {|s)} in 1-to-1 correspondence with the set of enhanced states of K. Then for
g = €9, define the unitary transformation U : H(X) — H(X) by its action on the
basis elements:

Uls) = (~1)"0g/]s).
Setting |y) = Y |s), we conclude that
(K) = (y|U]y).

Thus we can express the value of the bracket polynomial (and by normalization, the
Jones polynomial) as a quantum amplitude when the polynomial variable is on the
unit circle in the complex plane.

There are several conclusions that we can draw from this formula. First of
all, this formulation constitutes a quantum algorithm for the computation of the
bracket polynomial (and hence the Jones polynomial) at any specialization where
the variable is on the unit circle. We have defined a unitary transformation U and
then shown that the bracket is an evaluation of the form (y|U|y). This evaluation
can be computed via the Hadamard test [23], and this gives the desired quantum
algorithm. Once the unitary transformation is given as a physical construction, the
algorithm will be as efficient as any application of the Hadamard test. This algorithm
requires an exponentially increasing complexity of construction for the associated
unitary transformation, since the dimension of the Hilbert space is equal to, 2¢(K),
where ¢(K) is the number of crossings in the diagram K.

Nevertheless, it is significant that the Jones polynomial can be formulated in
such a direct way in terms of a quantum algorithm. By the same token, we can take
the basic result of Khovanov homology that says that the bracket is a graded Euler
characteristic of the Khovanov homology as telling us that we are taking a step in
the direction of a quantum algorithm for the Khovanov homology itself. This will
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be the subject of a separate paper. For more information about quantum algorithms
for the Jones polynomial, see [1, 14, 15,25]. The form of this knot amplitude is also
related to our research on quantum knots. See [16].
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birthday

Abstract The well-known Bernstein—Kushnirenko theorem from the theory of
Newton polyhedra relates algebraic geometry and the theory of mixed volumes.
Recently, the authors have found a far-reaching generalization of this theorem to
generic systems of algebraic equations on any algebraic variety. In the present note
we review these results and their applications to algebraic geometry and convex
geometry.

Keywords Bernstein—Kushnirenko theorem ¢ Semigroup of integral points
e Convex body ¢ Mixed volume ¢ Alexandrov—Fenchel inequality ¢ Brunn—
Minkowski inequality * Hodge index theorem e Intersection theory of Cartier
divisors ¢ Hilbert function

1 Introduction

The famous Bernstein—Kushnirenko theorem from the theory of Newton polyhedra
relates algebraic geometry (mainly the theory of toric varieties) with the theory
of mixed volumes in convex geometry. This relation is useful in both directions.
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On the one hand it allows one to prove the Alexandrov—Fenchel inequality (the
most important and hardest result in the theory of mixed volumes) using the Hodge
inequality from the theory of algebraic surfaces. On the other hand, it suggests new
inequalities in the intersection theory of Cartier divisors analogous to the known
inequalities for mixed volumes (see [Teissier, Khovanskii-1]).

Recently, the authors found a far-reaching generalization of the Kushnirenko
theorem in which instead of the complex torus (C*)", we consider any algebraic
variety X, and instead of a finite-dimensional space of functions spanned by
monomials in (C*)", we consider any finite-dimensional space of rational functions
on X.

To this end, first we develop an intersection theory for finite-dimensional
subspaces of rational functions on a variety. It can be considered a generalization
of the intersection theory of Cartier divisors to general (not necessarily complete)
varieties. We show that this intersection theory enjoys all the properties of the mixed
volume [Kaveh—Khovanskii-2]. Then we introduce the Newton-Okounkov body,
which is a far generalization of the Newton polyhedron of a Laurent polynomial. Our
construction of the Newton-Okounkov body depends on the choice of a Z"-valued
valuation on the field of rational functions on X. It associates a Newton-Okounkov
body to any finite-dimensional space L of rational functions on X. We obtain a direct
generalization of the Kushnirenko theorem in this setting (see Theorem 11.1).

This construction then allows us to give a proof of the Hodge inequality using
elementary geometry of planar convex domains and (as a corollary) an elementary
proof of the Alexandrov—Fenchel inequality. In general, our construction does
not imply a generalization of the Bernstein theorem, although we also obtain a
generalization of this theorem for some cases in which the variety X is equipped
with a reductive group action.

In this paper we present a review of the results mentioned above. We have omitted
most of the proofs in this short note. A preliminary version together with proofs
can be found in [Kaveh—Khovanskii-1]. Refined and generalized versions appear
in the authors’ more recent preprints: [Kaveh—Khovanskii-2] is a detailed version
of the first half of [Kaveh—Khovanskii-1] (mainly about the intersection index), and
[Kaveh—Khovanskii-3] is a refinement and generalization of the results in the second
half of [Kaveh—Khovanskii- 1] (mainly about Newton-Okounkov bodies).

After these results had been posted on arXiv, we learned that we were not the
only ones working in this direction. Firstly, A. Okounkov (in his interesting papers
[Okounkov1,0Okounkov-2]) was a pioneer in defining (in passing) an analogue of the
Newton polyhedron in the general situation (although his case of interest is that in
which X has a reductive group action). Secondly, R. Lazarsfeld and M. Mustata,
based on Okounkov’s previous works, and independently of our preprints, have
come up with closely related results [Lazarsfeld-Mustata]. Recently, following
[Lazarsfeld-Mustata], similar results and constructions have been obtained for line
bundles on arithmetic surfaces [ Yuan].
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2 Mixed Volume

By a convex body we mean a convex compact subset of R". There are two operations
of addition and scalar multiplication on convex bodies: Let A;, A, be convex bodies.
Then their sum

A+ ={x+y|x€A, yeE A}

is also a convex body, called the Minkowski sum of Ay, A,. Also, for a convex body
A and a scalar A > 0,
AA={Ax|x€A}

is a convex body.

Let Vol,, denote the n-dimensional volume in R” with respect to the standard
Euclidean metric. The function Vol, is a homogeneous polynomial of degree n on
the cone of convex bodies, i.e., its restriction to each finite-dimensional section of
the cone is a homogeneous polynomial of degree n. More precisely, for any k£ > 0,
let RX be the positive octant in R¥ consisting of all A = (4y,...,4) with 4; >
0,...,Ax > 0. The polynomiality of Vol, means that for any choice of the convex
bodies Ay,..., Ay, the function Py, 4, defined on R’i by

PA],.“,Ak ()‘1 IR 72’1() = VOIVI()‘lAl + - 2’kAk)7

is a homogeneous polynomial of degree n.

The coefficients of this homogeneous polynomial are obtained from the mixed
volumes of all the possible n-tuples A; ,...,A;,, of convex bodies for any choices
of i1,...,in € {1,...,n}. By definition, the mixed volume of V(Ay,...,A,) of an
n-tuple (Ay,...,A,) of convex bodies is the coefficient of the monomial 4; - - - A, in
the polynomial Py, . 4, divided by n!.! Several important geometric invariants can
be recovered as mixed volumes. For example, the (n — 1)-dimensional volume of
the boundary of an n-dimensional convex body A is equal to (1/n)V(A4,...,A,B),
where B is the n-dimensional unit ball. Indeed, it is easy to see that the (n —1)-
dimensional volume of the boundary and the number (1/n)V(4,...,A,B) are both
equal to the derivative d/deVol, (A + €B) evaluated at € = 0. Many applications of
the theory of mixed volumes can be found in the book [Burago—Zalgaller].

The definition of mixed volume implies that it is the polarization of the volume
polynomial, i.e., it is the unique function on the n-tuples of convex bodies satisfying
the following:

(i) (Symmetry) V is symmetric with respect to permuting the bodies Ay, ..., A,.

(i) (Multilinearity) It is linear in each argument with respect to the Minkowski
sum. Linearity in the first argument means that for convex bodies A{, A/, and
Ao, ..., Ay, we have

V(AT+ AT, .. A) =V (AL, A) + V(AT A).

IThe notion of mixed volume was introduced by Hermann Minkowski (1864—1909).
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(iii) (Relationship to volume) On the diagonal, it coincides with volume, i.e., if
Aj=--=A,=A, thenV(Ay,...,A,) = Vol (A).

The above three properties characterize the mixed volume: it is the unique
function satisfying (i)—(iii).
The following two inequalities are easy to verify:

1. Mixed volume is nonnegative. That is, for any n-tuple of convex bodies
Ar,..., Ay, we have
V(Ay,...,Ay) > 0.

2. Mixed volume is monotone. That is, for two n-tuples of convex bodies Af C
Ay,...,A) C Ay, we have

V(A1,...,Ay) > V(A],...,A)).

The following inequality, attributed to Alexandrov and Fenchel, is important

and very useful in convex geometry. All its previously known proofs are rather

complicated. For a discussion of this inequality the reader can consult the book

[Burago—Zalgaller] as well as the original three papers of A. D. Alexandrov cited
therein.

Theorem 2.1 (Alexandrov-Fenchel). Let Ay,..., A, be convex bodies in R". Then
V(A1 Ay, .. A > V(ALALAs, .. AV (A2, A As, .. A,).

Below, we mention a formal corollary of the Alexandrov—Fenchel inequality.
First we need to introduce a notation for when we have repetition of convex bodies
in the mixed volume. Let 2 < m < n be an integer and k| + - - - + k, = m a partition of
m with k; € N. Denote by V (k; « Ay,..., ks % Ar, At 1, ..., Ay) the mixed volume of
the A;, where A is repeated k| times, A is repeated k, times, etc., and A4 1,..., 4,
appear once.

Corollary 2.2. With the notation as above, the following inequality holds:

VP (ki % AL ke Ar At A) = T VR (s Aj, Ay - A).

1<j<r

3 Brunn-Minkowski Inequality

The celebrated Brunn—Minkowski inequality concerns volumes of convex bodies
in R"™.

Theorem 3.1 (Brunn—-Minkowski). Let A|, A, be convex bodies in R". Then

Vol/" (A1) + Vol (43) < Vol (A + 42).
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The inequality was first found and proved by Brunn toward the end of nineteenth
century in the following form.

Theorem 3.2. Let V4 (h) be the n-dimensional volume of the section x,+1 = h of a
convex body A C R""!. Then VAl/n (h) is a concave function in h.

To obtain Theorem 3.1 from Theorem 3.2, one takes A C R"*! to be the convex
combination of A; and A, i.e.,

A={(x,h) |0<h<I1,x€hA;+(1-h)A}.
The concavity of the function
Va(h) '™ = Vol " (hAy + (1 — h)Ay)

then readily implies Theorem 3.1.
For n =2, Theorem 3.2 is equivalent to the Alexandrov—Fenchel inequality (see
Theorem 4.1). Below we give a sketch of its proof in the general case.

Proof (Sketch of proof of Theorem 3.2).

(1) When the convex body A C R"*! is rotationally symmetric with respect to the
Xn41-axis, Theorem 3.2 is obvious: the section x,, 1 = & of the body A at level

h is a ball (or empty), and VAI/ "(h) is a constant times the radius, which is a
concave function of 4, since A is a convex body.

(2) Now suppose A is not rotationally symmetric. Fix a hyperplane H containing
the x,,41-axis. Then one can construct a new convex body A’ that is symmetric
with respect to the hyperplane H and such that the volume of sections of A’ is
the same as that of A. To do this, just think of A as the union of line segments
perpendicular to the plane H. Then shift each segment along its line in such a
way that its center lies on H. The resulting body is then symmetric with respect
to H and has the same volume of sections as A. The above construction is called
the Steiner symmetrization process.

(3) It will now be enough to show that by repeated application of Steiner sym-
metrization, we can make A as close as we wish to a rotationally symmetric
body. This can be proved as follows: First, we show that given a non-rotationally
symmetric body, there is always a Steiner symmetrization making it “more
symmetric.” Then we use a compactness argument on the collection of convex
bodies inside a bounded closed domain to conclude the proof. a

4 Brunn-Minkowski and Alexandrov-Fenchel Inequalities

We recall the classical isoperimetric inequality, whose origins date back to antiquity.
According to this inequality, if P is the perimeter of a simple closed curve in the
plane and A is the area enclosed by that curve, then

4mA < P2 D
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Equality is obtained when the curve is a circle. To prove (1), it is enough to prove
it for convex regions. The Alexandrov—Fenchel inequality for n = 2 implies the
isoperimetric inequality (1) as a particular case and hence has inherited the name.

Theorem 4.1 (Isoperimetric inequality). If A; and A, are convex regions in the
plane, then

Area(A;)Area(Ay) < A(A1, A7),
where A(A1,Ay) is the mixed area.

When A; is the unit disk in the plane, A(Aj,A;) is one-half the perimeter of
Aj. Thus the classical form (1) of the inequality (for convex regions) follows from
Theorem 4.1.

Proof (Proof of Theorem 4.1). It is easy to verify that the isoperimetric inequality
is equivalent to the Brunn—Minkowski inequality for n = 2. Let us check this in one
direction, i.e., that the isoperimetric inequality follows from Brunn—Minkowski for
n=2:

Area(A)) +2A(A1,Az) + Area(A)
= Area(A| + 4y)
> (Area'/?(A1) + Area/2(A))?
= Area(A)) + 2Area(A; ) /?Area(Ay)'/? + Area(4;),

which readily implies the isoperimetric inequality. O

The following generalization of the Brunn—Minkowski inequality is a corollary
of the Alexandrov—Fenchel inequality.

Corollary 4.2. (Generalized Brunn—Minkowski inequality) For any 0 < m < n and
for any fixed convex bodies Ay 1, ...,Ay, the function F that assigns to a body A
the number F(A) = V"™ (mx A, Apy1,...,A,) is concave, i.e., for any two convex
bodies Ay, Ay, we have

F(A1)+F(A2) SF(Al-i-Az).

On the other hand, the usual proof of the Alexandrov—Fenchel inequality deduces
it from the Brunn—Minkowski inequality. But this deduction is the main part (and the
most complicated part) of the proof (see [Burago—Zalgaller]). Interestingly, the main
construction in the present paper (using algebraic geometry) allows us to obtain the
Alexandrov—Fenchel inequality as an immediate corollary of the simplest case of
the Brunn—Minkowski inequality, i.e., the isoperimetric inequality.
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5 Generic Systems of Laurent Polynomial Equations in (C*)"

In this section we recall the famous results due to Kushnirenko and Bernstein on the
number of solutions of a generic system of Laurent polynomials in (C*)".

Let us identify the lattice Z" with Laurent monomials in (C*)": to each integral
point k € Z", k = (ky,...,k,), we associate the monomial z* = z]fl .- Z% where
2= 1(z1,...,21). A Laurent polynomial P = Y c;z" is a finite linear combination of
Laurent monomials with complex coefficients. The support supp(P) of a Laurent
polynomial P is the set of exponents k for which ¢; # 0. We denote the convex
hull of a finite set A C Z" by A4 C R". The Newton polyhedron A(P) of a Laurent
polynomial P is the convex hull Ag,,p) of its support. With each finite set A C Z"
one associates a vector space Ly of Laurent polynomials P with supp(P) C A.

Definition 5.1. We say that a property holds for a generic element of a vector space
L if there is a proper algebraic set X such that the property holds for all the elements
inL\ZX.

Definition 5.2. For a given n-tuple of finite sets Ay,...,A, C Z", the intersection
index of the n-tuple of spaces [Ly, ,...,La,| is the number of solutions in (C*)" of a
generic system of equations P| = --- =P, =0, where P; € Ly,,...,P, € Ly,.

Problem: Find the intersection index [Ly,,...,Ly,]. That is, for a generic element
(P1,...,B,) € Ly, X --- x Ly,, find a formula for the number of solutions in (C*)" of
the system of equations P} = --- = P, = 0.

Kushnirenko found the following important result, which answers a particular
case of the above problem [Kushnirenko].

Theorem 5.3. When the convex hulls of the sets A; are the same and equal to a
polyhedron A, we have
[LAI g 7LA,,] = n!Voln(A),

where Vol,, is the standard n-dimensional volume in R".

According to Theorem 5.3, if Py, ..., P, are sufficiently general Laurent polyno-
mials with given Newton polyhedron A, the number of solutions in (C*)" of the
system P| = --- = B, = 0 is equal to n!Vol,(A).

The problem was solved by Bernstein in full generality [Bernstein]:

Theorem 5.4. In the general case, i.e., for arbitrary finite subsets Ay, ...,A, C 7",
we have

[LAU'"’LAn] :n!V(AAI,...,AAn),

where V is the mixed volume of convex bodies in R".
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According to Theorem 5.4, if Py, ..., P, are sufficiently general Laurent polyno-
mials with Newton polyhedra Ay, ..., A, respectively, then the number of solutions
in (C*)" of the system P; = --- = P, = 0 is equal to n!V(Ay,...,Ay).

6 Convex Geometry and the Bernstein—Kushnirenko Theorem

Let us examine Theorem 5.4 (which we will call the Bernstein—Kushnirenko
theorem) more closely. In the space of regular functions on (C*)", there is a natural
class of finite-dimensional subspaces, namely the subspaces that are stable under
the action of the multiplicative group (C*)". Each such subspace is of the form Ly
for some finite set A C Z" of monomials.

For two finite-dimensional subspaces L;, L, of regular functions in (C*)", let us
define the product L L, as the subspace spanned by the products fg, where f € L,
g € L. Clearly, multiplication of monomials corresponds to the addition of their
exponents, i.e., z17°2 = ZK1+%2 This implies that Lo La, = Ly, 14,-

The Bernstein—Kushnirenko theorem defines and computes the intersection index
[La,,La,,...,La,] of the n-tuples of subspaces Ly, for finite subsets A; C Z". Since
this intersection index is equal to the mixed volume, it enjoys the same properties,
namely (1) positivity, (2) monotonicity, (3) multilinearity, and (4) the Alexandrov—
Fenchel inequality and its corollaries. Moreover, if for a finite set A C Z" we let
A = Ay,NZ", then (5) the spaces Ly and L7 have the same intersection indices. That
is, for any (n — 1)-tuple of finite subsets A, ...,A, € Z", we have

[La,La,,...,La,] = [Lz,La,,- .., La,].

This means (surprisingly!) that enlarging L4 — Lz does not change any of the
intersection indices we have considered. Hence in counting the number of solutions
of a system, instead of support of a polynomial, its convex hull plays the main role.
Let us denote the subspace Ly by Ly and call it the completion of Ly.

Since the semigroup of convex bodies with Minkowski sum has the cancellation
property, we get the following cancellation property for the finite subsets of Z": if
for finite subsets A, B,C € Z" we have A +C = B+ C, then A = B. And we have the
same cancellation property for the corresponding semigroup of subspaces L4. That
is, if ZA ZC = ZB Zc, then ZA = ZB.

The Bernstein—Kushnirenko theorem relates the notion of mixed volume in
convex geometry with that of intersection index in algebraic geometry. In algebraic
geometry, the following inequality about intersection indices on a surface is well
known:

Theorem 6.1 (Hodge inequality). Let I1,I> be algebraic curves on a smooth
irreducible projective surface. Assume that 11,15 have positive self-intersection
indices. Then

(L,0)* > (L,0L)(I3,13),

where (I, T}) denotes the intersection index of the curves I; and T}.
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On the one hand, Theorem 5.4 allows one to prove the Alexandrov—Fenchel
inequality algebraically using Theorem 6.1 (see [Khovanskii-1, Teissier]). On the
other hand, Theorem 5.4 suggests an analogy between the theory of mixed volumes
and the intersection theory of Cartier divisors on a projective algebraic variety.

We will return to this discussion after stating our main theorem (Theorem 11.1)
and its corollary, which is a version of the Hodge inequality.

7 An Extension of the Intersection Theory of Cartier Divisors

Now we discuss general results, inspired by the Bernstein—Kushnirenko theorem,
that can be considered an analogue of the intersection theory of Cartier divisors
for general (not necessarily complete) varieties [Kaveh—Khovanskii-2]. Instead
of (C*)", we take any irreducible n-dimensional variety X, and instead of a
finite-dimensional space of functions spanned by monomials, we take any finite-
dimensional space of rational functions. For these spaces we define an intersection
index and prove that it enjoys all the properties of the mixed volume of convex
bodies.

Consider the collection Ky (X) of all nonzero finite-dimensional subspaces
of rational functions on X. The set K (X) has a natural multiplication: the
product L; L, of two subspaces L;,L; € Ky (X) is the subspace spanned by all the
products fg, where f € L;, g € L. With respect to this multiplication, K (X) is a
commutative semigroup.

Definition 7.1. The intersection index [Li,...,L,] of Ly,...,L, € K (X) is the
number of solutions in X of a generic system of equations f; = --- = f, = 0, where
fi €Ly,..., [y € L,. In counting the solutions, we neglect the solutions x for which
all the functions in some space L; vanish as well as the solutions for which at least
one function from some space L; has a pole.

More precisely, let ¥ C X be a hypersurface that contains (1) all the singular
points of X, (2) all the poles of functions from any of the L;, (3) for any i, the

set of common zeros of all the f € L;. Then for a generic choice of (fi,...,f,) €
Ly X -+ X Ly, the intersection index [Li,...,L,] is equal to the number of solutions
{reX\Z[filx) =--=fulx) =0}

Theorem 7.2. The intersection index [Li,...,Ly,| is well defined. That is, there
is a Zariski-open subset U in the vector space L X --- X L, such that for any
(f1y---sfn) € U, the number of solutions x € X \ X of the system fi(x) =--+ =
Ju(x) =0is the same (and hence equal to [Ly,...,Ly]). Moreover, the above number
of solutions is independent of the choice of X containing (1)—(3) above.
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The following properties of the intersection index are easy consequences of the
definition:

Proposition 7.3. (1) [Li,...,L,] is a symmetric function of the n-tuples
Li,....Ly, € K(X) (i.e., it takes the same value under a permutation of
Li,...,Ly).

(2) The intersection index is monotone (i.e., if Ly C Ly,...,L, C L,, then
[Li,...,Ly) > [L},...,L}].

(3) The intersection index is nonnegative (i.e., [Li,...,L,] > 0).

The next two theorems contain the main properties of the intersection index.

Theorem 7.4 (Multilinearity). (1) Let L, L L»,...,L, € K(X) and put L, =
L\LY. Then

[Li,....Ly) =[L},..., L))+ [LY,... Ly

(2) LetLy,...,L, € Ky (X) and take I-dimensional subspacesL’,... L € K (X).
1 n
Then
[Li,....L,) = [L\Li,...,.L.L,].

Let us say that f € C(X) is integral over a subspace L € Ky (X) if f satisfies an
equation
frraf" e an =0,

where m > 0 and a; € L' for each i = 1,...,m. It is well known that the collection
L of all integral elements over L is a vector subspace containing L. Moreover,
if L is finite-dimensional, then L is also finite-dimensional (see [Zariski—Samuel,
Appendix 4]). It is called the completion of L. For two subspaces L,M € K (X) we
say that L is equivalent to M (written L ~ M) if there is N € Ky (X) with LN = MN.
One shows that the completion L is in fact the largest subspace in Ky (X) that
is equivalent to L. The enlarging L — L is analogous to the geometric operation
A — A(A) that associates to a finite set A its convex hull A(A).

Theorem 7.5. (1) Let L € Ky (X) and let G| € Kiy(X) be the subspace spanned
by Ly and a rational function g integral over Ly. Then for any (n — 1)-tuple
Ly,...,Ly € Kiat(X) we have

[L17L2,...,Ln] = [G],Lz,...,Ln].

(2) Let Ly € Ky (X) and let L, be its completion as defined above. Then for any
(n—1)-tuple Ly, ... L, € Ky (X) we have

[Li,Ls,...,Ly) = [L1,La,...,Ly,].

The proof of Theorem 7.5 is not complicated. If X is a curve, statement
(1) is obvious, and one can easily obtain the general case from the curve case
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(see [Kaveh—Khovanskii-2, Theorem 4.25]). Statement (2) follows from (1).
Alternatively, statement (2) follows from the multilinearity of the intersection
index and the fact that L and L are equivalent.

As with any other commutative semigroup, there corresponds a Grothendieck
group to the semigroup Ky (X). Let K be a commutative semigroup. The
Grothendieck group G(K) of K is defined as follows: two elements x,y € K are
called equivalent, written x ~ y, if there is z € K with xz = yz. The Grothendieck
group G(K) is the collection of all formal fractions xj/xz, x1,x2 € K, where two
fractions xj/x, and y; /y» are considered equal if x;y> ~ y;x,. There is a natural
homomorphism ¢ : K — G(K). The Grothendieck group has the following universal
property: for any group G’ and a homomorphism ¢’ : K — G’, there exists a unique
homomorphism y : G(K) — G’ such that ¢' = yo ¢.

From the multilinearity of the intersection index it follows that the intersection
index extends to the the Grothendieck group of Ky (X). The Grothendieck group
of K4 (X) can be considered an analogue (for a not necessarily complete variety X)
of the group of Cartier divisors on a projective variety, and the intersection index on
this Grothendieck group an analogue of the intersection index of Cartier divisors.

The intersection theory on the Grothendieck group of Ky (X) enjoys all the
properties of mixed volume. Some of those properties have already been discussed
in the present section. The others will be discussed later (see Theorem 12.3 and
Corollary 12.4 below).

8 Proof of the Bernstein—-Kushnirenko Theorem
Via the Hilbert Theorem

Let us recall the proof of the Bernstein—Kushnirenko theorem from [Khovanskii-2],
which will be important for our generalization.

For each space L € Ky (X), let us define the Hilbert function H;, by Hy (k) =
dim(L*). For sufficiently large values of k, the function Hy (k) is a polynomial in ,
called the Hilbert polynomial of L.

With each space L € K (X), one associates a rational Kodaira map from X
to P(L*), the projectivization of the dual space L*: to any x € X at which all the
f € L are defined, there corresponds a functional in L* that evaluates f € L at x. The
Kodaira map sends x to the image of this functional in P(L*). It is a rational map,
i.e., defined on a Zariski-open subset in X. We denote by Y, the closure of the image
of X under the Kodaira map in P(L*).

The following theorem is a version of the classical Hilbert theorem on the degree
of a subvariety of the projective space.

Theorem 8.1 (Hilbert). The degree m of the Hilbert polynomial of the space L is
equal to the dimension of the variety Yy, and its leading coefficient c is the degree of
Y, C P(L*) divided by m\.



274 K. Kaveh and A. Khovanskii

Let A be a finite subset in Z" with A(A) its convex hull. Denote by kA the
sum A+ ---+ A of k copies of the set A, and by (kA(A))c the subset of kA(A)
containing points whose distance to the boundary d(kA(A)) is bigger than C. The
following combinatorial theorem gives an estimate for the set k * A in terms of the
set of integral points in kA (A).

Theorem 8.2 ([Khovanskii-2]). (1) One has kxA C kA(A)NZ".
(2) Assume that the differences a — b for a,b € A generate the group 7. Then there
exists a constant C such that for any k € N, we have

(kA(A)cNZ" CkxA.

Corollary 8.3. Let A C Z" be a finite subset satisfying the condition in Theorem
8.2(2). Then

#
lim FE*A)
k—oo k"

= Vol (A(A)).

Corollary 8.3 together with the Hilbert theorem (Theorem 8.1) proves the
Kushnirenko theorem for sets A such that the differences a — b for a,b € A generate
the group Z". The Kushnirenko theorem for the general case easily follows from
this. The Bernstein theorem, Theorem 5.4, follows from the Kushnirenko theorem
(Theorem 5.3) and the identity L4 p = LsLp.

9 Graded Semigroups in NoZ" and the Newton-Okounkov
Body

Let S be a subsemigroup of N & Z". For any integer k > 0 we denote by S; the
section of S at level k, i.e., the set of elements x € Z" such that (k,x) € S.

Definition 9.1. (1) A subsemigroup S of N® Z" is called a graded semigroup if
for any k > 0, Sy is finite and nonempty.

(2) Such a subsemigroup is called an ample semigroup if there is a natural m such
that the set of all the differences a — b for a,b € S, generates the group Z".

(3) Such a subsemigroup is called a semigroup with restricted growth if there is a
constant C such that for any k& > 0, we have #(S;) < Ck".

For a graded semigroup S, let Con(S) denote the closure of the convex hull of
SU{0}. It is a cone in R"*!. Denote by S the semigroup Con(S) N (N @ Z"). The
semigroup S contains the semigroup S.

Definition 9.2. For a graded semigroup S, define the Newron-Okounkov set A(S) to
be the section of the cone Con(S) atk = 1, i.e.,

A(S) = {x| (1,x) € Con(S)}.
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Theorem 9.3 (Asymptotics of graded semigroups). Let S be an ample graded
semigroup with restricted growth in N& Z". Then:

(1) The cone Con(S) is strictly convex, i.e., the Newton-Okounkov set A(S) is
bounded.
(2) Let d(k) denote the maximum distance of the points (k,x) from the boundary of
Con(S) for x € Sy \ Sk. Then
d(k
lim Q

k—boo

=0.

Theorem 9.3 basically follows from Theorem 8.2. For a proof and generaliza-
tions, see [Kaveh—Khovanskii-3, Sect. 1.3].

Corollary 9.4. Let S be an ample graded semigroup with restricted growth in N ®
Z7". Then

lim % = Vol (A(S)).

k—yoo

10 Valuations on the Field of Rational Functions

We start with the definition of a prevaluation. Let V be a vector space and let / be a
set totally ordered with respect to some ordering <.

Definition 10.1. A prevaluation on V with values in [ is a function v: V\ {0} — 1
satisfying the following:

(1) Forall f,g € V\ {0}, v(f +¢) > min(v(f),v(g))

(2) Forall feV\{0}and A #0, v(Af) =v(f)

(3) If for f,g € V\ {0} we have v(f) = v(g) then there is A # 0 such that v(g —
Af) > v(g).

It is easy to verify that if L C V is a finite-dimensional subspace, then dim(L) is
equal to #v(L\ {0}).

Example 10.2. Let V be a finite-dimensional vector space with basis {ey,...,en},
and let / = {1,...,n} with the usual ordering of numbers. For f = Y; A;e;, define

v(f) =min{i | A; # 0}.

Example 10.3 (Schubert cells in the Grassmannian). Let Gr(n, k) be the Grassman-
nian of k-dimensional planes in C". In Example 10.2, take V = C" with the standard
basis. Under the prevaluation v above, each k-dimensional subspace L C C" goes to
a subset M C I containing k elements. The set of all the k-dimensional subspaces
that are mapped onto M forms the Schubert cell Xjs in the Grassmannian Gr(n, k).



276 K. Kaveh and A. Khovanskii

Similar to Example 10.3, the Schubert cells in the variety of complete flags can
also be recovered from the prevaluation v above on C”".
Next we define the notion of a valuation with values in a totally ordered abelian

group.

Definition 10.4. Let K be a field and I' a totally ordered abelian group. A
prevaluation v : K\ {0} — I' is a valuation if it further satisfies the following: for
any f,g € K\ {0} we have

v(f8) =v(f) +v(g)-

The valuation v is called faithful if its image is all of I".

We will be concerned only with the field C(X) of rational functions on an n-
dimensional irreducible variety X and Z"-valued valuations on it (with respect to
some total order on Z").

Example 10.5. Let X be an irreducible curve. Take the field of rational functions
C(X) and I = Z. Take a smooth point a on X. Then the map

v(f) = Orda(f)

defines a faithful valuation on C(X).

Example 10.6. Let X be an irreducible n-dimensional variety. Take a smooth
point a € X. Consider a local system of coordinates at a with analytic coordinate
functions x1,...,x,. Let I' = Z'_ be the semigroup in Z" of points with nonnegative
coordinates. Take any well-ordering < that respects the addition, i.e., if a < b, then
a+c < b+c. For a germ f at the point a of an analytic function in xi,...,x,,
let cx®) = ex{'---x% be the term in the Taylor expansion of f with minimum
exponent o/(f) = (e,...,04) with respect to the ordering <. For a germ F at the
point a of a meromorphic function F = f/g, define v(F) as o(f) — ct(g). This
function v induces a faithful valuation on the field of rational functions C(X).

Example 10.7. Let X be an irreducible n-dimensional variety and Y any variety
birationally isomorphic to X. Then the fields C(X) and C(Y) are isomorphic, and
thus any faithful valuation on C(Y) gives a faithful valuation on C(X) as well.

11 Main Construction and Theorem

Let X be an irreducible n-dimensional variety. Fix a faithful valuation v : C(X) \
{0} — Z", where Z" is equipped with a total ordering respecting addition.

Let L € K4 (X) be a finite-dimensional subspace of rational functions. Consider
the semigroup S(L) in N@ Z" defined by
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S(L) = ULk v(r) | £ e L\ {0}}.

k>0

It is easy to see that S(L) is a graded semigroup. Moreover, by Hilbert’s theorem,
S(L) is contained in a semigroup of restricted growth.

Definition 11.1 (Newton-Okounkov body for a subspace of rational functions).
We define the Newton-Okounkov body for a subspace L to be the convex body
A(S(L)) associated to the semigroup S(L).

Denote by s(L) the index of the subgroup in Z" generated by all the differences
a— b such that a, b belong to the same set S,,(L) for some m > 0. Also let ¥, be the
closure of the image of the variety X (in fact, the image of a Zariski-open subset of
X) under the Kodaira rational map @y : X — P(L*). If dim(Yz) is equal to dim(X),
then the Kodaira map from X to Y7 has finite mapping degree. Denote this mapping
degree by d(L).

Theorem 11.1 (Main theorem). Let X be an irreducible n-dimensional variety.
Then:

(1) The complex dimension of the variety Yy, is equal to the real dimension of the
Newton-Okounkov body A(S(L)).
(2) Ifdim(Yy) = n, then

~ nld(L)
- s(L)

3) In particular, if @, : X — Yy, is a birational isomorphism, then

L,....L] Vol (A(S(L))).

[L,...,L] = n!Vol,(A(S(L))).
(4) For any two subspaces Ly,L; € Ky (X) we have
A(S(Ly)) +A(S(L2)) C A(S(LiLy))-

The proof of the main theorem is based on Theorem 9.3 (which describes
the asymptotic behavior of an ample graded semigroup with restricted growth)
and Hilbert’s theorem (Theorem 8.1). A sketch of a proof can be found in
[Kaveh—Khovanskii-1]. For a complete proof as well as generalizations, see
[Kaveh—Khovanskii-3, Sect. 4.5]. Also see [Kaveh—Khovanskii-3, Sect. 2.2] for
an example of two spaces Lj,L; € Ky (X) and a valuation on X such that the
inclusion in (4) is not the identity.
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12 Algebraic Analogue of the Alexandrov—Fenchel Inequality

Part (2) of the main theorem (Theorem 11.1) can be considered a far-reaching
generalization of the Kushnirenko theorem, in which instead of (C*)", one takes
any n-dimensional irreducible variety X, and instead of a finite-dimensional space
generated by monomials, one takes any finite-dimensional space L of rational
functions. The proof of Theorem 11.1 is an extension of the arguments used
in [Khovanskii-2] to prove the Kushnirenko theorem (see also Sect. 8). As we
mentioned, the Bernstein theorem (Theorem 5.4) follows immediately from the
Kushnirenko theorem and the identity

La+p=LaLgp.

Thus the Bernstein—Kushnirenko theorem is a corollary of our Theorem 11.1.

Note that although the Newton-Okounkov body A(S(L)) depends on a choice
of a faithful valuation, its volume depends on L only: after multiplication by n!, it
equals the self-intersection index [L,...,L].

Our generalization of the Kushnirenko theorem does not imply the generalization
of the Bernstein theorem. The point is that in general, we do not always have an
equality A(S(Ly))+A(S(L2)) = A(S(LiL2)). In fact, by Theorem 11.1(4), what is
always true is the inclusion

A(S(L1)) +A(S(L2)) C A(S(LiL2))-

This inclusion is sufficient for us to prove the following interesting corollary.

Let us call a subspace L € K.4(X) a big subspace if for some m > 0, the Kodaira
rational map of the completion L™ is a birational isomorphism between X and its
image. It is not hard to show that the product of two big subspaces is again a big
subspace and that thus the big subspaces form a subsemigroup of K, (X).

Corollary 12.1 (Algebraic analogue of Brunn-Minkowski). Assume that L,G €
Kt(X) are big subspaces. Then

[L""’L]l/n+ [Gv"'vG]l/n < [LG;...,LG]I/n.

Proof. Replacing L and G by L and G™, for any m > 0, does not change the
inequality (see Theorems 7.4 and 7.5). Thus, without loss of generality, we can
assume that the Kodaira maps of L and G are birational isomorphisms onto their
images. From statement (4) in Theorem 11.1 we have A(S(L)) + A(S(G)) C
A(S(LG)). So Vol,(A(S(L)) + A(S(G))) < Vol,(A(S(LG))). Also, from statement
(3) in the same theorem we have

[L....,L] =n!Vol,(A(S(L)),
[G,...,G] = n!Vol,(A(S(G)),
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[LG,...,LG) = n!Vol,(A(S(LG)).

To complete the proof, it is enough to use the Brunn—Minkowski inequality. a

In fact, it is shown in [Kaveh—Khovanskii-3, Theorem 4.23] that the above
Brunn—-Minkowski inequality holds without the assumption that L, G are big.

Corollary 12.2 (A version of the Hodge inequality). If X is an algebraic surface
and L,G € Ky (X) are big, then
[L.L)[G,G] < [L,GP.

Proof. From Corollary 12.1, for n = 2, we have

[L,L]+2[L,G] +[G,G] = [LG,LG) > ([L,L]'/* + [G,G]'/?)?
= [L,L] +2[L,L)'?[G,G)'/* + G, G,

which readily implies the Hodge inequality. O

Thus Theorem 11.1 immediately enables us to reduce the Hodge inequality to
the isoperimetric inequality. In this way, we can easily prove an analogue of the
Alexandrov—Fenchel inequality and its corollaries for intersection index:

Theorem 12.3 (Algebraic analogue of the Alexandrov-Fenchel inequality). Let
X be an irreducible n-dimensional variety and let Ly,...,L, € K(X) be big
subspaces. Then the following inequality holds:

[LlaL27L37' .. aLn]z Z [L17L17L3a s 7Ln] [L27L2aL37 s 7Lll]~

In fact, we can show that in Theorem 12.3, it is enough to assume only that
Ls,...,L, are big subspaces (see [Kaveh—Khovanskii-3, Theorem 4.27]).

Corollary 12.4 (Corollaries of the algebraic analogue of the Alexandrov—
Fenchel inequality). Let X be an irreducible n-dimensional variety.

(1) Let2<m<nandky+---+k, = mwith k; € N. Take big subspaces of rational
functions Ly, ...,L, € Ky (X). Then

ki #Ly,....ke % Le,Lysr, ... . Lo)" > [ [m*Lj Ly, ... La]".
1<j<r

(1) (Generalized Brunn—Minkowski inequality) For any fixed big subspaces
L1, Ly € Kin(X), the function

F:Lws [m*L,Lyyy,...,L]""

is a concave function on the semigroup of big subspaces.
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As we saw above, the Bernstein—Kushnirenko theorem follows from the main
theorem. Applying the algebraic analogue of the Alexandrov—Fenchel inequality to
the situation considered in the Bernstein—Kushnirenko theorem, one can prove the
Alexandrov—Fenchel inequality for convex polyhedra with integral vertices. Out of
this one can easily complete the proof of Alexandrov—Fenchel for general convex
bodies: the homogeneity gives the inequality for convex polyhedra with rational
vertices. But each convex body can be approximated arbitrarily well with polyhedra
with rational vertices. The statement now follows from the continuity of mixed
volume.

Thus the Bernstein—Kushnirenko theorem and the Alexandrov—Fenchel inequal-
ity in algebra and in geometry can be considered corollaries of the main theorem
(Theorem 11.1).

13 Additivity of the Newton-Okounkov Body for Varieties
with a Reductive Group Action

In this section we announce some results that the authors are currently writing up.
They will be presented in a forthcoming paper.?

While the additivity of the Newton-Okounkov body does not hold in general, we
recall, as mentioned in Sect. 8, that it does hold for the subspaces L4 of Laurent
polynomials on (C*)" spanned by monomials. The subspaces L are exactly the
subspaces that are stable under the natural action of the multiplicative group (C*)"
on Laurent polynomials (induced by the natural action of (C*)" on itself). It turns
out that the additivity generalizes to some classes of varieties with a reductive group
action.

Let G be a connected reductive algebraic group over C (in other words, the
complexification of a connected compact real Lie group). Also let X be a G-variety,
that is, a variety equipped with an algebraic action of G.

The group G naturally acts on C(X) by (g- f)(x) = f(g~'-x). A subspace L €
K. (X) is G-stable if for any f € Land g € G we have g- f € L.

A G-variety X is called spherical if a Borel subgroup of G has a dense orbit.
Toric varieties, flag varieties, and group compactifications are well-known examples
of spherical varieties.

Theorem 13.1. Let X be an n-dimensional spherical G-variety. Then there is a
naturally defined faithful valuation v : C(X)\ {0} — Z" such that for any G-stable
subspace L € K (X), the Newton-Okounkov body A(S(L)) is in fact a polyhedron.

Definition 13.2. Let V be a finite-dimensional representation of G. Let v = v; +
-+ 4 v be a sum of highest-weight vectors in V. The closure of the G-orbit of v in
V is called an S-variety.

2While the present volume was under preparation the related papers [Kaveh-Khovanskii-4] and
[Kaveh-Khovanskii-5] appeared.
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Affine toric varieties are S-varieties for G = (C*)". One can show that any S-
variety is spherical.

Theorem 13.3. Let X be an S-variety for one of the groups G = SL(n,C), SO(n,C),
SP(2n,C), (C*)", or a direct product of them. Then for the valuation in Theorem
13.1 and for any choice of G-stable subspaces Ly,Ly in Ky (X), we have

A(S(Li1Lz)) = A(S(L1)) + A(S(L2)).

Corollary 13.4 (Bernstein theorem for S-varieties). Let X be an S-variety for one
of the groups G = SL(n,C), SO(n,C), SP(2n,C), (C*)", or a direct product of them.
Let Ly,...,L, € Ky (X) be G-stable subspaces. Then for the valuation in Theorem
13.1, we have

[Ll yoee 7Ln} = n!V(A (S(Ll ))7 s 7A(S(Ln)))a

where V is the mixed volume.

Another class of G-varieties for which the additivity of the Newton polyhedron
holds is the class of symmetric homogeneous spaces.

Definition 13.5. Let o be an involution of G, i.e., an order-2 algebraic automor-
phism. Let H = G° be the fixed-point subgroup of 6. The homogeneous space G/H
is called a symmetric homogeneous space.

Example 13.6. The map M — (M~')" is an involution of G = SL(n,C) with the
fixed-point subgroup H = SO(n,C). The symmetric homogeneous space G/H can
be identified with the space of nondegenerate quadrics in CP"~!.

Any symmetric homogeneous space is an affine spherical G-variety (with the left
G-action).

Under mild conditions on the L;, analogues of Theorem 13.3 and Corollary 13.4
hold for symmetric varieties. Finally, the above theorems extend to subspaces of
sections of G-line bundles.

Acknowledgements We would like to thank the referee for a careful reading of the manuscript
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Floer Homology on the Extended Moduli Space

Ciprian Manolescu and Christopher Woodward

Abstract Starting from a Heegaard splitting of a three-manifold, we use
Lagrangian Floer homology to construct a three-manifold invariant in the form
of a relatively Z/8Z-graded abelian group. Our motivation is to have a well-defined
symplectic side of the Atiyah—Floer conjecture for arbitrary three-manifolds. The
symplectic manifold used in the construction is the extended moduli space of flat
SU(2)-connections on the Heegaard surface. An open subset of this moduli space
carries a symplectic form, and each of the two handlebodies in the decomposition
gives rise to a Lagrangian inside the open set. In order to define their Floer
homology, we compactify the open subset by symplectic cutting; the resulting
manifold is only semipositive, but we show that one can still develop a version of
Floer homology in this setting.

Keywords Floer homology ¢ Three-manifold ¢ Moduli space ¢ Heegaard surface

1 Introduction

Floer’s instanton homology [15] is an invariant of integral homology three-spheres
Y that serves as target for the relative Donaldson invariants of four-manifolds with
boundary; see [13]. It is defined from a complex whose generators are (suitably
perturbed) irreducible flat connections in a trivial SU(2)-bundle over Y, and whose
differentials arise from counting anti-self-dual SU(2)-connections on ¥ x R. There
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is also a version of instanton Floer homology using connections in U(2)-bundles
with ¢; odd [9, 17], an equivariant version [4, 5], and several other variants that use
both irreducible and reducible flat connections [13]. More recently, Kronheimer and
Mrowka [29] have developed instanton homology for sutured manifolds; a particular
case of their theory leads to a version of instanton homology that can be defined for
arbitrary closed three-manifolds.

In another remarkable paper [16], Floer associated a homology theory to two
Lagrangian submanifolds of a symplectic manifold, under suitable assumptions.
This homology is defined from a complex whose generators are intersection points
between the two Lagrangians, and whose differentials count pseudoholomorphic
strips. The Atiyah—Floer conjecture [2] states that Floer’s two constructions are
related: for any decomposition of the homology sphere Y into two handlebodies
glued along a Riemann surface X, instanton Floer homology should be the same
as the Lagrangian Floer homology of the SU(2)-character varieties of the two
handlebodies, viewed as subspaces of the character variety of X.

As stated, an obvious problem with the Atiyah—Floer conjecture is that the
symplectic side is ill defined: due to the presence of reducible connections,
the SU(2)-character variety of X is not smooth. One way of dealing with the
singularities is to use a version of Lagrangian Floer homology defined via the
symplectic vortex equations on the infinite-dimensional space of all connections.
This approach was pursued by Salamon and Wehrheim, who obtained partial results
toward the conjecture in this setup; see [49, 50, 56]. Another approach is to avoid
reducibles altogether by using nontrivial PU(2)-bundles instead. This road was
taken by Dostoglou and Salamon [14], who proved a variant of the conjecture for
mapping tori.

The goal of this paper is to construct another candidate that could sit on the
symplectic side of the (suitably modified) Atiyah—Floer conjecture.

Here is a short sketch of the construction. Let ¥ be a Riemann surface of genus
h>1,and z € X a base point. The moduli space .# (X) of flat connections in a trivial
SU(2)-bundle over X can be identified with the character variety {p : m;(X) —
SU(2)}/PU(2). The moduli space .# (X) is typically singular. However, Jeffrey
[26] and independently Huebschmann [23], showed that .# (X) is the symplectic
quotient of a different space, called the extended moduli space, by a Hamiltonian
PU(2)-action. The extended moduli space is naturally associated not to X, but to
X', a surface with boundary obtained from X by deleting a small disk around z.
The extended moduli space has an open smooth stratum, which Jeffrey and
Huebschmann equip with a natural closed two-form. This form is nondegenerate
on a certain open set .4/ (X'), which we take as our ambient symplectic manifold.
In fact, #"(X’) can also be viewed as an open subset of the Cartesian product
SU(2)*" = {p : m(X') — SU(2)}. More precisely, if we pick 2h generators for
the free groups 71 (X'), we can describe this subset as

N(Z) = {(Al,Bl,...,Ah,Bh) e Su2)? | ﬁ[Ai,Bi] # _1} ,
i=1
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Consider a Heegaard decomposition of a three-manifold Y as Y = HyUH, where
the handlebodies Hy and H; are glued along their common boundary X. There are
smooth Lagrangians L; = {m;(H;) — SU(2)} C A (X') for i =0, 1. In order to take
the Lagrangian Floer homology of Ly and L, care must be taken with holomorphic
strips going out to infinity; indeed, the symplectic manifold .4 (X’) is not weakly
convex at infinity. Our remedy is to compactify .#"(X’) by (nonabelian) symplectic
cutting. The resulting manifold .4 ¢(X’) is the union of .#"(X’) and a codimension-
two submanifold R. A new problem shows up here, because the natural two-form
@® on 4 °(X') has degeneracies on R. Nevertheless, (.4 “(X'), ®) is monotone, in a
suitable sense. One can deform @ into a symplectic form , at the expense of losing
monotonicity. We are thus led to develop a version of Lagrangian Floer theory on
A¢(Z") by making use of the interplay between the forms @ and ®. Our Floer
complex uses only holomorphic disks lying in the open part A4 (X') of A4 ¢(X').
We show that while holomorphic strips with boundary on Ly and L; can go to
infinity in .#"(X"), they do so only in high codimension, without affecting the Floer
differential. The resulting Floer homology group is denoted by

HSI(XZ;Hy,Hy) = HF (Ly, Ly in A (X)),

and it admits a relative Z/8Z-grading. We call it symplectic instanton homology.

Using the theory of Lagrangian correspondences and pseudoholomorphic quilts
developed in Wehrheim—Woodward [59] and Lekili-Lipyanskiy [30], we prove the
following theorem.

Theorem 1. The relatively 7/87-graded group HSI(Y) = HSI(Z;Hy,H;) is an
invariant of the three-manifold Y .

Strictly speaking, if we are interested in canonical isomorphisms, then the
symplectic instanton homology also depends on the base point z € ¥ C Y': as z varies
inside Y, the corresponding groups form a local system. However, we drop z from
the notation for simplicity.

Let us explain how we expect HSI(Y) to be related to the traditional instanton
theory on 3-manifolds. We restrict our attention to the original setup for Floer’s
instanton theory I(Y) from [15] when Y is an integral homology sphere. It is then
decidedly not the case that HSI(Y) coincides with Floer’s theory; for example, we
have HSI(S?) = 7Z, but I(S?) = 0. Nevertheless, in [13, Sect. 7.3.3], Donaldson
introduced a different version of instanton homology, a Z/8Z-graded vector field
over Q denoted by HF that satisfies ﬁf(S3) = Q. (Floer’s theory [ is denoted by
HF in [13].) We state the following variant of the Atiyah—Floer conjecture:

Conjecture 1. For every integral homology sphere Y, the symplectic instanton
homology HSI(Y) ® Q and the Donaldson-Floer homology HF (Y) from [13] are
isomorphic as relatively Z/8Z-graded vector spaces.

Alternatively, one could hope to relate HSI to the sutured version of instanton
Floer homology developed by Kronheimer and Mrowka in [29]. More open
questions, and speculations along these lines, are presented in Sect. 7.3.
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2 Floer Homology

2.1 The Monotone, Nondegenerate Case

Lagrangian Floer homology was originally constructed in [16] under some restric-
tive conditions, and later generalized by various authors to many different settings.
We review here its definition in the monotone case, due to Oh [39, 41], together
with a discussion of orientations following Fukaya—Oh—Ohta—Ono [18].

Let (M, ®) be a compact connected symplectic manifold. We denote by 7 (M, ®)
the space of compatible almost complex structures on (M, ®), and by J,(M,®) =
C=([0,1],J (M, m)) the space of time-dependent compatible almost complex struc-
tures. Any compatible almost complex structure J defines a complex structure
on the tangent bundle TM. Since J (M, ®) is contractible, the first Chern class
c1(TM) € H*(M,Z) depends only on ®, not on J. The minimal Chern number Ny,
of M is defined as the positive generator of the image of ¢|(TM) : my(M) — Z.

Definition 1. Let (M, ®) be a symplectic manifold. Then M is called monotone if
there exists k¥ > 0 such that
[0] =x-c;(TM).

In that case, k is called the monotonicity constant.

Definition 2. A Lagrangian submanifold L C (M, ®) is called monotone if there
exists a constant k¥ > 0 such that

2[0‘)] ‘ﬂz(M,L) = K- U,

where Uy, : m(M,L) — Z is the Maslov index.

Necessarily, if L is monotone, then M is monotone with the same monotonicity
constant. The minimal Maslov number Ny, of a monotone Lagrangian L is defined
as the positive generator of the image of yy, in Z.

From now on, we will assume that M is monotone with monotonicity constant
K and that we are given two closed, simply connected Lagrangians Ly,L; C M.
These conditions imply that Ly and L; are monotone with the same monotonicity
constant and

Ni, =N, = 2Ny.

We assume that Ny > 1 and set N = 2Ny > 4. We also assume that wy(Ly) =
wy (L]) =0.

After a small Hamiltonian perturbation, we can arrange things so that the
intersection Lo N L; is transverse. Let (J;)o</<1 € d:(M,®). For any xy € LyN Ly,
we denote by 95“((x+,x,) the space of Floer trajectories (or J;-holomorphic strips)
from x; to x_, i.e., finite-energy solutions to Floer’s equation
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u:Rx[0,1]— M,
M(S,j)ELj, jzovlv

St + Iy (1)t = 0 @b

Sl_l)rinwu(s, )= x4

Let 9(x,,x_) denote the quotient of 9(x;,x_) by the translational action
of R. For (J;)o</<1 chosen from a comeager! subset J;%(Lo,L;) C J;(M,®) of
(Lo, Ly )-regular, time-dependent compatible almost complex structures, 9t (x;,x_)
is a smooth, finite-dimensional manifold with dimension at a nonconstant u €
M(xy,x—) given by dimT,M(xy,x_) = I(u) — 1. We denote by M (x;,x_), the
subset with I(u) — 1 = d (note that DM (xy,x_)_; is nonempty if x; = x_). As
explained in Oh [39], after shrinking J,°®(Lo,L;) further, we may assume that
M (x4, x_)o is finite and M (x4, x_); is compact up to breaking of trajectories:

OM(xpx_)i= | Mg, y)ox M(y,x-)o. (2.2)
yeLoNLy

The condition that the Lagrangians have vanishing w, is used in defining orien-
tations on the moduli spaces, compatible with the identity (2.2). The Floer chain
complex is then defined to be the free abelian group generated by the intersection
points

CF(Ly.Li))= P Zix
x€LyNLy

The Floer differential is

)= Y elw)x),

ueM (x4 .x-)o

where €(u) € {£1} is the sign comparing the orientation of the moduli space to the
canonical orientation of a point; see, for example, [58].

Our assumptions allow one to define a relative Maslov index I(x,y) € Z/NZ
for every x,y € Loy N L; such that I(x,y) = I(u) (mod N) for any u € 9(x,y). The
relative index satisfies I(x,y) + I(y,z) = I(x,z), and it induces a relative Z/NZ-
grading on the chain complex.

The Lagrangian Floer homology groups HF (Ly, L) are the homology groups of
CF.(Ly,L;) with respect to the differential 9. Equation (2.2) implies that 9> = 0.
An important property of the Floer homology groups HF (Ly,L;) is that they are

'A subset of a topological space is comeager if it is the intersection of countably many open
dense subsets. Many authors use the term “Baire second category,” which, however, denotes more
generally subsets that are not meager, i.e., not the complement of a comeager subset. See, for
example, [48, Chap. 7.8].
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independent of the choice of path of almost complex structures, and invariant under
Hamiltonian isotopies of both L and L. Since H; (Lo) = H(L1) = 0, any isotopy of
Ly or L; through Lagrangians can be embedded in an ambient Hamiltonian isotopy;
see, for example [44, Sect. 6.1] or the discussion in [52, Sect. 4(D)].

2.2 A Relative Version

Let R C M denote a symplectic hypersurface disjoint from the Lagrangians Ly, L;.
Each pseudoholomorphic strip u : R x [0, 1] — M meeting R in a finite number of
points has a well-defined intersection number u - R, defined by a signed count of
intersection points of generic perturbations. The intersection numbers u - R depend
only on the relative homology class of u, and are additive under concatenation of
trajectories:

(u#tv) -R=(u-R)+ (v-R).

Let J(M,®,R) denote the space of compatible almost complex structures
J for which R is a J-holomorphic submanifold. Let also J,(M,w,R) =
C=([0,1],J (M,m,R)) be the corresponding space of time-dependent almost
complex structures. If (J;) € J;(M,®,R), then the intersection number of any
Ji-holomorphic strip with R is a finite sum of positive local intersection numbers;
see, for example, Cieliebak—Mohnke [11, Proposition 7.1]. In particular, if a
Ji-holomorphic strip has trivial intersection number with R, it must be disjoint
from R.

One can show that J;°®(Lo,L1,R) = J;%(Lo,L1) N J;(M,®,R) is comeager in
J:(M,®,R). Since Lo,L; are disjoint from R, Floer homology may be defined
using J; € J;(M,®,R). Moreover, for J € 7, *(Lo,L1,R), the Floer differential
decomposes as the sum

d= Z Oms

m>0

where d,, counts the trajectories with intersection number m with R. By additivity
of the intersection numbers, the square of the Floer differential satisfies the refined
equality

Y, 90, =0.

i+j=m

In particular, 9 = 0. Let HF (Lo, L;;R) denote the homology of dy, counting Floer
trajectories disjoint from R. We call HF (Lo, L1;R) the Lagrangian Floer homology
of Ly, Ly relative to the hypersurface R. This kind of construction has previously
appeared in the literature in various guises; see, for example, Seidel’s deformation
of the Fukaya category [51, p. 8] or the hat version of Heegaard Floer homology
[43]. Note that HF (Lo, L;R) admits a relative Z/N'Z-grading, where N’ = 2Ny g
is a positive multiple of V.
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A standard continuation argument then shows that HF (Lo, L;;R) is independent
of the choice of J; € J; %(Lo,L1,R). Indeed, any two such compatible almost
complex structures can be joined by a path J; ,,p € [0,1], which equips the fiber
bundle R x [0,1] x M — R x [0,1] with an almost complex structure. The part of
the continuation map counting pseudoholomorphic sections with zero intersection
number with the almost complex submanifold R x [0, 1] x R defines an isomorphism
from the two Floer homology groups.

In fact, we may assume that all Floer trajectories are transverse to R by the
following argument, which holds for not necessarily monotone M.

For any k € N, we denote by M(x;,x_;k) the subset of M(x;,x_) with a
tangency of order exactly k to R. Given an open subset W C M containing Ly and
L, with closure disjoint from R and a J € J (M, ®,R), we denote by J,(M, 0, W, J)
the space of compatible almost complex structures that agree with J outside W.

Lemma 1. There exists a comeager subset J; © (Lo, L1, W,J) of 3,(M, &, W, J) con-
tained in 3;° (Lo, L1,R) such that for any (J;) € 3;°¢ (Lo, L1, W, J), the corresponding
moduli space M (x4, x_) is a smooth manifold, and for every k € N and xy. € LoNLy,
M (x4, x_3k) is a smooth submanifold of M (x,x_) of codimension 2k.

Proof. For the closed case, see Cieliebak—Mohnke [11, Proposition 6.9]. The proof
for Floer trajectories is the same, since the Lagrangians are disjoint from R. Note that
[11] uses tamed almost complex structures; however, the arguments apply equally
well to compatible almost complex structures; see [33, p. 47].

Corollary 1. If (J;) € 3;°% (Lo, L1, W, J), then for every element of M (x,x_)o and
M(xy,x_)1, the intersection with R is transversal, and the number of intersection
points equals the intersection pairing with R.

2.3 Floer Homology on Semipositive Manifolds

In this section, we extend the definition of Floer homology to a semipositive setting.
More precisely, we assume the following:

Assumption 2.1. (i) (M, ®) is a compact symplectic manifold.
(i) @ is a closed two-form on M.
(iii) The degeneracy locus R C M of @ is a symplectic hypersurface with respect
to .
(iv) @ is monotone, i.e., [®] = k- c1(TM) for some x > 0.
(V) The restrictions of @ and ® to M\ R have the same cohomology class in
H>(M\R).
(vi) The forms @ and ® themselves coincide on an open subset W C M\ R.
(vil) We are given two closed submanifolds Ly,L; C W that are Lagrangian with
respect to @ (hence Lagrangians with respect to @ as well).
(viii) Lg and L intersect transversely.
(IX) m (L()) =T (Ll) = 1and Wz(L()) = Wz(Ll) =0.
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(x) The minimal Chern number Nyp\r (with respect to ®) is at least 2, so that
N =2Nypg > 4.

(xi) There exists an almost complex structure that is compatible with respect to
® on M and compatible with respect to @ on M \ R, and for which R is an
almost complex submanifold. We fix such a J, which we call the base almost
complex structure.

(xii) Any J-holomorphic sphere in M of index zero (necessarily contained in R)
has intersection number with R equal to a negative multiple of 2.

Let us remark that because J is compatible with respect to @ on M \ R, by
continuity it follows that J is semipositive with respect to @ on all of M; i.e.,
@(v,Jv) >0 forany m € M and v € T,,M.

Our goal is to define a relatively Z/NZ-graded Floer homology group
HF (Ly,Ly,J;R) using Floer trajectories away from R and a path of almost complex
structures that are small perturbations of J supported in a neighborhood of Ly UL;.
The construction is similar to the one in Sect. 2.2, but a priori it depends on J.

Definition 3. (a) We say that J € J (M, ) is spherically semipositive if every J-
holomorphic sphere has nonnegative Chern number ¢; (7M)[u] > 0.

(b) We say that J € J(M,®) is hemispherically semipositive if J is spherically
semipositive and every J-holomorphic map (D?,dD?) — (M,L;), i € 0,1, has
nonnegative Maslov index (u), and further, if /(x) = 0, then u is constant.

Given a continuous map u : (D?,dD?) — (M, L;), i =0, 1, we define the canonical
area of u by

A(u) = —[‘I’]’C(”).
Lemma 2. We have I(u) = A(u) for any u : (D?>,dD?) — (M, L;).

Proof. Since L; is simply connected, we can find a disk v contained in L; with
boundary equal to that of u, but with reversed orientation. Let u#v : S> — M be
the map formed by gluing. By additivity of the Maslov index,

_ _ _,[0](utv) | [@](u)
I(u)=1(u)+1(v) = (u#tv) =2 - =2 e

since both the index and the area of v are trivial.

We define a strip with decay near the ends to be a continuous map
w: (Rx[0,1],R x {0}, R x {1}) — (M, Ly, L) (2.3)
such that limy_se. u(s,1), limg_, o u(s,t) € LyNL; exist. Every strip with decay near

the ends admits a relative homology class in Hy(M,Ly UL,), and therefore has
a well-defined canonical area
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and a Maslov index I(u).
The following lemma is [39, Proposition 2.7].

Lemma 3. Strips (2.3) satisfy an index-action relation
I(u) =A(u)+C

for some constant C depending only on the endpoints of u.

Proof (Sketch). Pick ug a reference strip with the same endpoints as u. Using the
fact that 71 (L) = 1, we can find a map v : D*> — Lg such that half of its boundary
is taken to the image of up(R x {0}) and the other half to the image of u(R x {0}).
By adjoining v to u and ug (the latter taken with reversed orientation), we obtain a
disk (—ug)#v#u with boundary in L,. Applying Lemma 2 to this disk and using the
additivity of the index and canonical action under gluing, we obtain

I(u) — I{up) = A(u) — A(ug).
We then take C = I(ug) — A(ug).

As in Sect. 2.2, J(M,®,W,J) denotes the space of compatible almost com-
plex structures agreeing with J outside W. We let J,(M, 0, W,J) = C=([0,1],
T (M, 0,W,J).

Lemma 4. EveryJ in J(M,®,W,J) is hemispherically semipositive.

Proof. Since @ agrees with @ on W, we have @ (v,Jv) > 0 for every v € T,,M, where
m € W. Since J agrees with J outside W, we in fact have @(v,Jv) > 0 everywhere.
Nonnegativity of I then follows from the monotonicity of @ (for spheres) and
Lemma 2 for disks. If a J-holomorphic disk u has I(u) = 0, its canonical area
must be zero. Since J is compatible with respect to @ on M \ R, the disk should
be contained in R. However, this is impossible, because the disk has boundary on a
Lagrangian L; with L; "R = (. (By contrast, we could have I(x) = 0 for nonconstant
J-holomorphic spheres contained in R.)

Let 3, (Lo, L1, W,J) C 3;(M,0,W,J)NJ;*®(Ly,L,R) be as in Lemma 1.

Proposition 1. Let M,Ly,L;,®,®,J satisfy Assumption 2.1. If we choose (J,) €

1 8(Lg, Ly, W,J), then the relative Floer differential counting trajectories disjoint
from R is finite and satisfies 802 = 0. The resulting (relatively 7/ NZ-graded) Floer
homology groups HF.(Ly,Ly,J;R) are independent of the choice of path (J,),
and are preserved under Hamiltonian isotopies of either Lagrangian, as long as
Assumption 2.1 is still satisfied.
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Proof. Using parts (v) and (vi) of Assumption 2.1, we see that on the complement
of R we have ® — @ = da, for some a € Q' (M \ R) satisfying da = 0 in the
neighborhood W of Lo UL;. Let u be a pseudoholomorphic strip whose image is
contained in M \ R. Then

E(u)—KA(u):/ u*(w—(b):/ d(u*a):/ u*a—/ u'a,
Rx[0,1] Rx[0,1] i) b7

where 7; is a path in the Lagrangian L; joining the endpoints of u. Since da = 0 on
L;, Stokes’ theorem implies that fyu*a is independent of v; it depends only on the

endpoints. Therefore, E (1) — kA(u) depends only on the endpoints of u. Together
with Lemma 3 this gives an energy index relation as follows: for any u in M \ R, we
have

1) = E(uw)/x+C,

where C' is a constant depending on the endpoints of u. Since there are only finitely
many possibilities for these endpoints, it follows that there exists a constant K > 0
such that the energy of any such trajectory u is bounded above by K.

Let (J;) € 3;°%(Lo, L1, W,J). By Proposition 4 each J; is hemispherically semi-
positive. We define the Floer differential by counting J;-holomorphic strips in M \ R.
By Lemma 1, a sequence of such strips cannot converge to a strip that intersects R,
unless further bubbling occurs.

We seek to rule out sphere bubbles and disk bubbles in the boundary of the
zero- and one-dimensional moduli spaces of such strips (i.e., those of index 1 or 2).
Assume that we have a sequence (uy) of pseudoholomorphic strips of index 1 or 2.
Because of the energy bound, a subsequence Gromov converges to a limiting
configuration consisting of a broken trajectory and a collection of disk and sphere
bubbles. Since the J;’s are hemispherically semipositive, it follows that the indices
of the bubbles are nonnegative. Further, by part (x) of Assumption 2.1, the index of
each bubble is a multiple of 4. Since we started with a configuration of index at most
2, all bubbles have index zero. By the definition of hemispherical semipositivity, the
index-zero disks are constant.

By item (xii) of Assumption 2.1, each index sphere bubble contributes a multiple
of two to the intersection number with R. By Lemma 1, the intersection number of
the limiting trajectory u.. (with sphere bubbles removed) is given by the number
of intersection points, and each of these is transverse. Hence at most half of the
intersection points with R have sphere bubbles attached. In particular, there exists
a point z € R x [0, 1] such that u.(z) € R is a transverse intersection point but z is
not in the bubbling set. Since the intersection points are stable under perturbation,
it follows that u. cannot be a limit of Floer trajectories disjoint from R. Indeed,
by definition this convergence is uniform in all derivatives on the complement of
the bubbling set, and in particular, on an open subset containing z. Since there are
no sphere bubbles, there cannot be any disk bubbles either, since at least one disk
bubble would have to be nonconstant. Hence the limit is a (possibly broken) Floer
trajectory.
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The rest of the argument is then as in the monotone case. In particular, the state-
ment about the invariance of HF (Ly,L;,J;R) follows from the usual continuation
arguments in Floer theory.

Remark 1. 1fM,Ly,L,®, ®,J satisfy Assumption 2.1, we can define HF, (Lo, L;,J;
R) even if Ly and L; do not intersect transversely: one can simply isotope one of the
Lagrangians to achieve transversality, and take the resulting Floer homology.

Remark 2. A priori, the construction of the Floer homologies HF (Ly,L;,J;R)
depends on the open set W, because (J;) is chosen from the corresponding
reg

set J;°%(Lo, L1, W,J). However, suppose we have another open set W C M\ R
satisfying LoNL; C W and w = @ on W’. Note that

28 (Lo, L1, W, )N ;%8 (Lo, L1, W', J) = 3,8 (Lo, L1, WNW' .J), (2.4)

because the regularity condition in Lemma 1 is intrinsic for (J;) (it boils down to
the surjectivity of certain linear operators). It follows that by choosing (J;) in the
(necessarily nonempty) intersection (2.4), the Floer homologies HF (Lo, L, ,f;R)
defined from W and W’ are isomorphic. Thus, we can safely drop W from the
notation.

Remark 3. A smooth variation of the base almost complex structure J induces an
isomorphism between the respective Floer homologies HF (Ly,L;,J;R). However,
if we are given only @ and ®, it is not clear whether the space of possible J°s is
contractible. This justifies keeping .J in the notation HF (Ly,L1,J;R).

3 Moduli Spaces

3.1 Notation

Throughout the rest of the paper, G will denote the Lie group SU(2), and G* =
PU(2) = SO(3) the corresponding group of adjoint type. We identify the Lie algebra
g = su(2) with its dual g* using the basic invariant bilinear form

(-):gxg—R, (A,B)=—Tr (AB).

The maximal torus T = S' C G consists of the diagonal matrices diag
(e2™i e~ ™) t € R. We let T* = T /(Z/27) C G* and identify their Lie algebra
t with R by sending diag(i,—i) to 1. Under this identification, the restriction of the
inner product (-,-) to t is twice the Euclidean metric. We use this inner product to
identify t with t* as well. Finally, we let t- denote the orthocomplement of t in g.
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Conjugacy classes in g (under the adjoint action of G) are parameterized by the
positive Weyl chamber t; = [0, ). Indeed, the adjoint quotient map

Q:g—[0,0)

takes 0 € g to ¢ such that 0 is conjugate to diag(ti, —ti).

On the other hand, conjugacy classes in G are parameterized by the fundamental
alcove 2L = [0,1/2]. Indeed, for any g € G, there is a unique ¢ € [0, 1 /2] such that g
is conjugate to the diagonal matrix diag(e?™ e=2%1).

3.2 The Extended Moduli Space

We review here the construction of the extended moduli space [23,26], mostly
following Jeffrey’s gauge-theoretic approach from [26].

Let X be a compact connected Riemann surface of genus 2 > 1. Fix some z € X
and let X’ denote the complement in X of a small disk around z, so that § = 90X’ is a
circle. Identify a neighborhood of S in X’ with [0,€) x S, and let s € R/27Z be the
coordinate on the circle S.

Consider the space «7(X') = Q!(X') @ g of smooth connections on the trivial
G-bundle over X', and set

%(2")={A € (X') | FA=0, A=6ds on some neighborhood of S for some 6 € g}.
The space «/%(X’) is acted on by the gauge group
4°(2")={f:X' — G) | f =1 on some neighborhood of S}.
The extended moduli space is then defined as
MYE) =X ]9°(%).

A more explicit description of the extended moduli space is obtained by fixing a
collection of simple closed curves ¢;,B; (i =1,...,h) on X', based at a point in S,
such that 7y (') is generated by their equivalence classes and the class of a curve y
around S, with the relation Hf‘:l [0, B)] = 7.

To each connection on X’ one can then associate the holonomies A;,B; € G
around the loops o; and f;, respectively, i = 1,...,h. This allows us to view the
extended moduli space as

h
ME(Z) = {(AI,BI,...,Ah,Bh) e ocg|[]A.B]= exp(ZnG)}. (3.1)

i=1
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There is a proper map
D: /%2 —g

that takes the class [A] of a connection A to the value 8 = ®(A) such that A|g = 0ds.
(This corresponds to the variable 6 appearing in (3.1).) There is also a natural G-
action on .#%(X’) given by constant gauge transformations. With respect to the
identification (3.1), it is

gE€G: (A;,Bi,0) — (gAig”" gBig” ', Ad(g)0). (3.2)

Observe that this action factors through G*. The map @ is equivariant with
respect to this action on its domain, and the adjoint action on its target. Set

@: #%(2) = [0,0), ®=Qo0.
Now consider the subspace
ME(E) ={xe M°(X)| D(x) ¢ Z\{0}}.

Proposition 2. (a) The space .45 (X') is a smooth manifold of real dimension 6h.
(b) Every nonzero element 0 € g is a regular value for the restriction of @ to

M.

Proof. Part (a) is proved in [26, Theorem 2.7]. We copy the proof here, and explain
how the same arguments can be used to deduce part (b) as well.

Consider the commutator map ¢ : G** — G,c(Ay,By,...,Ay,By) = th:l [A;,Bi].
For p = (Ay,By,...,A,By) € G*", we denote by Z(p) C G its stabilizer (under the
diagonal action by conjugation). Let z(p) C g be the Lie algebra of Z(p). Note that
Z(p)={+I} unless c¢(p) =1.

The image of dc, - ¢(p)~! is z(p)~; see, for example, [19, proof of Proposition
3.7]. In particular, the differential dc,, is surjective whenever c(p) # I.

Define the maps

L

f1:G¥xg= G, fi(p.0)=c(p)-exp(~270)

and
f2 : Gzh Xg—)GXg, fZ(pae) = (fl(pae)ve)
On the extended moduli space . %(X') = £, (I), we have

(df1)(p,0) = (de)pexp(—270) + 2wexp(270)(dexp) —276-
When c(p) = exp(2m60) # I, we have that (dc), is surjective, hence so is

(df1)(p,6)- Also, when 8 = 0, (dexp) 2z is just the identity, so again (df1)(,.e)
is surjective. Claim (a) follows.
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Next, observe that

(df2)(p.0) (@, A) = ((df1)(p.0) (e, 1), 4) = (dcp () - exp(—270) +1(1),A),

where I(A) does not depend on «. Hence, when c¢(p) = exp(2n0) # I, the
differential (df2),6) is surjective. This implies that any 6 € g with Q(0) ¢ Z is
aregular value for @| ,q 5. Since the values 6 € g with Q(0) € Z\ {0} are notin
the image of Q| a8z they are automatically regular values, and claim (b) follows.

Consider also the subspace
H(E)=d71([0,1/2)) .4 (E).
Note that the restriction of the exponential map 6 — exp(2760) to Q' [0,1/2) is

a diffeomorphism onto its image G\ {—1}. Therefore, using the identification (3.1),
we can describe A (X') as

W(Z/):{(Al,Bl, ,An,By) € G*

]'[A,,B £ 1} (3.3)

3.3 Hamiltonian Actions

Let K be a compact connected Lie group with Lie algebra £. We let K act on the
dual Lie algebra £* by the coadjoint action.

A presymplectic manifold is a smooth manifold M together with a closed
form @ € Q2(M), possibly degenerate. A Hamiltonian presymplectic K-manifold
(M, w,®) is a presymplectic manifold (M, ®) together with a K-equivariant smooth
map @ : M — €* such that for any & € g, if Xe denotes the vector field on M
generated by the one-parameter subgroup {exp(—t&) |1 € R} C K, we have

d((®,8)) = —1(Xg)o

Under these hypotheses, the K-action on M is called Hamiltonian, and @ is called
the moment map. The quotient

M//K = &~ '(0)/K
is called the presymplectic quotient of M by K. The following result is known as the

reduction theorem [32],[36], [20, Theorem 5.1].

Theorem 2. Let (M,®,®) be a Hamiltonian presymplectic K-manifold. Suppose
that the level set ®~'(0) is a smooth submanifold on which K acts freely. Let i :
@~ 1(0) < M be the inclusion and w : ®~'(0) — M//K the projection. Then there
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exists a unique closed form Wreq on the smooth manifold M //K with the property
that i* ® = T* Wyeq. The reduced form oreq is nondegenerate on M //K if and only if
o is nondegenerate on M at the points of @~1(0).

Furthermore, if M admits another Hamiltonian K'-action (for some compact
Lie group K') that commutes with the K-action, then (M //K, ®rq) has an induced
Hamiltonian K'-action.

When the form  is symplectic, (M, ,®) is called simply a Hamiltonian K-
manifold. In this case we can drop the condition that @~! (0) be smooth from the
hypotheses of Theorem 2; indeed, this condition is automatically implied by the
assumption that K acts freely on @~1(0).

3.4 A Closed Two-Form on the Extended Moduli Space

According to [26, (2.7)], the tangent space to the smooth stratum .Z?(X') C
A%(X') at some class [A] can be naturally identified with

 Ker(dy : Q19(2) = Q2(X)®g)
C Im(da: QX)) 2g— QLe(X))’

T 48(2) G4

where Q7 (X') denotes the space of p-forms compactly supported in the interior of
3’, and Q'9(X") denotes the space of 1-forms A such that A = 6ds near S = 9%’
for some 0 € g.

Define a bilinear form @ on Q2'9(X’) by

w(a,b):—/z/w/\b),

where we combine the usual exterior product on forms with the inner product on g.
Stokes’ theorem implies that @ descends to a bilinear form on the tangent space
to ./ (X'") described in (3.4) above. Thus we can think of ® as a two-form on
//sg ( Z/).

Theorem 3 (Huebschmann-Jeffrey). The two-form w € Q*(.#3(X")) is closed.
It is nondegenerate when restricted to N (X') C M (X'). Moreover, the restriction
of the G¥-action (3.2) to A (X') is Hamiltonian with respect to ®. Its moment
map is the restriction of @ to N (X'), which we henceforth also denote by ®.

For the proof, we refer to Jeffrey [26]; see also [34].

Theorem 3 says that (.Z(X'),w,®) is a Hamiltonian presymplectic G*I-
manifold in the sense of Sect. 3.3, and that its subset (4 (X), ®, @) is a (sym-
plectic) Hamiltonian G2-manifold. The symplectic quotient

N ()16 = 71(0)/G* = 4 (2)
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is the usual moduli space of flat G-connections on X, with the symplectic form (on
its smooth stratum) being the one constructed by Atiyah and Bott [3]. If X is given
a complex structure, .# (X) can also be viewed as the moduli space of semistable
bundles of rank two on X with trivial determinant, cf. [38].

For an alternative (group-theoretic) description of the form @ on .4 (X’), see
[27], [23], or [24].

Let us mention two results about the two-form @. The first is proved in [35].

Theorem 4 (Meinrenken-Woodward). (.4 (X'),®) is a monotone symplectic
manifold, with monotonicity constant 1 /4.

The second result is given in the following lemma.

Lemma 5. The cohomology class of the symplectic form o € Q*(N (X)) is
integral.

Proof. The extended moduli space .#%(X’) embeds in the moduli space .Z (X')
of all flat connections on X’. The latter is an infinite-dimensional Banach manifold
with a natural symplectic form that restricts to @ on . (X'). Moreover, Donaldson
[12] showed that .# (X') has the structure of a Hamiltonian LG-manifold, where
LG = Map(S',G) is the loop group of G.

Recall that a prequantum line bundle E for a symplectic manifold (M, ) is a
Hermitian line bundle equipped with an invariant connection V whose curvature is
—2ri times the symplectic form. If M is finite-dimensional, this implies that [®] =
c1(E) € H*(M;Z). In our situation, a prequantum line bundle on M = .4 (X') can
be obtained by restricting the well-known LG-equivariant prequantum line bundle
on the infinite-dimensional symplectic manifold .# (X’). We refer the reader to [37],
[46], and [60] for the construction of the latter; see also [34].

Corollary 2. The minimal Chern number of the symplectic manifold A (X') is a
positive multiple of 4.

Proof. Use Theorem 4 and Lemma 5.

3.5 Other Versions

Although our main interest lies in the extended moduli space . %(X’) and its open
subset .4 (X'), in order to understand them better, we need to introduce two other
moduli spaces. Both of them appeared in [26], where their main properties are
spelled out. An alternative viewpoint on them is given in [34, Sect. 3.4.2], where
they are interpreted as cross-sections of the full moduli space .Z (X').

The first auxiliary space that we consider is the foroidal extended moduli
space

MEE) =D () 9.
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It has a smooth stratum
ME) ={xeM'(Z)| D(x) ¢ Z}.

The restrictions of @ and @ to .!(X') turn it into a Hamiltonian presymplectic
T%_manifold. On the open subset .2 *(X") N ®~1(0,1/2), the two-form is nonde-
generate.

The second space is the twisted extended moduli space from [26, Sect. 5.3]. In
terms of coordinates, it is

h
M (Z') = {(A1731,~~~,Ah,3h) €G™0¢ 9‘ [1i4:.Bi] = —exp(27r6)}.
i=1

This space admits a G*-action just like that on .#9(X’) and also a natural
projection @y, : Ay, — g. Set @y, = Q 0 Dy,. The smooth stratum of .75 (X')
is

M) = {re M3 | Bl 2245 )

2

(X') admits a natural two-form @, which turns it into a

Furthermore, ///t%v,s
Hamiltonian presymplectic G-manifold, with moment map @ The restriction of

Wy to the subspace
Mw(Z) = B ([0,1/2))

is nondegenerate.
Observe that the subspace @' (t) C .Z2 (X) can be identified with the toroidal
extended moduli space . *(X'), via the map

(A],Bl,...,Ah,Bh,t) — (AhBla---aAluBha 1/2—t).

This map is a diffeomorphism of the smooth strata and is compatible with the
restrictions of the presymplectic forms @ and @yy .

3.6 The Structure of Degeneracies of ./ (X')

Recall from Theorem 3 that the degeneracy locus of the presymplectic manifold
ME(X') is contained in the preimage @~ '(1/2). We seek to understand the
structure of the degeneracies.

Let u = diag(i/2,—i/2). Note that the stabilizer G* of exp(27ru) = —I is bigger
than the stabilizer 72 = §' of . Thus, we have an obvious diffeomorphism

& !(1/2)= 0y x &' (1),
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where O, denotes the coadjoint orbit of u. The first factor O, is diffeomorphic
to the flag variety G* /74 = P!, The second factor @~ '(u) is smooth by
Proposition 2(b).
There is a residual T%-action on the space @~ !(u). Thus @~ '(u) is an S'-
bundle over
(5 = & )T,

Finally, .2, (X') is a P!-bundle over

h

[T 8] = 71} /G,

i=1

Ai(Z) = {(ArBr,... A By) € G

This last space .#_;(X’) can be identified with the moduli space .#y (%) of
projectively flat connections on ¢ with fixed central curvature, where € is a U(2)-
bundle of odd degree over the closed surface ¥ = X’ UD?. Alternatively, it is the
moduli space of rank-two stable bundles on ¥ having fixed determinant of odd
degree; cf. [3,38]. It can also be viewed as the symplectic quotient of the twisted
extended moduli space from Sect. 3.5:

M (Z) = M (Z) /|G = 01 (0) /G

We have described a string of fibrations that gives a clue to the structure of the
space @~ !(1/2). Let us now reshuffle these fibrations and view @~'(1/2) as a G-
bundle over the space Oy x .Z_;(X'). Its fiberwise tangent space (at any point) is
g, which can be decomposed as t @ t*, with t+ = C.

Proposition 3. Let x € @~ 1(1/2) C .#4E(X'). The null space of the form @ at x
consists of the fiber directions corresponding to t- C g.

Proof. Our strategy for proving Proposition 3 is to reduce it to a similar statement
for the toroidal extended moduli space .#*(X’), and then study the latter via its
embedding into the twisted extended moduli space .y, (X').

First, note that by G*-invariance, we can assume without loss of generality that
®(x) = u. The symplectic cross-section theorem [21] says that near @~ (u), the
two-form on .7 %(X') is obtained from the one on . *(X’) = @~ (t) by a procedure
called symplectic induction. (Strictly speaking, symplectic induction is described in
[21] for nondegenerate forms; however, it applies to the Hamiltonian presymplectic
case as well.) More concretely, we have a (noncanonical) decomposition

T M) =Tl (Z) & Ty (Oy) (3.5)

such that |y is the direct sum of its restriction to the first summand in (3.5) with
the canonical symplectic form on the second summand.

Recall that we are viewing @~!(1/2) as a G-bundle over O x .#Z_;(X'). Its
intersection with .2 *(X') is @~ (u), which is the part of the G-bundle that lies
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over {} X .#_;(X"). The decomposition (3.5) implies that in order to prove the
final claim about the null space of ®|y, it suffices to show that the null space of
o| () at x consists of the fiber directions corresponding to ttCg.

Let us use the observation in the last paragraph of Sect. 3.5, and view .Z*(X') as
@, (t) C .48 (Z'). The point x now lies in @' (0).

Recall from Sect. 3.5 that the two-form .2 (X') is nondegenerate near @, (0).
Further, it is easy to check that the action of G* on tDth' (0) is free. This
action is Hamiltonian; hence, the quotient @' (0)/G* = .# ;(X') is smooth, and
the reduced two-form on it is nondegenerate. Further, there is a (noncanonical)
decomposition

T My (E) = 0 Ty M1 (Z) D gD g7, (3.6)

where 7 : @' (0) — .#_;(Z') is the quotient map. (See, for example, [20, (5.6)].)
The two-form @y at x is the direct summand of the reduced form at 7(x) and the
natural pairing of the two last factors in (3.6).

With respect to the decomposition (3.6), the subspace T,.#*(X) C Ty tt 3 (X')
corresponds to

T M (Z) = 0 Ty M 1(2) D gD

Therefore, the null space of Wy on T,.Z t(Z’ ) is the null space of the restriction
of the natural pairing on g @ g* to g t*. This is g/t = t*, as claimed.

4 Symplectic Cutting

4.1 Abelian Symplectic Cutting

We review here Lerman’s definition of (abelian) symplectic cutting, following [31].
Consider a symplectic manifold (M, @) with a Hamiltonian S'-action and moment
map @ : M — R. Pick some A € R. The diagonal S'-action on the space M x C~
(endowed with the standard product symplectic structure, where C~ is C with
negative the usual area form) is Hamiltonian with respect to the moment map

1
Y:MxC™ =R, W¥(mz)=®m)+ §|z|2—/1.
The symplectic quotient
Mo =P 0)/s'= o ' (A)/S'UD ! (—,1)

is called the symplectic cut of M at A. If the action of S! on @~!(1) is free, then
M_; is a symplectic manifold, and it contains @~ !(1)/S! (with its reduced form)
as a symplectic hypersurface, i.e., a symplectic submanifold of real codimension
two.
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Remark 4. The normal bundle to @~ '(1)/S' in M is the complex line bundle

whose associated circle bundle is @~ !1(1) — @~ 1(1)/S!.

Remark 5. Symplectic cutting is a local construction. In particular, if (M,®) is
symplectic and @ : M — R is a continuous map that induces a smooth Hamiltonian
S'-action on an open set i C M containing @~ !(1), then we can still define M,
as the union (M \U)UU-;.

Remark 6. If M has an additional Hamiltonian K-action (for some other compact
group K) commuting with that of S', then M) has an induced Hamiltonian
K-action. This follows from a similar statement for symplectic reduction; cf.
Theorem 2.

4.2 Nonabelian Symplectic Cutting

An analogue of symplectic cutting for nonabelian Hamiltonian actions was defined
in [61]. We explain here the case of Hamiltonian PU(2)-actions, since this is all we
need for our purposes.

We keep the notation from Sect. 3.1, with G = SU(2) and G*! = PU(2). Let
(M,w, ®) be a Hamiltonian G*-manifold. Since g and g* are identified using the
bilinear form, from now on we will view the moment map @ as taking values in g.
Recall that

Q19— g/G=[0,e)
denotes the adjoint quotient map. The map Q is continuous and is smooth outside
0 1(0). Set
D =Q0d.

On the complement U/ = U of ®~!(0) in M, the map ® induces a Hamiltonian
S'-action. Explicitly, u € S' = R/27Z acts on m € U by

m%exp(w 2?22)) -m. “.1)

This action is well defined because exp(mH) = I in G*. We can describe it
alternatively as follows: on @~ (t) C M, it coincides with the action of 7% C G%;
then it is extended to all of M in a G*-equivariant manner.

Fix A > 0. Using the local version (from Remark 5) of abelian symplectic cutting
for the action (4.1), we define the nonabelian symplectic cut of M at A to be

Mo, =@ (0)Ul<y =M_; UR,

where
M, =@;'([0,4)), Ry =D~ '(2)/S".
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If S acts freely on @~ !(1), then M., is a smooth manifold. It can be naturally
equipped with a symplectic form @<, coming from the symplectic form @ on M.
In fact, M, is a Hamiltonian G*_-manifold; cf. Remark 6. With respect to the form
<), R is a symplectic hypersurface in M.

4.3 Monotonicity

We aim to find a condition that guarantees that a nonabelian symplectic cut is
monotone. As a toy model for our future results, we start with a general fact about
symplectic reduction:

Lemma 6. Let K be a Lie group with H*(K;R) = 0, and let (M,w,®) be a
Hamiltonian K-manifold that is monotone, with monotonicity constant K. Assume
that the moment map @ is proper, and the K-action on @~ '(0) is free. Then the
symplectic quotient M /K = ®~1(0)/K (with the reduced symplectic form ©™?) is
also monotone, with the same monotonicity constant K.

Proof. Consider the Kirwan map from [28]:
HA(M;R) — H2(M//K:R),

which is obtained by composing the map Hz(M;R) — Hz(®~'(0);R) (induced by
the inclusion) with the Cartan isomorphism Hz(®~!(0);R) = H*(M//K;R). The
Kirwan map takes the first equivariant Chern class ¢X (TM) to ¢;(T(M//K)), and
the equivariant two-form @ = ® — @ to ®™9. Since Hz (M;R) = H*(M;R), with cf
corresponding to ¢; and [@] to [®]), the conclusion follows.

Let us now specialize to the case K = G* = PU(2). For 4 € (0,0), let 0; = P!
be the coadjoint orbit of diag(i1, —iA ), endowed with the Kostant—Kirillov—Souriau
form wggs(A). It has a Hamiltonian G*-action with moment map the inclusion t :
O, — g.Let y= P.D.(pt) denote the generator of H*(0,;Z) C H*>(O;R), so that
c1(0;) =27.Then ¢1(0, ) = [wkks(1)] [6, Sects. 7.5 and 7.6], and so [wkgs(A)] =
247.

If (M, ®, @) is a Hamiltonian G*4-manifold, let M x O, ~ denote the Hamiltonian
manifold (M x Oy, ® x —wkggs(A), @ —1). The reduction of M with respect to O,
is defined as

My, = (M x 0,7) /|G = &71(0;)/G*
If the G*-action on @~!(0,) is free, the quotient M is smooth and admits a

natural symplectic form @; . It can be viewed as @~ ! (diag(id, —iA))/T%; we let E;,
denote the complex line bundle on M, associated with the respective 7*-fibration.

Lemma 7. Let (M, ®,®) be a Hamiltonian G*-manifold such that the moment
map @ is proper and the action of G is free outside ®_1(0). Assume that M
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is monotone, with monotonicity constant K. Then the cohomology class of the
reduced form w,, is given by the formula

(03] = K- 1 (TMy) + (A — k) - c1(Ep).
Proof. First, note that for any Hamiltonian G*-manifold M, we have Héﬂd (M;R) =
H?(M;R), because H'(BG*};R) = 0 for i = 1,2. Thus the Kirwan map can viewed
as going from H>(M;R) into H*(M //G*%;R).

Let us consider the Kirwan map for the manifold M x O, ~, whose symplectic
reduction is M; . By abuse of notation, we denote classes in H*(M) or H>(0; ") in
the same way as their pullbacks to H>(M x O; 7).

Just as in the proof of Lemma 6, we get that the Kirwan map takes [@] —
[okks(A)] = ke (TM) —2Ay to the reduced form [y |, and ¢{ (TM) — ¢ (TO,,) =
¢1(TM) — 2y to the reduced Chern class ¢;(TM,). Note also that the image of
c1(TO; ™) = —2y under the Kirwan map is ¢ (E, ). Hence

(@3] — K- c1(TM) = (A —x)-c1(Ep),

as desired.
We are now ready to study monotonicity for nonabelian cuts.

Proposition 4. Let G* =PU(2), and let (M, , ®) be a Hamiltonian G*-manifold
that is monotone with monotonicity constant K > 0. Assume that the moment map @
is proper, and that G** acts freely outside ®~'(0). Then the symplectic cut M) at
the value A = 2k € (0,0) is also monotone, with the same monotonicity constant K.

Proof. Recall that the symplectic cut M, is the union of the open piece M)
and the hypersurface R, = @~ 1(0;)/S!. Note that there is a natural symplecto-
morphism

Ry —— Oy xMy, mws (@(m),[m)). (4.2)

The inverse to this symplectomorphism is given by the map ([g], [m]) — [gm].

By Remark 4, the normal bundle to R, is the line bundle associated with the
defining 7%4-bundle on R;. We denote this 7%4-bundle by N, ; it is the product of
G — G /T3 = O, on the O, factor and the circle bundle of E;, on the M; factor.

Let v(R),) be a regular neighborhood of R}, so that the intersection M_; NV(R))
admits a deformation retract into a copy of N, .

We have a Mayer—Vietoris sequence

o= HY M) @H (V(R,))—H (N} )—H*(M< ) —H*(M_;)®H*(V(Ry)) = - ...

Note that the first Chern class of the bundle N; — R; is nontorsion in H?(R,),
because it is so on the O factor. Hence, the map H'(v(R;);R) — H'(Ny;R) is
onto. The Mayer—Vietoris sequence then tells us that the map

H*(M<3R) — HA(M_:R) © H*(V(R; ):R)
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is injective. Therefore, in order to check the monotonicity of M, it suffices to
check it on M_j and V(R)).

Since M_ is symplectomorphic to a subset of M, monotonicity is satisfied there
by assumption. Let us check it on V(R} ), or equivalently, on its deformation retract
R;. We will use the symplectomorphism (4.2), and by abuse of notation, we will
denote the objects on O, or M), in the same way as we denote their pullbacks to R; .
Let ¥ be the generator of H>((;;Z) as in the proof of Lemma 7. By the result of
that lemma, we have

[0<3|r, ] =247+ keI (TMy) + (A — K)c1(Ey). (4.3)

On the other hand, the tangent space to M, at a point of R; decomposes into
the tangent and normal bundles to R, . Therefore,

c1(TM<ylr,) = c1l(TRy) +2y+c1(Ey) = 4y +c1(TMy) +c1(Ey).

Taking into account (4.3), for A = 2k we conclude that [w<y|r,] = K -
Cl(TM§7L|Rx)-

4.4 Extensions to Presymplectic Manifolds

Abelian cutting and nonabelian cutting are simply particular instances of symplectic
reduction. Since the latter can be extended to the presymplectic setting, one can also
define abelian and nonabelian cutting for Hamiltonian presymplectic manifolds.

In general, one cannot define ¢;(7M) (and the notion of monotonicity) for
presymplectic manifolds, because there is no good notion of compatible almost
complex structure. In order to fix that, we introduce the following definition.

Definition 4. An e-symplectic manifold (M, {}) is a smooth manifold M together
with a smooth family of closed two-forms @ € Q%(M), t € [0, €], for some € > 0,
such that @y is symplectic for all 7 € (0, €].

One should think of an e-symplectic manifold (M,{®,}) as the presymplectic
manifold (M, ay) together with some additional data given by the other @;’s. In
particular, by the degeneracy locus of (M,{@,}) we mean the degeneracy locus of
ay, i.e.,

R(ay) = {m € M | ay is degenerate on T,,M }.

If (M,{w,}) is any e-symplectic manifold, we can define its first Chern class
c1(TM) € H*(M;Z) by giving TM an almost complex structure compatible with
some @ for ¢ > 0. (Note that the resulting ¢; (TM) does not depend on ¢.) Thus, we
can define the minimal Chern number of an e-symplectic manifold just as we did
for symplectic manifolds. Moreover, we can talk about monotonicity:
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Definition 5. The e-symplectic manifold (M,{@}) is called monotone (with
monotonicity constant kK > 0) if

[wo] = k-1 (TM).

One source of e-symplectic manifolds is symplectic reduction. Indeed, suppose
we have a Hamiltonian presymplectic S'-manifold (M, @, ®) with the moment map
@ : M — R proper. The form @ may have some degeneracies on ®~!(0); however,
we assume that it is nondegenerate on @' ((076]) for some € > 0. Assume also
that S" acts freely on @' ([0,€]) (hence any 7 € (0, €] is a regular value for @), and
further, O is a regular value for @ as well. Then the presymplectic quotients M; =
@~ !(1)/S! fort € [0, €] form a smooth fibration over the interval [0, €]. By choosing a
connection for this fiber bundle, we can find a smooth family of diffeomorphisms ¢ :
My — M;, t € [0,€], with ¢ = idy,. We can then put a structure of an e-symplectic
manifold on M by using the forms ¢, @y, t € [0, €], where @ is the reduced form on
M;. Note that the space of choices involved in this construction (i.e., connections)
is contractible. Therefore, whether (My, ¢;" @) is monotone is independent of these
choices.

Since abelian cutting and nonabelian cutting are instances of (pre)symplectic
reduction, one can also turn presymplectic cuts into e-symplectic manifolds in an
essentially canonical way, provided that the form is nondegenerate on the nearby
cuts. (By “nearby” we implicitly assume that we have chosen a preferred side for
approximating the cut value: either from above or from below.) In this context, we
have the following analogue of Proposition 4:

Proposition 5. Ler ~G3d =PU(2), and let (M, , @) be a Hamiltonian presymplectic
G™-manifold. Set ® = Qo ® : M — [0,0) as usual. Assume that the following
hold:

e The moment map @ is proper.

* The form o is nondegenerate on the open subset M_; = @' ([0,1)), for some
value A € (0,0).

o G acts freely on ®! ((O,l]) (hence any t € (0,1) is a regular value for ®).

* A is also a regular value for @.

* As a symplectic manifold, M_) is monotone, with monotonicity constant K =

1/2.

Fix some € € (0,4) and view the presymplectic cut M as an e-symplectic manifold
with respect to forms ¢; W, _, for a smooth family of diffeomorphisms ¢, : M, —
Mo, t€[0,€], g =id.

Then, M, is monotone, with the same monotonicity constant K = A/2.

Proof. We can run the same arguments as in the proof of Proposition 4, as long
as we apply them to the Hamiltonian manifold M_,, where @ is nondegenerate.
This gives us the corresponding formulas for the cohomology classes [0~ ;] and
c1(TMc;_,), fort € (0,¢). In the limit  — 0, we get monotonicity.
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4.5 Cutting the Extended Moduli Space

Recall from Sect. 3.4 that the smooth part .# (X') of the extended moduli space is
a Hamiltonian presymplectic G*4-manifold. Let us consider its nonabelian cut at the
value A = 1/2:

N(E) = ME(E )21 o

The notation .4 “(Z’) indicates that this space is a compactification of 4 (X') =
ME(Z") <1 /2. Indeed, we have

where

h
R= {(Al,Bh...,Ah,Bh, 0) € G* x g|[ A1, Bi] = exp(270) = —1}/S1. (4.4)
i=1

Here u € S' = R/2n7Z acts by conjugating each A; and B; by exp(u6) and
preserving 6.

The G*-action on @' ((0,1/2]) C .#7(X') is free. Since ® is nondegenerate
on @~!((0,1/2]) by Theorem 3, this implies that any 6 € g with Q(6) € (0,1/2] s
a regular value for @. The last statement also follows from Proposition 2(b), which
further says that the values 6 € g with Q(6) = 1/2 are also regular. Hence, any ¢ €
(0,1/2] is a regular value for @. Lastly, note that Theorem 4 says that &' ([0,1/2))
is monotone, with monotonicity constant k¥ = 1/4 = 4 /2. We conclude that the
hypotheses of Proposition 5 are satisfied.

Proposition 6. Fix ¢ € (0,1/2). Endow A °(X') with the structure of an e-
symplectic manifold, using the forms ¢;" <y ,_;, coming from a smooth family of
diffeomorphisms

¢ N(Z)=Mcyjy = Mcyjpy, t€0,€], ¢o=id.

Then A ¢(X') is monotone with monotonicity constant 1 /4.

Thus, we have succeeded in compactifying the symplectic manifold A4 (X')
while preserving monotonicity. The downside is that .4 “(X") is only presymplectic.
The resulting two-form has degeneracies on R.

Lemma 8. Let us view R = ®@'(1/2)/S' as a P'-bundle over the space O, x
AM_[(Z'); cf: Sect. 3.6. Then the null space of the form <13 at x € R consists of
the fiber directions. Furthermore, the intersection number (inside ./ (X)) of R with
any P! fiber of R is —2.

Proof. The first claim follows from Proposition 3. The second holds because
the normal bundle is the associated bundle to t-, which is a weight space with
weight —2.
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In a family of forms that make .#“(X’) into an e-symplectic manifold (as in
Proposition 6), the degenerate form -/, always corresponds to 7 = 0. Hence from
now on, we will denote it by @y.

Proposition 7. In addition to the degenerate form @y coming from the cut, the
space N (X" = A (Z')UR also admits a symplectic form ®e with the following
properties:

(i) R is a symplectic hypersurface with respect to e.

(ii) The restrictions of wy and we to A (X') have the same cohomology class in
H?(A (Z');R).

(iii) The forms ¢ and e themselves coincide on the open subset VW =
&1([0,1/4)) c N (X).

(iv) There exists an almost complex structure J on N °(X') that preserves R, is
compatible with respect to we on N °(X'), and compatible with respect to
wy on N (X'), and for which any J-holomorphic sphere of index zero has
intersection number with R a negative multiple of two.

Proof. As the name suggests, the form m¢ will be part of a family (@), € [0,¢€] of
the type used to turn .4#"“(X’) into an e-symplectic manifold. In fact, it is easy to find
such a form that satisfies conditions (i)—(iii) above. One needs to choose € < 1/4 and
a smooth family of diffeomorphisms ¢, : A“(X') =M<y, — M< /5, t € [0,¢€],
¢o = id, such that ¢ = id on VY and ¢, takes Rto Ry, = & 1'(1/2—1)/S". Then
set We = ¢S wp. Note that condition (ii) is automatic from (iii), because W is a
deformation retract of A" (X').

However, in order to ensure that condition (iv) is satisfied, more care is needed in
choosing the diffeomorphisms above. We will construct only ¢ = ¢, since this is all
we need for our purposes; however, it will be easy to see that one could interpolate
between ¢ and the identity.

The strategy for constructing ¢ and J is the same as in the proofs of Proposition 3
and Lemma 8: we construct a diffeomorphism and an almost complex structure on
the toroidal extended moduli space .#*(X’), by looking at it as a subset of the
twisted extended moduli space .73 (X'); then we lift them to .#9(X'); finally, we
show how they descend to the cut.

Let u = diag(i/2,—i/2) as in Sect. 3.6. We start by carefully examining the
restriction of the form @ to .#*(X’), in a neighborhood of @~ (). By the remark
at the end of Sect. 3.5, this is the same as looking at the restriction of @y, to @y, (t*)
in a neighborhood of @' (0).

The zero set Z of the moment map @, on (the smooth, symplectic part of)
M5 (Z') is a coisotropic submanifold. Let @y o be the reduced form on Z/G* =
A—1(Z'). Pick a connection form a € Q'(Z) ® g for the G*¥-action on Z. By
the equivariant coisotropic embedding theorem [21, Proposition 39.2], we can
find a G*-equivariant diffeomorphism between a neighborhood of Z = @' (0) in
AM3,(X") and a neighborhood of Z x {0} in Z x g* such that the form @y, looks like

Oy = TT] Ow,0 +d( 0, m2),
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where ) : Zx g — Z —Z/G* and m, : Z x g* — g* are projections. We can assume
that 7, corresponds to the moment map.

Restricting this diffeomorphism to @' (t*), we obtain a local model Z x t* for
that space. This implies that locally near Z, we get a decomposition of its tangent
spaces into several (nontrivial) bundles

T(®y (1) 2T(Z/S" Y ogat =T( M (Z) ot e (tat). @5

(We omitted the pullback symbols from the notation for simplicity.)

The restriction of @y to @y, (t*) is nondegenerate in the horizontal directions
T.#_1(X') as well as on t® t*. Let us compute it on the subbundle t* C g. For a
point x with @y, (x) =t € t*, and for &,& € t+ C TXIDJV] (t*), we have

on(&1,82) = (do(E1, &), ) = —5 (181, Eal, ). “6)

Thus the restriction of the form to t is nondegenerate as long as ¢ # 0. (For
t =0, we already knew that it was degenerate from the proof of Proposition 3.)

We construct a G*-equivariant almost complex structure J in a neighborhood
of Z in d)t;,l (t*) such that J is split with respect to the decomposition (4.5) and
is compatible with @y, “as much as possible.” More precisely, we choose G-
equivariant complex structures J1,J3 on each of the subbundles 7(.Z_;(X’)) and
t® t* that are compatible with respect to the restriction of @y, on the respective
subbundle. We also choose a G*-equivariant complex structure J, on t* that is
compatible with respect to the form ¢ given by

0(81,8) = —([&,5%].u).

By (4.6), we have m, = 10/2; hence J, is compatible with respect to @y, away
from 7 = 0. We then let J = J; ®J, ® J3 be the almost complex structure on @y, (t*)
near Z.

Choose € € (0,1/8) sufficiently small that Z x (—3e,3¢) is part of the local
model for @, (t*) described above. Pick a smooth function f : R — R with the
following properties: f(t) =t + € for ¢ in a neighborhood of 0; f(r) =1t for |t| > 2¢;
and f’(t) > 0 everywhere. This induces a G*-equivariant self-diffeomorphism of
the open subset Z x (—3¢,3€) C @, (t*), given by (z,1) — (z,f(z)). Note that
this diffeomorphism preserves J, it is the identity near the boundary, and it takes
Z x [0,2¢€) to Z x [€,2¢).

Now let us look at the constructions we have made in light of the identification
between @' (t*) and .Z4(Z') = &' (t) C .#%(Z'). We have obtained a local
model Z x (—3¢,3¢) for the neighborhood N = @~ !(—3eu,3eu) of @~ !(u) in
A (X'), an almost complex structure on N, and a self-diffeomorphism of N.

The symplectic cross-section theorem [21] says that locally near @~'(1/2), the
extended moduli space .2 ®(X') looks like G x 7 .#*(X'). Thus, we can lift the local
model for .#*(X’) and obtain a G*-equivariant local model (G x7 Z) x (—3¢,3¢)
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for .#%(X'). Projection on the second factor corresponds to the map 1/2 — &.
Further, locally we can decompose the tangent bundle to .Z9(X') as in (3.5). The
form w is nondegenerate when restricted to 7, (O, ). Let us choose a G*-equivariant
complex structure on this subbundle that is compatible with the restriction of @
there. By combining it with J, we obtain an equivariant almost complex structure
Jon

N=a&"1(1/2-3¢1/2+3¢) C.#%(X).

We can also lift the self-diffeomorphism of N C .Z*(X') to N = G x7 N in an
equivariant manner. Since this self-diffeomorphismis the identity near the boundary,
we can extend it by the identity to all of .#2(X’). The result is a G*-equivariant
diffeomorphism

MI(Z) = MI(E)
that preserves J on N, takes @ !(1/2) to @ '(1/2 —¢€), and is the identity on
@~'([0,1/2—2¢)). This diffeomorphism descends to one between the correspond-
ing cut spaces:

0 : N(Z) = MEE ) <1 = MEE ) <1)2-e.

We set we = ¢* ax. Note that @y and we coincide on the subset @ ! ([O7 1/2—
2¢)). Since we chose 2¢ < 1/4, the latter subset contains W = &~1([0,1/4)).

The almost complex structure J on N descends to the cut N /, as well. Indeed, if
t C TN denotes the line bundle in the direction of the 7%%-action used for cutting, by
construction we have Jt N7 (®~'(1/2)) = 0. Since J equivariance, it is easy to see
that it induces an almost complex structure on the cut, which we still denote by J. We
extend J to @' ([0,1/2—2¢)) by choosing it to be compatible with @y = e there.

It is easy to see that the resulting J and we satisfy the required conditions (i)—(iv).
With respect to the last claim in (iv), note that any J-holomorphic sphere of
index zero is necessarily a multiple cover of one of the fibers of the P!-bundle
R — .#_;(X"). Hence it has intersection number with R a positive multiple of the
intersection number of the fiber, which by Lemma 8 is —2.

Remark 7. There were several choices made in the construction of we and J in
Proposition 7, for example, the connection o, the structures Ji,J»,J3, and the
function f. The space of all these choices is contractible.

5 Symplectic Instanton Homology

5.1 Lagrangians from Handlebodies

Let H be a handlebody of genus 2 > 1 whose boundary is the compact Riemann
surface X. We view X’ and X as subsets of H, with X' = X\ D,
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Let «/%(X'|H) C «/%(X’) be the subspace of connections that extend to flat
connections on the trivial G-bundle over H. Consider also <7 (H), the space of flat
connections on H, which is acted on by the based gauge group %, (H) ={f: H — G|
f(z) =1}. Since m1(G) = 1 and X’ has the homotopy type of a wedge of spheres,
every map X’ — G must be null homotopic. This implies that ¥°(X’) preserves
o/9(2'|H), and furthermore, the natural map

A (H)/%(H) — /°(Z'|H) /9 (") (5.1)

is a diffeomorphism.
Set

L(H) = </ (H)/%(H) = «/%(X'|H) /9°(2") C .4 °(X) = /9(Z) [9(Z).

The left-hand side of (5.1) is the moduli space of flat connections on H. After a set
of h simple closed curves a,...,0y, on H whose classes generate 7; (H) has been
chosen, the space <7 (H)/% (H) can be identified with the space of homomorphisms
m (H) — G or, alternatively, with the Cartesian product G".

In fact, if the curves o,...,oy are the same as those chosen on X’ for the
identification (3.1), so that the remaining curves f3; are null homotopic in H, then
with respect to the identification (3.3), we have

L(H)={(A},B1,...,Ap,By) € G |Bi=1, i=1,....h}c H(Z). (52)

Let us now view L(H) as «7%9(X'|H)/9°(X’) via (5.1). Note that connections A
that extend to H extend in particular to X, which means that the value 6 € g such
that A|g = 0ds is zero. In other words, L(H) lies in @~'(0) C A4 (Z').

Lemma 9. With respect to the Huebschmann—Jeffrey symplectic form @ from
Sect. 3.4, L(H) is a Lagrangian submanifold of A (X').

Proof. Let A be a flat connection on H and A its restriction to X’. With respect
to the description (3.4) of 7j4).#"(Z’), the tangent space to L(H) at A consists of

equivalence classes of ds-closed forms a € 21:9(X’) that extend to d;-closed forms
ac Q'(H)®g. Let a,b be two such forms and 4, b their extensions to H. We have
als = b|s = 0. Furthermore, by the Poincaré lemma for connections, on the disk D?
that is the complement of X’ in X there exists A € Q°(D?;g) such that d;A = d|,.

By Stokes’ theorem,
/ (anb) = /<7L Ab) = 0.
D? N

Another application of Stokes’ theorem gives
[ tant)= [(and) = [ @ianby —o.
> Jxz H

This shows that @ vanishes on the tangent space to L(H) = G", which is half-
dimensional.
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5.2 Symplectic Instanton Homology

Let Y = HyU H; be a Heegaard decomposition of a three-manifold Y, where Hy
and H, are handlebodies of genus h, with dHy = —dH; = X. Let Ly = L(Hp) and
Ly = L(H,) C 4 (X') be the Lagrangians associated respectively with Hy and Hj,
asin 5.1. View .#'(X’) as an open subset of the compactified space .4 ¢(X'), as in
Sect. 4.5, with R being its complement.

In Sect. 4.5 we gave 4 °(X’) the structure of an e-symplectic manifold. By
Lemma 8, its degeneracy locus is exactly R. Using the variant of Floer homology
described in Sect. 2.3 and letting @ = @y, ® = we, and J be as in Proposition 7, we
define

HSI(X';Hy,Hy) = HF (Ly,Ly,J;R).

In order to ensure that the Floer homology is well defined, we should check
that the hypotheses (i)—(ix) listed at the beginning of Sect. 2.3 are satisfied. Indeed,
(1), (i), (iii), (v), and (x) are subsumed in Proposition 7, while (iv), (v), and (ix)
follow respectively from Proposition 6, Lemma 9, and Corollary 2. For (viii), the
Lagrangians are simply connected and spin because they are diffeomorphic to G”.
By Theorem 4 and Lemma 5, the minimal Chern number of the open subset .4 (X)
is a multiple of 4; therefore, the Floer groups admit a relative Z/87Z-grading.

A priori, the Floer homology depends on J. However, the set of choices used
in the construction of J is contractible; cf. Remark 7. By the usual continuation
arguments in Floer theory, if we change J, the corresponding Floer homology groups
are canonically isomorphic.

5.3 Dependence on the Base Point

Recall that the surface X’ is obtained from a closed surface X by deleting a
disk around some base point z € X. Let zp,z1 € X be two choices of base point.
Any choice of path y:[0,1] = X, j+~ zj, j = 0,1, induces an identification
of fundamental groups %) — X{ and equivariant presymplectomorphisms 7y :
NE(Z)) = A (X)) preserving the cut locus R. The pullbacks of the form @
and the almost complex structure J from Proposition 7 (applied to .4 “(X})) can
act as the corresponding form and almost complex structure in Proposition 7
applied to .#7“(X)). Moreover, if Hy, H; are handlebodies, the symplectomorphism
T, preserves the corresponding Lagrangians Lo, L1, since the vanishing holonomy
condition is invariant under conjugation by paths. Therefore, the continuation
arguments in Floer theory show that 7, induces an isomorphism

HSI(X);Ho,Hy) — HSI(X{;Hy, H,).
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This isomorphism depends only on the homotopy class of y relative to its
endpoints. We conclude that the symplectic instanton homology groups naturally
form a flat bundle over X. In particular, there is a natural action of m;(X,z0) on
HS](E(/);Ho,Hl).

When we care about the Floer homology group only up to isomorphism (not
canonical isomorphism), we drop the base point from the notation and write
HSI(X';Hy,H,) = HSI(X;Hy,H) ), as in the introduction.

6 Invariance

We prove here that the groups HSI(X; Hy,H)) are invariants of the 3-manifold ¥ =
HyUH;. The proof is based on the theory of Lagrangian correspondences in Floer
theory; cf. [59]. We start by reviewing this theory.

6.1 Quilted Floer Homology

Let My, M, be compact symplectic manifolds. A Lagrangian correspondence from
My to My is a Lagrangian submanifold Loy C M, x M. (The minus superscript
means that we are considering the same manifold equipped with the negative of
the given symplectic form.) Given Lagrangian correspondences Lo; C M, x Mj,
Lo C M x Ma, their composition is the subset of M, x M, defined by

Loj oLia = moa (Lot Xm, L12),
where gy : My X My X M X My — My x M is the projection. If the intersection

Lot X, Lia = (Loy X Li2) N (M, X Ay X Mp)

is transverse (hence smooth) in M, x M| x M| X M, and the projection 7, :
Lot X p, L12 — Lo o L2 is embedded, we say that the composition Loy = Loj o L1 is
embedded. An embedded composition Ly, is a smooth Lagrangian correspondence
from My to M,.

Suppose now that My, M, M, are compact symplectic manifolds, monotone with
the same monotonicity constant, and with minimal Chern number at least 2. Suppose
that Ly C Mo,Lo1 C My x My,Lip C M X My,L, C M, are simply connected
Lagrangian submanifolds. (This implies that their minimal Maslov numbers are at
least 4.)

Define

HF(Lo,le,LIQ,Lz) = HF(L() X L12,L01 X Lz)
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Fig. 1 Geometric composition via a quilt count of Y'-maps

and
HF (Lo,Loz,Ly) := HF (Lo % L, Lo1 o Ly2).

The main theorem of [59] implies the following.

Theorem 5. With My,M,,M,,Lo,Lo1,L12,Ly monotone as above, if Loy := Lo ©
Ly, is embedded, then there exists a canonical isomorphism of Lagrangian Floer
homology groups

HF(Lo,Lo1,L12,Ly) — HF (Lo, Loz, Lo). (6.1)

In Wehrheim—Woodward [59], an isomorphism is defined using pseudoholo-
morphic quilts, i.e., in this case, triples of strips in My, M|,M, with boundary
conditions in Lo, Loj, Li», and L,. The count of such quilts is used in the left-
hand side of (6.1). In the limit whereby the width & of the middle strip goes to
0, the same count produces the right-hand side. An alternative proof was given in
Lekili-Lipyanskiy [30] using a count of Y-maps. This approach is better suited for
the semipositive case in which we will need it, so we review the construction. Given
x_ € (Lo x L1i2) N (Lot X Lp), x4 € (Lo X Ly) N Lgy, let M(x_,x;) denote the set
of holomorphic quilts with two striplike ends and one cylindrical end as shown in
Fig. 1, with finite energy and limits x... The authors show that for a comeager subset
of the space of point-dependent compatible almost complex structures, the moduli
space M(x_,x,) of Y-maps has the structure of a finite-dimensional manifold, and
counting the zero-dimensional component 9t (x_, x4 )o defines a cochain map

@ :CF(Lo,Lo1, L1z, Ly) = CF (Lo, Loy, La),  (x-) = > &(u)(xy).

u€M(x— x4 )o
Here, in the case of integer coefficients, the map
€ Mx_,xy)o — {£1}

is defined by comparing the orientations constructed in [58] with the canonical
orientation of a point.
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Counting Y -maps in the opposite direction defines a chain map
¥ : CF (Lo, Lo2,L2) — CF (Lo, Lo1,L12,L2).

Lekili and Lipyanskiy [30] prove that the monotonicity constant for these ¥Y-maps
is the same as the monotonicity constant for Floer trajectories. They then show that
@ and YV induce isomorphisms on homology.

6.2 Relative Quilted Floer Homology in Semipositive Manifolds

We wish to have a version of the quilted Floer homology and composition theorem,
Theorem 5, that holds for Floer homology relative to hypersurfaces in semipositive
manifolds, as in Sect. 2.3. Suppose that Ry,R; are symplectic hypersurfaces in
Moy, M;. From them we obtain two hypersurfaces Ry = Ry x My, R, = My x Ry in
My x M. Let N, Ng, denote their normal bundles Ng,, Ng,, that is, the pullbacks
of Ng,, Ng, to Ry, R;. Because Ry, R; are symplectic, Ng,,Ng, are oriented rank-2
bundles, or equivalently up to homotopy, rank-1 complex line bundles. As we will
see below, the following definition gives sufficient conditions for a sort of combined
intersection number with Rg, R; to be well defined and given by the usual geometric
formulas.

Definition 6. A simply connected Lagrangian correspondence Lo; C M, X My is
called compatible with the pair (Ro,R;) if
(R() X Ml) NLy = (M() X R]) NLy = (R() X Rl) M Lo

and there exist an isomorphism

~

¢ (NR0)|(R0XR1)WL01 = (NRl)‘(ROXRl)ﬁlm
and tubular neighborhoods
‘L'()ZNRO—>M0, TliNR] — M,

of Ry and R; respectively such that (7o x 71) " (Lo1) C Ng, X Ng, = NRy X myxm; NR,
is equal to the graph of ¢.

To explain the conditions in the definition, note that the existence of ¢ implies
that any map of a compact oriented surface with boundary to M with boundary
conditions in Lo; has a well-defined intersection number with Ry UR;. For example,
suppose thatu : (D,dD) — (Mo x My, Lo) is a disk with Lagrangian boundary con-
ditions. The sum of dual classes [Ry]Y + [R;]" has trivial restriction to H? (L1 7).
If Loy is simply connected, then H?(M, Ly;) is the kernel of H>(M) — H*(Lo; ), and
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so we may consider [Ry]" +[R;]" as a class in H*>(M, Lo, ). Then the intersection
number of a map u : (D,dD) — (Mo x My, Lo ) with [Ro] + [R;] is well defined and
denoted by u - R.

The existence of the tubular neighborhoods 7y, 7; implies that u - R is given by
a geometric count of intersection points. Indeed, we may identify a neighborhood
of R; with the normal bundle 7; : N; — R; via the tubular neighborhood 7;. Then
miN; is trivial on the complement of Rj, since the map 7; gives a nonvanishing
section, and extends to a bundle Lg; on M; trivial on the complement of R;. Then
the dual class [R;]" is given by a Thom class in the tubular neighborhood of R}, and
hence equals the Euler class of LR_ i The bundles Lg, and Lg, are isomorphic on dD
via ¢, and so glue together to a bundle denoted by u*Lg over S> = DU,p D. The
intersection number is then the Euler number of u*Lg, that is,

u-R = ([$?],Eul(u*Lg)).

The compatibility condition on the maps 7; implies that the maps ug,u; considered
as sections of Lg; near R; glue together to a section of u*Lg, which by abuse of
notation we denote by u. If each u; meets R; in a finite number of points, then u-R
is a sum of local intersection numbers (u - R)., given by the image of a small loop
around each intersection point z in H (u*Lg|y — 0,7Z) = Z in a small neighborhood
V of z. Note that since we have constructed u*Lg only as a topological (or rather,
piecewise smooth) bundle, such a loop will be only piecewise smooth if z € dD.
Our examples will arise as follows:

Example 1. Suppose 1 : C — M, is a fibered coisotropic submanifold of M; with
structure group C, the fibration being 7 : C — My. Then (7 x 1) : C — M, x M,
defines a Lagrangian correspondence; cf. [59, Example 2.0.3(b)]. Suppose further
that M; is a Hamiltonian U(1)-manifold with moment map &; and C is U(1)-
invariant and meets @y ! (A) transversely. Then the symplectic cut M; —; contains
the closure C<, of the image C as a fibered coisotropic submanifold, whose graph
is a Lagrangian correspondence in My <3 X M; <, . Furthermore, the submanifolds
Ry := M ,R := M, 5, are symplectic submanifolds with the properties described
in Definition 6. Indeed, any tubular neighborhood Ng, — M; <, of R; that is
U(1)-invariant, maps Ng, |c., to C<, and maps fibers to fibers induces a tubular
neighborhood Ng, — My <3 with the required properties.

The intersection numbers described above are well defined more generally
for quilted strips, as we now explain. Given symplectic manifolds My, ..., My,
Lagrangian submanifolds L; C M;,L; C M, disjoint respectively from R; and Ry,
and Lagrangian correspondences

Lio CMy XMy, ..., L1y CM;_ | X My

compatible with hypersurfaces R = (R; C M;);—1 ., the intersection number u - R
of a quilted Floer trajectory
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u=(uj:Rx[0,1] —>Mj)1]<-:1

is the pairing of u with the sum of the dual classes [R;]" to R;.

If the intersection of u with R is finite, then the intersection number is the sum
of local intersection numbers defined as follows. By assumption, there exists an
isomorphism

Njfl |L(_/7|)jﬂ(Rj_| XRj) — N]’lL(j?])jﬂ(Rj_l XR]')7

and this extends to an isomorphism of NRj | L, and NRH | L1, by the assumption

—1)j 1)
about the tubular neighborhoods. Thus the pullback bundles ujIVRj patch together to
a bundle on the quilted surface S = U;S;, which we denote by u* Ng. The intersection
number is then the relative Euler number of u*Np — S, that is, the pairing of the
relative Euler class with the generator of H?(cl(S),dcl(S)), where cl(S) is the closed
disk obtained by adding points at £eo. The map u then provides a section of u*Npg,
by the compatibility conditions in Definition 6. If the intersection is finite, then

u-R= Y (4R, (6.2)
{z€8|u(z)€R}

where (u-R), € Z is, as in the case of disks discussed before, the image of a small
loop around z in the complement u*N, — 0 of the zero section, as a multiple of
the generator of the first homology of the fiber, and the condition u(z) € R means
that if z lies in the component S}, then u;(z;) € R;. Note in particular that these
local intersection numbers are topologically continuous, that is, given any loop in
the domain of the quilt, the sum of the local intersection numbers is constant in any
continuous family as long as none of the intersection points cross the loop.

If the intersection is not only finite but transverse, and the hypersurfaces R are
almost complex, then the intersection number is the usual one counted with weight
1/2 for the seam points:

Lemma 10. Suppose that Ly respectively Ly is disjoint from Rg respectively Ry
and each L;_y); is compatible with (Rj—1,R}). Suppose that the almost complex
structure on My X --- X My is of product form Jy X --- X J near each I?,-, so that
each Rj is an almost complex submanifold of M with respect to J;. Letu: S — M
be a quilted Floer trajectory with Lagrangian boundary and seam conditions in L
meeting each R j transversally. Then

k
. 1
u-R= 2#{1,- € int(S;)|u;(z;) ER]'}“FE#{Z]' € dSjluj(z;) € R}
Jj=0

Proof. The local intersection number in (6.2) at a transversal point of intersection
z € S is the homology class of the image of a small loop around z, considered as
an element of H;(N,) = Z. We consider only the case of an intersection point z on
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the seam; the loop is divided into two loops, one coming from each component of
the quilt, and is only piecewise smooth. The case of an interior intersection is easier
and left to the reader.

Suppose z is on the seam L; -1 where the components u;_1 and u; of the quilt
meet. For [ = j— 1 or j, let us view u; as a section of a piecewise smooth line bundle.
Using a local trivialization of the bundle and a coordinate chart for S centered at z,
we have that u; near z (now viewed as a map to C) is given approximately by its
linearization at z:

|us(rexp(it)) — (Duy(z))rexp(it)| < Cr.

We use here that since R; is almost complex, the linearization Du; is complex
linear. Fix € > 0. For r sufficiently small, we have

|arg(u;(rexp(it))) — arg(Du;(z)rexp(it))| < e.

This implies that
‘/ 46 — n <e I=j—1,],

and so | X
/ u;_1d6 +/ u;d6 € (2m —2€,27 + 2e).
0 0

Since the integral must be an integer multiple of 27 (and € can be chosen arbitrarily
small), the integral must in fact equal 2. It follows that the two paths patch together
to a positive generator of H; (C*,Z), as claimed.

We can now define relative quilted Floer homology in semipositive manifolds.

Theorem 6. Suppose that M = (M, )k o are semipositive manifolds as in the first
six items of Assumption 2.1, with a collection of open sets W = (W; ){{:0 on which
the respective forms w; and @; coincide. Suppose the manifolds M; come equipped
with almost complex structures J;, so that the degeneracy loci R; of the forms @; are
almost complex hypersurfaces in M;, disjoint from W;. We denote by J,(M, W, J)
the space of time-dependent almost complex structures on My X - -- X M, that agree
withJ =Jox --- x]}conW:zr[f-‘:OW,-.

We are also given simply connected Lagrangians Lo C Mo,Loy C My X
My, ... .Lg_1 C M| X My, Ly C My such that the seam conditions L(;_y); are
compatible with (Ri_1,R;), and Ly and Ly are contained in Wy respectively Wy.
Also, we assume that

(Lo X Lipgx -+ )N (Lop X Lz X +++) C Wo X -+ x Wy. (6.3)
Suppose further that any holomorphic disk with boundary in L;_yy;, i =1,...,k,

or holomorphic sphere with zero canonical area has intersection number with R
given by a negative multiple of 2.
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Then there exists a comeager subset J;°(L,W,J) of 3;,(M,W,J) such that
if the almost complex structure (J;) is chosen from J;°(L,W,J), then the part
of the Floer differential of CF(L) = CF(Ly X Lip X --- Loy X L3 X -++) count-
ing trajectories disjoint from R;, i = 1,...,m, is finite and squares to zero.
We denote by

HF (L;R) := HF (L,J:R)

the resulting Floer homology group; it is independent up to isomorphism of all
choices except possibly the base almost complex structures J;.

Proof. First, note that the condition (6.3) implies that the endpoints of any holo-
morphic quilt are contained in W = Wy x --- x W;. Hence, every quilt component
u; contains a point in the respective open set W;. This implies that the usual
transversality arguments for holomorphic quilts apply, even when we restrict to
almost complex structures J; that are required to agree with J/ on W.

Next, we discuss compactness. We must rule out sphere and disk bubbling in the
zero- and one-dimensional moduli spaces. For a suitable comeager subset of almost
complex structures agreeing with the given J;, the trajectories are transverse to the
R; in the zero- and one-dimensional moduli spaces, by the same argument we gave
previously for the unquilted case (Corollary 1).

Suppose that u,, is the limit of a sequence of trajectories of index 1 or 2 disjoint
from R. By the assumption on the intersection number, any sphere bubble or disk
bubble with boundary in some L(; 1); contributes at least —2 to the intersection
number with R. It follows that at least one intersection point does not have a
bubble attached. But then, since the intersection point is transverse, u,, cannot be
the limit of a sequence of trajectories disjoint from R, since transverse intersection
points persist under deformation. Hence there is no such bubbling, and the limit
is a (possibly broken) trajectory, as desired. Independence of the choice of almost
complex structures is proved by the usual continuation argument, ruling out disk
bubbles of index one and sphere bubbles by the same reasoning.

Remark 8. If the Lagrangian correspondences above are associated to fibered
coisotropics, then the almost complex structures may be taken of split form, that
is, products of the almost complex structures on My, ..., M;. This will be the case in
our application.

Theorem 7. Suppose that M = (My,M,,M,) and L = (Lo,Lo1,L12,L2) satisfy
the assumptions of Theorem 6. Suppose further that Loy o L1y is an embedded
composition, is simply connected, and is compatible with (Ro,R), and that all
holomorphic quilted cylinders with seams in Ly1,L12,Lo1 o L2 with zero canonical
area have intersection number equal to a negative multiple of 2. Then the relative
Lagrangian Floer homology groups HF (Ly,Lo1,L12,L2;Ro,R1,R2), HF (Ly,Lo; ©
Li2,L2;R0,Ry) are isomorphic. Similar statements hold for the composition of any
two adjacent pairs, as long as the compositions are smooth and embedded.
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Proof. If the Lagrangian correspondences had been monotone, the result would
have been a slight extension of Theorem 5 in [59], by counting only those
trajectories disjoint from R;; indeed, since the intersection numbers are homotopy
invariants, they do not change on taking the limit § — 0.

In the semipositive case at hand, one can rule out disk and sphere bubbling as
in the proof of Proposition 1, but not the figure-eight bubbles mentioned in [59,
Sect. 5.3]. Indeed, removal of singularities, transversality, and Fredholm theory for
figure-eight bubbles have not yet been developed. For this reason, we use instead
the approach of Lekili-Lipyanskiy [30].

First, one checks that for a comeager subset of compatible almost complex
structures, the ends of the cylinders of Y-maps will not map to R in the zero- and
one-dimensional components of the moduli space, since this is a codimension-2
condition. Indeed, an examination of the weighted Sobolev space construction of
the moduli space of Y-maps in [30] shows that the evaluation map at the end of the
cylinder is smooth; indeed, it projects onto the factor of asymptotically constant
maps in the Banach manifolds in which the moduli space of Y-maps is locally
embedded: W'P€(S;u*TM,u*TL) & T(uy()Lo2, where the former is the space
of from S with Lagrangian boundary conditions with finite e-weighted Sobolev
norm of class (1, p), and the latter is the intersection of the linearized Lagrangian
boundary conditions at infinity on the cylindrical end.

As a result, the intersection number u - R of any Y-map u of index zero and
one with the collection R is well defined and given by the formula (10). (More
generally, one could make the intersection number with any Y-map well defined by
imposing the compatibility condition @g; © @12 = @2, so that the bundle u*Lg is
well defined. But we will not need this.) In the zero- and one-dimensional moduli
spaces, all intersections with the manifolds R; are transverse for J chosen from a
comeager subset of the space of compatible almost complex structures making R;
almost complex, by standard arguments [11, Sect. 6].

A Gromov compactness argument shows that finite-energy Y -maps have as limits
configurations consisting of a (possibly broken) Y-map together with some sphere
bubbles, disk bubbles, and cylinder bubbles. The cylinder bubbles may form when
there is an accumulation of energy at the Y-end.

In the case at hand, sphere and disk bubbles are ruled out as in the proof of
Theorem 6: any sphere or disk bubble appearing in the limit configuration u_, must
have index zero, and therefore intersection number at most —2 with R. By (10), any
intersection point contributes at most 1 to the intersection number, and therefore at
some intersection point with R it is not attached to a bubble. But then u,, cannot be
the limit of a sequence of trajectories disjoint from R, since the local intersection
number of u_, is nonzero.

It remains to rule out cylinder bubbles. Since no trajectory of index zero or one
maps the end of the cylinder to R, any quilted cylinder bubble must capture positive
canonical area. But then, for index reasons explained in Lekili—Lipyanskiy [30], the
cylinder bubble must capture at least index two, so the index of the remaining Y'-map
is at most —1. (Here working with Y-maps, rather than strip-shrinking, provides an
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advantage: by exponential decay for holomorphic strips with boundary values in
Lagrangians intersecting cleanly, one knows that these cylinder bubbles connect
to a point outside of R, whereas for figure-eight bubbles, such exponential decay
estimates are missing.) But such a trajectory does not exist, since transversality is
achieved for the chosen J.

It follows that the moduli spaces of Y-maps of dimension zero and one that
are disjoint from R are compact up to breaking off trajectories disjoint from R.
Furthermore, for these trajectories and Y-maps we have the same relationship as
in [30], since the complements of R are monotone. The rest of the argument now
goes as in [30, Sect. 3.1].

6.3 Proof of Invariance

Returning to topology, let Xyp,%; be Riemann surfaces of genus 4 and i+ 1
respectively. Let Hp; be a compression body with boundary % x Xy, that is, a
cobordism consisting of attaching a single handle of index one. Associated to Hy
we have a Lagrangian correspondence

Lot C AN (X)) x A(Z])

defined as follows. Suppose that ¥ is a path from the base points zg to z1, equipped
with a framing of the normal bundle. Let Hj, denote the noncompact surface
obtained from Hp; by removing a regular neighborhood of y. The boundary of Hj,
then consists of X, %, and a cylinder S x [0,1]. Let .4 (Hy,;) denote the moduli
space of flat connections on Hy; of the form 6ds near S x [0, 1] (where s is the
coordinate on the circle S), for some 6 € g, modulo gauge transformations equal to
the identity in a neighborhood of S x [0, 1]. The same arguments as in the proof of
Lemma 9 show that Ly; is a Lagrangian correspondence.

The Lagrangian correspondence Ly; has the following explicit description in
terms of holonomies, similar to (3.3) and (5.2). Suppose that Hy; consists in
attaching a one-handle whose meridian is the generator B, of m(X;). We have
the following lemma.

Lemma 11. The Lagrangian correspondence Lo is given by
Lot = {((A1,...,Bn) € A (%), (A1, ., Bn,Any1,Bpy1) € N (21)) | Buypr =1}

Proof. Hj, has the homotopy type of the wedge product of X with a circle, corre-
sponding to a single additional generator aj . Thus m; (Hy, ) is freely generated by
(ay,...,bp,ap1), and the lemma follows.

Recall from Sect. 4.5 that .4'(X)) admits a compactification .4 (%)) =
N (X)) URg. We equip #“(X') with the (nonmonotone) symplectic form
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constructed in Proposition 7, which we denote by we . Then Ry is a symplectic
hypersurface. Similarly, we have a symplectic form we ; on A (X)) = A (Z]) UR;.
Let L, denote the closure of Lo; in the compactification A (X))~ x A(X]).

Lemma 12. The Lagrangian correspondence Ly, is compatible with the pair
(Ro,R1). Furthermore, any disk bubble with boundary in L§, with index zero has
intersection number with (Ro,R|) a negative multiple of 2.

Proof. View L, as a coisotropic submanifold of .4"“(X]), fibered over .4 (%)
with fiber G. We are then exactly in the setting of Example 1. To prove the
claim on the intersection number, note that any fiber of R; that intersects Ly is
mapped symplectomorphically onto the corresponding fiber of Ry via the projection
of the fibered coisotropic Bj; = I. Hence the patches of any such disk bubble,
after projection to .4 (X)), glue together to a sphere bubble in the P!-fiber of
Ro. Furthermore, the projection induces an isomorphism of normal bundles by
assumption, so the intersection number is equal to the intersection number of the
sphere with Ry, which is a negative multiple of 2 as claimed.

Lemma 13. Let Ly C A (X)), respectively Ly C A °(X]), be the Lagrangian for
the handlebody given by contracting the cycle by, ..., by, respectively by,... byi1.
Then the composition Lg o LSI is embedded, and equals L.

Proof. Immediate from Lemma 11 and the fact that Ly does not meet the hypersur-
face Ry.

Lemma 14. Let L, C A °(X))” x A (Z]) be the Lagrangian correspondence
for attaching a handle corresponding to adding the cycle aj1, and let L, C
NE(Z])™ X N (X)) be the Lagrangian correspondence corresponding to contract-
ing the cycle by, 1. Then the composition Lj, o L], is embedded, and it equals the
diagonal Ay C N (X))~ x N (Z})). Furthermore, any quilted cylinder with seams
in LS, LG, , Ao with index zero has intersection number with (Ro,R1,Ro) a negative
multiple of 2.

Proof. The first claim is immediate from Lemma 11. To see the assertion on the
quilted cylinders, note that any quilted cylinder of index zero has zero canonical
area, and so each component is contained in the corresponding R; and maps onto
a single fiber of the degeneracy locus. As in the proof of Lemma 12, the three
holomorphic strips patch together to an orientation-preserving map of a sphere
to a fiber of Ry, which must have intersection number a positive multiple of the
intersection number of the fiber, which is —2.

Proof (Proof of Theorem 1). We seek to show that the Floer homology groups
HSI(X';Hy,Hy) = HF (Ly,L1;R)

are independent of the choice of Heegaard splitting of the 3-manifold Y.
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By the Reidemeister—Singer theorem [47, 53], any two Heegaard splittings
Y = HyUs, Hi, Y = H| Us, H|, are related by a sequence of stabilizations and
destabilizations. Therefore, it suffices to consider the case that H(’),H]’ are obtained
from Hy, H, by stabilization. That is,

Hy = HyUs, Ho1, Hj=H Us,(—H),
where Hy1,Ho are the compression bodies corresponding to adding the cycle a; 1,
respectively contracting b;;. Then, after three applications of Theorem 7, and

taking into account Lemmas 13, 14, we have

HF(Lo,L1;Ro) = HF (Lo, Ao,L1;Ro,Ro)

=~ HF (Lo, L§;, LSy, L1;Ro, R1, Ro)
=~ HF(LyoL,,L{ooLi;R1,Ry)
= HF (LY, L};Ry).

Remark 9. The symplectic instanton homology groups HSI(Y,z) depend on the
choice of base point z € X C Y; cf. Sect. 5.3. As z varies, the groups naturally form
a flat bundle over Y. Still, we usually drop z from the notation and denote them by
HSI(Y).

7 Properties and Examples

7.1 The Euler Characteristic

In general, the Euler characteristic of Lagrangian Floer homology is the intersection
number of the two Lagrangians. In our situation, the corresponding intersection
number is computed (up to a sign) in [1, Proposition 1.1(a),(b)]:

:‘:|H] (Y,Z)| 1fb](Y) :0;

X (HSI(Y)) = [Lo] - [Li] = {0 (7.1)

otherwise.

7.2 Examples

Proposition 8. We have an isomorphism

HSI(S®) = 7.
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Proof. Let 3, denote the Heegaard decomposition S° = Hy Uy H; of genus h > 1
such that there is a system of 2k curves o;, 8; on X’ as in Sect. 3.2 with the property
that the f3; are null homotopic in Hy and the o;’s are null homotopic in H;.

With respect to the identification (3.3), the Lagrangians corresponding to Hy and
H, are given by

Lo={(A1,By,...,Ap,B;) €G*" |Bi=1,i=1,...,h},
L ={(A\,B1,...,Ap,By) € G |Ai=1,i=1,...,h}.

These have exactly one intersection point, the reducible A; = B; = I. Clearly
Ly and L, intersect transversely in .4 (X’) C G** at that point. It is somewhat
counterintuitive that Ly and L; can intersect transversely at I, because they both live
in the subspace @~ !(0) of codimension three in .4 (X’). However, that subspace is
not smooth, so there is no contradiction. We conclude that the Floer chain group has
one generator; hence so does the homology.

Proposition 9. For h > 1, we have an isomorphism
HSI#!(S" x §%)) = (H.(5%2/22))"",

where the grading of the latter vector space is collapsed modulo 8.

Proof. Let 3], be the Heegaard splitting of genus 7 > 1 for #"(S' x §2). Since
Ly =L; = G" = (8", the cohomology ring of Lo is generated by its degree-d
(d = 3) part. Under the monotonicity assumptions that are satisfied in our setting,
Oh [40] constructed a spectral sequence whose E! term is H.(Lo;Z/27) and that
converges to HF,(Ly,L;Z/27). This sequence is multiplicative by the results of
Buhovski [10] and Biran—Cornea [7, 8]. A consequence of multiplicativity is that
the spectral sequence collapses at the E; stage, provided that N, > d + 1; see, for
example, [8, Theorem 1.2.2]. This is satisfied in our case because N, = N > 8.
Hence HF, (Lo, Ly;Z/27) = H.(G";7./27).

Note that the results of Oh, Buhovski, and Biran—Cornea were originally
formulated for monotone symplectic manifolds, i.e., in the setting of Section 2.1.
However, they also apply to the Floer homology groups defined in Sect. 2.3.
Indeed, the arguments in the proof of Proposition 1 about the finiteness of the Floer
differential and the fact that 9> = 0 apply equally well to the “string of pearls”
complex used in [7, 8].

Proposition 10. For a lens space L(p,q), with gcd(p,q) = 1, the symplectic
instanton homology HSI(L(p,q)) is a free abelian group of rank p.

Proof. Denote by H(p,q) the genus-one Heegaard splitting of L(p,q). In terms of
the coordinates A = A; and B = By, the two Lagrangians are given by Ly =B =1
and L; = APB~7 = 1. Their intersection consists of the space of representations
m(L(p,q)) = Z/p — SU(2), which has several components: when p is odd, there
are the reducible point (A = B =1) and (p — 1) /2 copies of S?; when p is even, there
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are two reducibles (A=B=1and A = —I,B=1) and (p —2)/2 copies of 2. It is
straightforward to check that each component is a clean intersection in the sense
of Pozniak [45]. Therefore, there exists a spectral sequence that starts at H.(Ly N
Ly) = ZP and converges to HF (Ly,L); cf. [45]. Since the Euler characteristic of
HF(Ly,Ly) is p by (7.1), the sequence must collapse at the first stage.

Remark 10. More generally, whenever we have a Heegaard decomposition J{ of a
three-manifold ¥ with H'(Y) = 0, the two Lagrangians Lo and L; will intersect
transversely at the reducible /; cf. [1, Proposition 1.1(c)]. We could then fix an
absolute 7 /8Z-grading on HSI(J{) by requiring that the Z summand corresponding
to [ lie in grading zero.

7.3 Comparison with Other Approaches

LetY = HyUjyx H; be a Heegaard splitting of a 3-manifold, with X of genus 4. Recall
that the Lagrangians Ly = L(Hy) and Ly = L(H) live inside the subspace

o 1(0) = {(Al,Bl,...,Ah,Bh) e G? ‘ﬁ[Ai,Bi] - 1} c ().
i=1

There is an alternative way of embedding ®@~'(0) inside a symplectic manifold of
dimension 6A. Namely, let X, be the closed surface (of genus 4+ 1) obtained by
gluing a copy of 72\ D? onto the boundary of X’ = X\ D?. Consider the moduli
space 4. (Z,.) of projectively flat connections (with fixed central curvature) in an
odd-degree U(2)-bundle over X, , as in Sect. 3.6:

h+1
M (Z4) = {(Al,Bl,...7Ah+1,BhH) € G’z \H[A,»,B,»] = —1}/G.
i=1

Pick two particular matrices X,Y € G with the property that [X,Y] = —1. Then
we can embed @~ !(0) into .#y (X ) by the map

(AlvBl7~~~7Ah7Bh) — [(A17B17"'7A/173/17X7Y>]'

With respect to the natural symplectic form on .4y (Z. ), the spaces Ly,L; C
@~'(0) are still Lagrangians. One can take their Floer homology and obtain a Z /47Z-
graded abelian group. This was studied in [57, Sect. 4.1], where it is shown that it is
a 3-manifold invariant. It is not obvious how this invariant relates to HSI.

The advantage of using .#(X}) instead of A'(X') is that the former is
already compact (and monotone); therefore, the definition of Floer homology is less
technical, and this allows one to prove invariance. Nevertheless, the construction
presented in this paper (using .4 (X’)) has certain advantages as well: first, the



326 C. Manolescu and C. Woodward

resulting groups are Z/87Z-graded rather than Z/47Z-graded. Second, it is better
suited to defining an equivariant version of symplectic instanton homology. Indeed,
unlike .#y (X4 ), the space .4 (X’) comes with a natural action of G that preserves
the symplectic form and the Lagrangians. Following the ideas of Viterbo from
[54,55], we expect that one should be able to use this action to define equivariant
Floer groups HSI®(Y) in the form of H*(BG)-modules. For integral homology
spheres, a suitable Atiyah—Floer conjecture would relate these to the equivariant
instanton homology of Austin and Braam [5].

In a different direction, it would be interesting to study the connection between
our construction and the Heegaard Floer homology groups HF ,HF*t of Ozsvéth
and Szabo [42,43]. In particular, we ask the following question:

Question 7.1. For an arbitrary 3-manifold Y, are the total ranks of HSI(Y) ® Q and
HF(Y)® Q equal?

Finally, we remark that Jacobsson and Rubinsztein [25] have recently described
a construction similar to the one in this paper, but for the case of knots in §°
rather than 3-manifolds. Given a representation of a knot as a braid closure, they
define two Lagrangians inside a certain symplectic manifold; this manifold was first
constructed in [22] and is a version of the extended moduli space. Conjecturally,
one should be able to take the Floer homology of the two Lagrangians and obtain a
knot invariant.
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1 Introduction

Quotients X of bounded symmetric domains €2 with respect to torsion-free arith-
metic lattices I" have been well studied. In particular, the Satake—Borel-Baily
compactifications (Satake [Sat60]; Borel-Baily [BB66]) give in general highly
singular compactifications X C X, which are minimal in the sense that given any
normal compactification X < X, the identity map on X extends to a holomorphic
map X — X min. The minimal compactifications are constructed using modular forms
arising from Poincaré series, and for their construction, arithmeticity is used in an
essential way.

When X = Q/I' is irreducible, by Margulis [Mar77] I" is always arithmetic
except in the case where €2 is of rank 1, i.e., in the case where {2 is isomorphic
to the complex unit ball B”, n > 1. When n = 1, the problem of compactifying
Riemann surfaces of finite volume with respect to the Poincaré metric is classical
and long understood, while in the case of higher-dimensional complex-hyperbolic
space forms, i.e., quotients B"/I", where n > 2 and I' C Aut(B") are torsion-free
lattices, minimal compactifications have not been described sufficiently explicitly
in the literature.

It follows from the work of Siu—Yau [SY82] that X can be compactified by adding
a finite number of normal isolated singularities. The proof in [SY82] is primarily
differential-geometric in nature with a proof that applies to any complete Kéhler
manifold of finite volume with sectional curvature bounded between two negative
constants. By the method of L?-estimates of J it was proved in particular that X =
B"/T" is biholomorphic to a quasiprojective manifold. It leaves open the question
whether the minimal compactification thus defined is projective-algebraic as in the
case of arithmetic quotients.

In this article we give first of all a description of the structure near infinity
of complex-hyperbolic space forms of dimension >2 which are not necessarily
arithmetic quotients. We show that the picture of Mumford compactifications
(smooth toroidal compactifications) obtained by adding an Abelian variety to each
of the finitely many infinite ends remains valid (Ash—Mumford-Rappoport—Tai
[AMRT?75]). Each of these Abelian varieties has negative normal bundle and can
be blown down to an isolated normal singularity, giving therefore a realization of
the minimal compactification as proven in [SY82]. More importantly, we show that
the minimal compactification is projective-algebraic. _

Instead of using Poincaré series, we use the analytic method of solving o with L>-
estimates. The latter method originated from works of Andreotti—Vesentini [AV65]
and Hormander [Hor65], and the application of such estimates to the context of con-
structing holomorphic sections of Hermitian holomorphic line bundles on complete
Kéhler manifolds was initiated by Siu—Yau [SY77] (see also Mok [Mk90, Sects. 3
and 4] for a survey involving such methods). In our situation, from the knowledge
of the asymptotic behavior with respect to a smooth toroidal compactification of the
volume form of the canonical Kihler—Einstein metric, using L2-estimates of 0 we
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construct logarithmic pluricanonical sections which are nowhere vanishing on given
Abelian varieties at infinity when the logarithmic canonical line bundle is considered
as a holomorphic line bundle over the Mumford compactification.

Using such sections and solving again the d-equation with L*-estimates with
respect to appropriate singular weight functions (cf. Siu—Yau [SY77]), we construct
a canonical map associated with certain positive powers of the logarithmic canonical
bundle, showing that they are base-point-free. Thus, as opposed to the general case
treated in [SY77], where the holomorphic map is defined only on the complete
Kihler manifold X of finite volume, in the case of a ball quotient, our construction
yields a holomorphic map defined on the Mumford compactification. It gives
a holomorphic embedding of X onto a quasiprojective variety which admits a
projective-algebraic compactification obtained by collapsing each Abelian variety
at infinity to an isolated singularity.

The extension of the standard description of Mumford compactifications to the
case of nonarithmetic higher-dimensional complex-hyperbolic space forms X of
finite volume was known to the author but never published, and such a description
was used in the proof of rigidity theorems for local biholomorphisms between such
space forms in the context of Hermitian metric rigidity (Mok Mk89). A description
of the asymptotic behavior of the canonical Kéhler—Einstein metric with respect to
Mumford compactifications also enters into play in the generalization of the immer-
sion problem on compact complex hyperbolic space forms (Cao—-Mok [CM90]) to
the case of finite volume (To [To93]).

More recently, interest in the nature of minimal compactifications for nonarith-
metic lattices in the rank-1 case was rekindled in connection with rigidity problems
on holomorphic submersions between complex-hyperbolic space forms of finite vol-
ume (Koziarz—Mok [KMO8]). There it was proved that any holomorphic submersion
between compact complex-hyperbolic space forms must be a covering map, and a
generalization was obtained also for the finite-volume case. Since the method of
proof in [KMO08] is cohomological, the most natural proof for a generalization to the
finite-volume case can be obtained by compactifying such space forms by adding
isolated singularities and by slicing such minimal compactifications by hyperplane
sections, provided that it is known that the minimal compactifications are projective-
algebraic. The proof of projective algebraicity by methods of partial differential
equations and hence its validity also for the nonarithmetic case is the raison d’étre
of the current article.

In line with the purpose of bringing together analysis, geometry, and topology
and establishing relationships among them, the substance of the current article
makes use of a variety of results and techniques in these fields. To make the article
accessible to a larger audience, in the exposition we have provided more details than
is absolutely necessary. Especially, in regard to the technique of proving projective
algebraicity by means of L2-estimates of d we have included details to make the
arguments as self-contained as possible for a nonspecialist.
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2 Mumford Compactifications for Finite-Volume
Complex-Hyperbolic Space Forms

2.1 Description of Mumford Compactifications for X = B" /T’
Arithmetic

Let B" be the complex unit ball of complex dimension n > 2 and let I" C Aut(B")
be a torsion-free arithmetic subgroup. Let E C dB" be the set of boundary points b
such that for the normalizer N, = {v € Aut(B") : v(b) = b}, I' NN, is an arithmetic
subgroup of Nj,. (Observe that every v € Aut(B") extends to a real-analytic map
from B" to B". We use the same notation v to denote this extension.) The points b €
E are the rational boundary components in the sense of Satake [Sat60] and Baily—
Borel [BB66]. Modulo the action of I", those authors showed (in the general case
of arithmetic quotients of bounded symmetric domains) that there are only a finitely
many equivalence classes of rational boundary components. In the case of arithmetic
quotients of the ball, the Satake—Baily-Borel compactification X, of X is set-
theoretically obtained by adjoining a finite number of points, each corresponding to
an equivalence class of rational boundary components. We fix a rational boundary
component b € E and consider the Siegel domain presentation S, of B" with b € dB"
corresponding to infinity (Pyatetskii-Shapiro [Pya69]). In other words, we consider
an inverse Cayley transform @ : B" — S, := {(zl,...,zn) €C":Imz, > |z1|* +
-+ |z,—1|*} such that @ extends real-analytically to B" — {b} and ®|ypi_y;y —
dS, is a real-analytic diffeomorphism. To simplify notation, we will write S for
S,. From now on, we will identify B" with S via @ and write X = §/I". Write
Z = (215 mme1)iz= ().

Let W, be the unipotent radial of N,. In terms of the Siegel domain presentation

Wy =1{veEN,:v(Ziza) = (£ +dza+2id -7 +i||d||* +1);
d = (ai,...,a,.1) €C"', teR}, (1)

where o’ -7 = Z?:_ll a;zi, Wy is a nilpotent group such that Uy, := [W,,, W},] is real 1-
dimensional, corresponding to the real one-parameter group of translations 4, 7 € R,
given by A(7',z) = (Z,z+1). Since b € dB" is a rational boundary component,
I'nw, C W, is a lattice, and in particular I" "W, is Zariski dense in the real-
algebraic group W,. It follows that [’ "W,,I’ NW,] C I' NU, C U, = R must be
nontrivial, otherwise I" N W,, and its Zariski closure W;, would be commutative,
a plain contradiction. As a consequence, I' N U, C U, = R must be a nontrivial
discrete subgroup. Write A; € I' N U, for a generator of I' N U, = Z. For any
nonnegative integer N, define

SN ={(Zsz,) €C":Imz, > ||+ N} C 8. (2)
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Consider the holomorphic map ¥ : C"~! x C — C"~! x C* given by

2Tizn

Y(iza) = (e 7 ) i=Wiwn); W =(wp,...,wa1), (3)

which realizes C"~! x C as the universal covering space of C"~! x C*. Write G =
¥(S), and for any nonnegative integer N, write GV) = ¥(S(™)). Then G and each
G™) are total spaces of a family of punctured disks over C" 1. Define G C C"~! x C
by adding the “zero section” to G (i.e., by including the points (w’,0) for w’ € C"~ !,
Likewise, for each nonnegative integer N, define GM ccrtxc by adding the
“zero section” to G™) . We have

G ==

G:{(W';wn)e(C:|wn\2<e T };

—4nN —4n

G™ = {(w’;w,,) €EC:wyfP<e ® e HW’HZ}. 4)

The group I' MW, acts as a discrete group of automorphisms on S. With respect
to this action, any y € I' N W,, commutes with any element of I" N Uj, which is
generated by the translation A;. Thus, ' NU, C I' "W, is a normal subgroup, and
the action of I" N W), descends from S to S/(I'NU,) = ¥(S) = G. Thus, there is
a group homomorphism 7 : I' "W, — Aut(G) such that ¥ o v = w(v) o ¥ for any
vN I NW,. More precisely, given v € I' W, of the form

V(Ziz0) = ({ +dsz,+2id -2 +i|d|* +kt) forsomed € C"' ke Z, (5)

we have

ﬁ(V)(WI7Wn) _ (WI + alyef%a’-w’*ZTnHa,HZ . Wn) . (6)
Then S/(I' " W) can be identified with G/m(I" N W,). Since the action of W, on
S preserves 95, it follows readily from the definition of v(7';z,) that W, preserves
the domains S?V), so that G™) = SW) /("N U,) is invariant under £(I" N W,). The
action of 7(I"NW,) extends to G. In fact, the action of 7(I" NW},) on the “zero
section” C"~1 x {0} is free, so that £(I" NW},) acts as a torsion-free discrete group of
automorphisms of G. Moreover, the action of 7(I'NW,) on C"~! x {0} is given by
a lattice of translations A,. Denoting the compact complex torus (C"~!' x {0})/A,
by 7j,, the Mumford compactification X, of X is set-theoretically given by

Xy =X (Ty), (7)

where the disjoint union 7}, is taken over the set of I"-equivalence classes of rational
boundary components b € E. Define

QN =GN r(FAW,) 5 GN /(T W) 22 SN /(T W), (8)
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Then the natural map G™)/z(I" W) = ngN) —T, — S/ = X is an open
embedding for N sufficiently large, say N > Ny. Choose Ny such that the latter
statement is valid for every rational boundary component b € E. As a complex
manifold, X can be defined by

Xu=X (QZSN))/ ~, forany N > Ny, 9)

(N)

where ~ is the equivalence relation which identifies points of X and €,
when they correspond to the same point of X (via the open embeddings
Qb(N) —T,—X). For N sufficiently large, we may further assume that the images
of QISN) —Tp, in X do not overlap. Thus, X is a complex manifold, and identifying
Q,EN), N > Ny, as open subsets of YM,{Q,SN)}NENO furnishes a fundamental
system of neighborhoods of 7, in Xj,. It is possible to see from the preceding
description of X, that each compactifying divisor T, can be blown down to
a point. To see this, it suffices by the criterion of Grauert [Gra62] to show
that the normal bundle of 7, in Qb(m (N > Np) is negative. Actually, we are

going to identify each Qb(m

with a tubular neighborhood of the zero section
of some negative holomorphic line bundle L over 7. Recall that Q(N G™) /
n( NW,), where by (6), w(v)(wiw,) = (W + d’se” Faw || . Wn).
Here d' = d'(v) belongs to a lattice A, C C"!. Clearly, the nowhere-zero
holomorphic functions @, (') := {e’*“/ St G P Ap} on C"! constitute
a system of factors of automorphy, i.e., they satisfy the composition rule @,
W)=, (w +d)) Dy (W /). Extending the action of 7(I'NW,) to C* ' xC> G
yields that (C-1'xC)/ 7r(F NW,) is the total space of a holomorphic line bundle
Lover T, = (C"~! x {0})/A,.

We introduce a Hermitian metric u on the trivial line bundle C"~! x C over C"~.
Namely, for w = (w';w,) € C"~! x C, we define

w(wiw) =e TV |y, 2, (10)
The curvature form of u is given by
— 4 —
/199 logp = —7”\/—133||w'||2, (11)

which is a negative definite (1,1)-form on C"~!. For each N, the set G =
’ 2 —471: —47rN

{Wiwy) €Clwy|” <e

not exceeding e~ with respect to u. Since G™) is invariant under the action

of m(I' N'W,), the latter must act as holomorphic isometries of the Hermitian line

bundle (C*~! x C; ). It follows that Q<N) G™) /(I NW},) is the set of vectors on

L of length less than e = on the Hermitian holomorphic line bundle (L; t) over Tj,

w1 } is nothing but the set of vectors of length
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where U is the induced Hermitian metric on L. As a consequence, the normal bundle
of T, in QISM (being isomorphic to L) is negative, so that by the criterion of Grauert
[Gra62], there exist a normal complex space Y and a holomorphicmap 6 : Xy =Y
such that o|x is a biholomorphism onto ¢(X), and ¢(7}) is a single point for each
b € E. In this way, one recovers the Satake—Baily—Borel compactification ¥ = X yin
from the toroidal compactification of Mumford.

2.2 Description of the Canonical Kihler-Einstein Metric Near
the Compactifying Divisors

Fix a rational boundary component b € E and consider the tubular neighborhood
Q, = .QZSN) of the compact complex torus 7, for some sufficiently large N. (7}, is
in fact an Abelian variety because of the existence of the negative line bundle L.)
Regard €2, as an open subset of the total space of the negative line bundle
(L;t) over T,. One can now give on €, an explicit description of the canonical
Kihler-Einstein metric of X. For any v € L write ||v||> for (v;v) as defined
toward the end of Sect. 2.1. Recall that on the Siegel domain S =2 B”, the canonical
Kéhler—FEinstein metric is defined by the Kéhler form

©=+~199 (—log (Imz, — ||Z[|*)). (1)

On the domain G = {(w';w,) € C" 1 x C* : |w,| < e—zT"HW/HZ}, we have

T

o 10g|Wn|a (2)

|wn| = e_ZTnIrnzn; ie, Imgz,=
so that the Kéhler form of the canonical Kéhler-Einstein metric on G 2 S/(I"' N U,)

is given by
- T
®=v—199 (—log (—Elog\wn| - ||w/||2)) . (3)
From Sect. 2.1, (10), for a vector w = (w';w,,) € C"~! x C we have

2
WP

Il = ((ww))? =e 2. ()

It follows that
— T toglwal — W2 = — = ( ZZ W12 +log wal ) = — == (log[wl).  (5)
2n 2n \ 1 2 ’
and hence

®=v=109 (flog (f%bgﬂw”)) — V=199 (~log(—log|wl)).  (6)
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Identifying €2, with an open tubular neighborhood of 7}, in L, the same formula is
valid on £2;, with w replaced by a vector v € €2, C L. Then on €2y,

o Y199 log]v| n V=19(~log||v|)) A 9(~log|Iv])

“log V] (— log [v]? )

Write 0 for minus the curvature form of the line bundle (L, it). Note that 6 is positive
definite on 7},. Denote by 7 the natural projection of L onto 7. Then

B Vi ) 1 LI
“Zlogv] " vP(—log V]2

(8)

In particular, we have the following result.

Proposition 1. Denote by 6 (x) the distance from x € €y, to Ty, in terms of any fixed
Riemannian metric on X . Let AV be a smooth volume form on X . Then in terms
of 6 and AV and assuming that 6 < % on §2p, the volume form dV, of the canonical
Kdihler—Einstein metric g, given by dV, = ‘:l’—:l in terms of the Kéhler form @ of (X, g),
satisfies on £, the estimate

Ci G

M v < 2
52 (—togoy V=S g Tiogey VY

for some real constants C1,Cy > 0.

Proof. The estimate follows immediately by computing

" . mON" L Ta AT
o= Py \ 2 ) AV eliAdl: 0

2.3 Extending the Construction of Smooth Toroidal
Compactifications to Nonarithmetic I

Let I' C Aut(B") be a torsion-free discrete subgroup such that X = B"/I" is of
finite volume with respect to the canonical Kédhler—Einstein metric. According to
the differential-geometric results of Siu—Yau [SY82], X can be compactified to a
compact normal complex space by adding a finite number of points. We will now
describe the structure of ends in differential-geometric terms according to Siu—Yau
[SYS82], which applies to any complete Kidhler manifold Y of finite volume and
of strictly negative Riemannian sectional curvature bounded between two negative
constants, in which one considers the universal covering space p : M — Y and the
Martin compactification M, and we adapt the differential-geometric description to
the special case where Y is a complex hyperbolic space form X of finite volume,
i.e., X = B"/T for some torsion-free lattice I" of automorphisms (hence necessarily
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isometries with respect to the canonical Kihler—Einstein metric). In the latter case,
the Martin compactification of B” is homeomorphic to the closure B” with respect to
the Euclidean topology, and we have knowledge of the stabilizers at a point b € dB".

Let M be a simply connected complete Riemannian manifold of sectional
curvature bounded between two negative constants. We remark that M can be
compactified topologically by adding equivalence classes M(eo) of geodesic rays.
Here two geodesic rays ¥(¢),72(z), t > 0, are equivalent if and only if the
geodesic distance d(y;(),72(r)) is bounded independently of 7. A topology (the
cone topology) can be given such that the Martin compactification M = M UM (o)
is homeomorphic to the closed Euclidean unit ball and every isometry of M extends
to a homeomorphism of M. There is a trichotomy of nontrivial isometries ¢ of M
into the classes of elliptic, hyperbolic, and parabolic isometries. An isometry ¢ is
elliptic whenever it has interior fixed points, ¢ is hyperbolic if it fixes exactly two
points on the Martin boundary M (<), and ¢ is parabolic if it fixes exactly one point
on the boundary.

We briefly recall the scheme of arguments of [SY82] for the structure of ends,
stated in terms of the special case of X = B" /T" under consideration. Let b € d B" and
let I;) C I' be the set of parabolic elements fixing b. A hyperbolic element of I" and
a parabolic element of I" cannot share a common fixed point (cf. Eberlein—O’Neill
[EO73]). Since I' is torsion-free, it follows that either I} is empty or I}, = {id } UI}/
is equal to the subgroup of I' fixing b. By a result of Gromov [Gro78], there exists a
positive constant € (depending on I') such that the inequality d(x, yx) < € for some
x € B" implies that either 7y is the identity or it is a parabolic element. For each
b; € dB" (which corresponds to x; in the notation of [SY82, following Lemma 2,
p. 368]) such that Ij, # {id}, define

Ai:{xeB":mind(x,yx)<e} (1)
veli,
and
E= {xeB" : mind (x, yx) 26}. (2)
yer

By the cited result of Gromov [Gro78], B" = E U (UA;). In the present situation, the
holomorphic parabolic isometries of B" fixing b;, together with the identity element,
constitute precisely the unipotent radical Wy, of the stabilizer N, of b;, as described
here in Sect. 2.1, (1). Thus automatically, I, C W}, is nilpotent. It follows that the
arguments of Siu—Yau [SY82, Lemma 3, p. 369] apply. Thus, denoting by p : B* —
X the canonical projection and shrinking € if necessary, we have either p(A;) =
p(A;) or p(A;)Np(A;) = 0. Using the finiteness of the volume, it was proved that
there are only finitely many distinct ends p(A;), 1 <i <m[SY82, Lemma 4, p. 369]
and that p(E) is compact [SY82, preceding Lemma 3, p. 368]. Thus, we have the
decomposition

x=pE)U( U p)). (3)
1<i<m

Moreover, by [SY82, preceding Lemma 5, p. 370], the open sets A; are connected.
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Fix any i, 1 <i < m, and write b for b;. In order to show that the construction of
the Mumford compactification extends to the present situation, it suffices to prove
the following statements:

(I) I NUj is nontrivial, generated by (z';z,) — (2;z4 + 7) for some 7 > 0.
(I) There exists a lattice A, C C"~! such that I}, = I N W, can be written as

L={veW,:v(Ziza) = ({ +d' 20 +2id -7 +ila||* + kt);d € Ap,k € Z}.
(II1) One can take A; to contain S™) for N sufficiently large. Here
sW) = {(Z,zs) €C":Imz, > ||Z|*+N} CS

in terms of the Siegel domain presentation S of B" sending b to infinity (cf.
Sect. 2.1, (2)).

We show first that (I) implies (II) and (III). First of all, (IIT) follows from (I) and
the explicit form of the canonical Kidhler—Einstein metric. In fact, the Kihler form
is given by

® = /=199 (~log (Imz, — ['|]*)) (4)

The restriction of @ to each upper half-plane H; = {(z}:z,) : Imz, > |2,[*} is just
the Poincaré metric on H; with Kéhler form

| _ v —1dz, Ndz, (5)
T (Im 2, — [12]7)°

It follows immediately that for N sufficiently large and for ) the transformation
x2(Z520) = (7320 + T), we have

d(z;xz) < e forall z = (2;z,) with Imz, > ||| +N. (6)
Here d is the geodesic distance on S. Thus § ™)
that (I) implies (III).

We are now going to show that (I) implies (II). Write V}, for the group of
translations of C"~!, and denote by p : W, = W, /U, =V}, the canonical projection.
We assert first of all that p (T}, is discrete in Vj,. Suppose otherwise. Then there exists
asequence of y; € I = I' W, such that p(y;) are distinct and have an accumulation
point in V,. Say, p(v;)(¢) = 7 +d’; with @; — @'. Then

C A; for N sufficiently large, proving

¥i(03i) = (dsi+ild}|* +k;T), kj €L (7)
Thus,
—k; . L o
% oy(0:0) = (dzitild)?) — (dsi+ild|?). (8)

Given (I), this contradicts the fact that I, is discrete in W,,. Hence, (I) implies that
p(I}) is discrete in Vj,.
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Next, we have to show that p(I},) is in fact a lattice, given (I). In order to do this,
we need additional information about geodesic rays on A;. By [SY82, Lemma 5,
p. 371], for each x € A; there is exactly one geodesic ray o(z),7 > 0 issuing from
x and lying on A;. Namely, it is the ray joining x to b = b;. Moreover, the geodesic
0(t),—oo <t < oo, must intersect E. Let X be the family of geodesic rays lying on
A, issuing from dA; C JE. Then X is compact modulo the action of I}, in the sense
that for every sequence (o;) of such geodesic rays there exists y; € I}, such that the
family (y; o 0;) converges to a geodesic ray ¢ lying on A; and issuing from dA;. In
fact, the set of equivalence classes X mod I}, is in one-to-one correspondence with
p(dA;) C p(JE) C p(E). Since p(E) is compact, for each sequence (o) of geodesic
rays issuing from dA; there exists y; € I, such that y; o o; is convergent, given again
by a geodesic ray . Since dA; is closed, we must have ¢(0) = liln 7j(0j(0)) € dA;,

oo

proving the claim. In order to show that p(I}) is a lattice, given (1), it suffices to
show that V;,/p(I}) is compact. In the Siegel domain presentation S, the geodesic
ray from z = (/;z,) € S to b (located at “infinity”) is given by the line segment
{(Z,zn +it) : t > 0}. (Here t does not denote the geodesic length.) It follows that
the family of geodesic rays in A; issuing from dA; is parameterized by V, x R =
C"! x R, with the factor R corresponding to Rez,. Here I}, acts on V, x R in an
obvious way. Modulo I}, such geodesic rays are parameterized by (V), x R)/Ij,
which is diffeomorphically a circle bundle over V,/p(I},) (with fiber isomorphic to
R/Zr). By the compactness of the family of geodesic rays X mod I}, it follows that
V,/p (I};,) must be compact, showing that (I) implies (II).

Finally, we have to justify (I), i.e., I' N U, is nontrivial. Since [Wj,, W,] = U, in
order for I' N Uy to be nontrivial it suffices to find two noncommuting elements of
I'NW,. Take 71,7, € I' "W, given by

Yi(Zszn) = <z’+a};zn+2icz_;--z’+i||a}||2+tj) ;o j=12 (9)

Then

Yo vi(Zszn) = (z’+a§{+a};zn+2ia_§€(2+a}) +2id;- 7
i (P + 1) + (i +17) ) (10)
so that

on (Zim) =N o (d5a) +2i (4 -di —df-db), (11)

(i.e.,)
}/l_loyz_loy] oyzz(z’;zn+2i<@-a’1—a_’l-a'2>>. (12)

Therefore, two elements ¥,% € I' MW, commute with each other if and only if
a) -, is real, in other words, a5 = ca) + ¢, for some real number ¢ and for some ¢}
orthogonal to a}. Assume that I" N U}, is trivial. Then necessarily I W), is Abelian.
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It follows readily that one can make a unitary transformation in the (n — 1) complex
variables 7 = (2, . ..,2,—1) such that any y € ' "W}, is of the form

¥(Z320) = ( +dsz0 +2id -7 +i||d||* +1), d R teR. (13)

We argue that this would contradict the fact that ¥ mod I}, is compact for the
family of geodesic rays X issuing from dA;. Consider the projection map 6(7';z,) =
(Z/,Rez,). We assert first of all that 8 : A; — C"~! x R =V}, x R is surjective. In
fact, by [SY82, Appendix, p. 377 ff.], for any z € D, (t), t > 0, a geodesic ray in D
joining z to the infinity point b, and 7 a parabolic isometry of D fixing b, d(o (t),yo
o(t)) decreases monotonically to 0 as 1 — +eo. It follows from the definition of
A; that for any z = (;z,) € S, we have (Z;z, +iy) € A; for y sufficiently large.
Since 0 is surjective, as in the last paragraph, the set ¥ mod I of geodesic rays
issuing from dA; is now parameterized by (V;, x R)/I},. There is a natural map (V}, x
R)/T;, — V,,/p(I}). If ' "W, were commutative, then p (I}) C V;, =2 C"~! would be
a discrete group of rank at most n — 1, and hence V;,/p (I},) would be noncompact, in
contradiction to the compactness of £ mod I}, = (V}, x R)/I},. Thus, we have proved
by contradiction that I" N W}, is noncommutative, so that I’ NU, D [ NW;,, [ NW,]
is nontrivial, proving (I).

The extension of the construction of Mumford compactifications to nonarith-
metic quotients X = B"/I" of finite volume is completed. To summarize, we have
proved the following result.

Theorem 1. Let X be a complex hyperbolic space form of the finite volume
X = B"/T", where I' C Aut(X) is a torsion-free lattice which is not necessarily
arithmetic. Then X admits a smooth compactification X C Xy obtained by adding
a finite number of Abelian varieties D; such that each D; C Xy is an exceptional
divisor. As a consequence, X admits a normal compactification X yin, to be called
the minimal compactification, by blowing down each exceptional divisor D; C Xy
to a normal isolated singularity. Moreover, the description of the volume form of the
canonical Kdihler—Einstein metric on X as given in Sect. 2.2, Proposition 1, remains
valid also in the nonarithmetic case.

3 Projective Algebraicity of Minimal Compactification
of Finite-Volume Complex-Hyperbolic Space Forms

3.1 L?-Estimates of 0 on Complete Kiihler Manifolds

We are going to prove the projective algebraicity of minimal compactifications of
complex-hyperbolic space forms of finite volume by means of the method of L?-
estimates of d over complete Kiihler manifolds. To start with, we have the following
standard existence theorem due to Andreotti—Vesentini [AV65] in combination with
Hormander [H6r65].
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Theorem 2 (Andreotti—Vesentini [AV65], Hormander [Hor65]). Let (X,®) be
a complete Kdhler manifold, where @ stands for the Kdhler form of the underlying
complete Kiihler metric. Let (A,h) be a Hermitian holomorphic line bundle with
curvature form © (A, h) and denote by Ric(w) the Ricci form of (X, ®). Let ¢ be
a smooth function on X. Suppose c is a continuous positive function on X such
that ©(A,h) + Ric(®) +/—199d¢ > co everywhere on X. Let f be a d-closed

square-integrable A-valued (0, 1)-form on X such that [ @E < oo, where here and
hereinafter, | - || denotes norms measured against natural metrics induced from h
and . Then there exists a square-integrable A-valued section u solving du = f
and satisfying the estimate

. . 2
[lulpee< | WMo o,
JX JX C

Furthermore, u can be taken to be smooth whenever f is smooth.

Siu—Yau proved in [SYS82, Sect. 3] that a complete Kihler manifold of finite
volume of sectional curvature bounded between two negative constants is biholo-
morphic to a quasiprojective manifold. Assuming without loss of generality that the
complete Kihler manifold X under consideration is of complex dimension at least
2, they proved that there exists a projective manifold Z such that X is biholomorphic
to a Zariski-open subset X’ of Z such that, identifying X with X', Z — X is an
exceptional set of Z that can be blown down to a finite number of points. Their proof
proceeds in fact by showing, using methods of complex differential geometry, that
X is pseudoconcave and can be compactified by adding a finite number of points.
Then using Theorem 1 and introducing appropriate singular weight functions as
in [SY77], they showed that any pair of distinct points on X can be separated
by pluricanonical sections, i.e., holomorphic sections of positive powers of the
canonical line bundle Ky, and that furthermore, at every point x € X there exist
some positive integer £y > 0 and n + 1 holomorphic sections sg, sy, ..,s, of Kf;o,
n = dimg (X), such that s (x) # 0 and such that [so, s, .. . ,s,] defines a holomorphic
immersion into [P in a neighborhood of x. Given this, and using the pseudoconcavity
of X, together with a result of Andreotti—Tomassini [AT70, p. 97, Theorem 2], there
exist some integer £ > 0 and finitely many holomorphic sections of K f( which embed
X as a quasiprojective manifold.

3.2 Projective Algebraicity via L*-Estimates of 0

Let n > 1 be a positive integer and let I' C Aut(B") be a torsion-free discrete
subgroup, I' C Aut(B") being not necessarily arithmetic. Write X = B"/I". As in
Sect. 2, we write X, for the Mumford compactification of X obtained by adding a
finite number of Abelian varieties D; and let X i, be the minimal compactification
of X obtained by blowing down each Abelian variety D; at infinity to a normal



344 N. Mok

isolated singularity. We are going to prove that X ;, is projective-algebraic. Here
and in what follows, for a complex manifold Q we denote by Ky its (holomorphic)
canonical line bundle. We have the following theorem.

Main Theorem. For a complex-hyperbolic space form X = B"/T" of finite volume
with Mumford compactification X y1, write Xpr — X = D for the divisor D at infinity.
Write D = DU ---UD,, for the decomposition of D into connected components D;,
1 <i<m, each being biholomorphic to an Abelian variety. Write E = KXM ® [D] on
Xum. Then for a sufficiently large positive integer £ > 0 and for each i € {1,...,m},
there exists a holomorphic section o; € I'(X, M,EZ) such that o;|p, is a nowhere-
vanishing holomorphic section ofEé\Di = Op, and o;|p, =0 for 1 <k <m,k # i.
Moreover, the complex vector space I (X, w,E* ) is finite-dimensional, and choosing
a basis sy, ...,sn,, we have the canonical map @y : Xy — PN, uniquely defined
up to a projective-linear transformation on the target projective space, such that

80;--- SN, have no common zeros on Xy and such that the holomorphic map @,
maps X v onto a projective variety Z C PN with m isolated singularities ...,y
and restricts to a biholomorphism of X onto the complement 7° :=7—{{,,..., Cm}

In particular, the isomorphism ®ylx : X =5 70 extends holomorphlcally to v :
Xmin — Z, which is a normalization of the projective variety Z, and Xyin is
projective-algebraic.

Proof. We start with some generalities. For a holomorphic line bundle 7: L — §
over a complex manifold S, to avoid notational confusion we write £ (in place of L)
for its total space. We have K¢ = 7*(L~! ® K§). Moreover, the zero section O(L) of
T : L — S defines a divisor line bundle [O(L)] on £ isomorphic to T*L.

Returning to the situation of the main theorem, we claim that the holomorphic
line bundle £ = Ky, ® [D] is holomorphically trivial over a neighborhood of D =
DyU---UDy,. For 1 <i < m we denote by m; : N; — D; the holomorphic normal
bundle of D; in the Mumford compactification X 7. Then by construction, for each
i€{l,...,m} there is some open neighborhood ©; of D; in X s on which there exists

a biholomorphism v; : £2; = W; C N; of €; onto some open neighborhood W; of the
zero section O(N;) of m; : N; — D; such that v; restricts to a biholomorphism v;|p, :

D; =, O(N;) of D; onto the zero-section O(N;). Moreover, Q1. .., Q,, are mutually
disjoint. On the total space 91; of m; : N; — D; as an (n+ 1)-dimensional complex
manifold, the canonical line bundle Ky, is given by Ky, = 7" (N; e Ko(v;))- Since
O(N;) = D; is an Abelian Varlety, its canonical line bundle KO( w;) is holomorphically

trivial, so that Ky, = 7ti*Ni . Denote by p; : ©; — D; the holomorphic projection
map corresponding to the canonical projection map 7 N; = D;. Restricting t0 W;

and transporting to £; C X7 by means of vfl = ;, we have Ko, = p/'N D: \XM

Here ND e denotes the holomorphic normal bundle of D; in Xy, and over £; C

X, the holomorphic line bundle p*NB b is biholomorphically isomorphic to the

divisor line bundle [D;]~!. Thus, Ko, ® [D;] is holomorphically trivial over €2;, i.e.,
Ky,, @ [D] is holomorphically trivial over an open neighborhood of D which is the
disjoint union 7 U- - - U €, proving the claim.
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Base-Point Fregness on Divisors at Infinity. Fix i, 1 <i < m. In the notation of
Sect. 2, Q; = G;/I;, and the isomorphism is realized by the uniformization map
p:S—S/ID 6,-/1",-. At a point x € D; we can use the Euclidean coordinates
w = (w';wy) as local holomorphic coordinates w' = (wy,...,w,_) on some open
neighborhood Q, € ;. Without loss of generality, we assume that |w,| < % on
€Q,. Denote by dV, the Euclidean volume form on €, with respect to the standard
Euclidean metric in the w-coordinates. By Proposition 1, the volume form dV, of
the canonical Kihler—Einstein metric satisfies on €2, the estimate

C1 C2
-dv, <dv, < .
[wa|?(—Tlog [w, )+ cTTEs [Wa|2(—log |w, )"+

dve, (1)

for some constants C,C, > 0, in which the constants may be different from those
in Proposition 1 denoted by the same symbols. From the preceding paragraphs, the
holomorphic line bundle £ = Ky, ® [D]~! is holomorphically trivial on £2;, and
from the proof it follows readily that a holomorphic basis of E over £2; can be
chosen such that it corresponds to a meromorphic n-form vy which is holomorphic
and everywhere nonzero on €2; — D;, has precisely simple poles along D;, and lifts

T A Adw =~ . S
tov:= d”AW—AdWl on G;. Let ¢ > 0 be an arbitrary positive integer. We have v €

I'(€;,E?), and its restriction v¥|o,_p. is a holomorphic section in I'(€Q; — D;,K}').
Denote by i the Hermitian metric on Kx induced by the volume form dV,. We assert
that v is not square-integrable when Kf( is equipped with the Hermitian metric A9.
For r > 0, denote by A"(r) the polydisk in C" with coordinates w = (w';w,,) of
polyradii (7,...,r) centered at the origin 0. Then for some 6 > 0, we have

1
[wal? (log [wy[)"*+!

1
/Q [vI|[*dV, > Cy /An(a)W [wa|? (log w, | )7+ av.
(10g|wn|)(‘1*')(”+l)

—C
' an(s) [wa |?

-dV, = co. @)

For any k € {1,...,m}, let ) be an open neighborhood of Dy such that Q) € €.
For any i, 1 <i <m, fixed as in the above, there exists a smooth function y; on Xy
such that ;| 50 = 1 and such that y; is identically 0 on some open neighborhood of

Xy — £€2;. Then on £;, the smooth section ;v € C*(£2;,E) is of compact support,
and it extends by zeros to a smooth section 1; € €*(Xy, E). We have Supp(dn;) C
Q; — Ql-o € X. In particular, we have

[l < G)

Thus, 7; is not square-integrable, while an; is square-integrable. Regarding an; as
a d-closed K3 -valued smooth (0, 1)-form, and noting that for ¢ > 2 we have

O (K1) + Ric() = (g — 1)y > o, (4)
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by Theorem 1 there exists a smooth solution u; of the inhomogeneous Cauchy—
Riemann equation du; = dn); satisfying the estimate

Jani?
J v < [ B av, < e (5)

Foreach k € {1,...,m}, we have 571:‘ =0on Q,? — Dy, so that u; is holomorphic on
each Q]? — Dy.. In what follows, k is arbitrary and fixed. In terms of the Euclidean
coordinates (wy,...,w,) as used in (1), on Q,? — Dy we have u; = fdw! A---dw”,
where f is a holomorphic function. Using the estimate of the volume form dV,
as given in Proposition 1, from the integral estimate (5) and the mean-value
inequality for holomorphic functions, one deduces readily a pointwise estimate for
/ which implies that |w¢ f] is uniformly bounded on Q,? — Dy for some positive
integer e. It follows that f is meromorphic on €, and hence u;| QD extends
meromorphically to €. (Since k is arbitrary, u; extends to a meromorphic section
of Ky, .) As such, either u; has removable singularities along Dy, or it has a pole
of order p; at a general point x; € Dy for some positive integer py. In the former
case, we will define p; to be —ry, where ry is the vanishing order of the extended
holomorphic section u; at a general point of Dy. If py > ¢, then from the computation
of integrals in (2), it follows readily that u; cannot be square-integrable, which is a
contradiction. So, either u; has removable singularities along the divisor Dy, or it has
poles of order p; < g at a general point of the divisor Dy. On the other hand, if we
regard u; rather as a holomorphic section of EY = K;M ® [D]4 over each Q,? — Dy,

then u; extends to Q,? as a holomorphic section with zeros of order g — p; > 0. Define
now o; = N; —u;. Then 5(71' = 51"1' —gu,- =0onXy and o; € F()_(M,Eq). Now, T’,"Di
is nowhere vanishing as a holomorphic section of the trivial holomorphic line bundle
E1|p, over D;, while u;|p, vanishes as a section in I'(D;, EY), so that o;|p, = Ni|p,
and o; is nowhere vanishing on D; as a section of the trivial holomorphic line
bundle E|p,. For k # i, we have n;|p, = 0 by construction and u;|p, = 0, where
for the latter, one follows the same arguments as in the case k = i in the above. Thus
0i|p, = 0 for k # i. This proves the first statement of the main theorem. We proceed
to prove the rest of the main theorem on the canonical maps @, in separate steps
leading to the projective algebraicity of the minimal compactification X ;.

Base-Point Freeness on Mumford Compactifications. Fix any integer ¢ > 2. From
the preceding discussion, we have a finite number of holomorphic sections o; €
I'(Xm,E?), 1 <i<m,whose common zero set A = Z(07,...,0p) is disjoint from
D=DiU---UD,,. Thus, A C X is a compact complex-analytic subvariety. We claim
that for a positive and sufficiently large integer ¢, the following holds: for each x € A
there exists a holomorphic section s € I" (X7, E*) such that s(x) # 0. To prove the
claim, let (z1,...,z,) be local holomorphic coordinates on a neighborhood U of x
such that the base point x corresponds to the origin with respect to (z;). Let y be a
smooth function of compact support on U such that y = 1 on a neighborhood of x.
Then @e := ny (log (T |zj|* +€)) on U extends by zeros to a function on X, to be
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denoted by the same symbol. Since @e¢ is plurisubharmonic on some neighborhood
of x and it vanishes outside a compact set (and hence /—10d @e vanishes outside a
compact set), there exists a positive real number Ce such that

V=139 ¢e +Ceo > o. (6)

As e decreases to 0, the functions ¢¢ converge monotonically to the function ¢ given
by ny (log (2 |z; |2)) on U and given by 0 on X — U. There exists a compact subset
0O € U — {x} such that ¢ is plurisubharmonic on U — Q for each € > 0. Noting that
log (2 |z,-|2) is smooth on Q, we see that (6) holds with C¢ replaced by some C > 0
independent of €, provided that we require that € < 1, say. Letting € converge to 0,
we have also in the sense of currents the inequality

V=139 +Co > o. (7)

In what follows, we are going to justify the solution of 0 with L*-estimates for the
singular weight function ¢. Let ¢ be an integer such that ¢ > C + 1. Then we have

V=139 e + O (Ky,h') + Ric(X, 0) > . (8)

Let e be a holomorphic basis of the canonical line bundle Ky and consider the 0-
exact K{‘/-valued (0,1)-form 5(;{64), which will be regarded as a d-exact (hence
J-closed) Kf‘( -valued (0, 1)-form on X. Then Theorem 1 applies to give a solution to
due = d(xe') satisfying the estimates

J uelle9e < [ jaeed)Pe e <u <o )

where M is a constant independent of €, where we note that Supp(g(xe[)) lies
in a compact subset of X not containing x. From standard arguments involving

Montel’s theorem, choosing € = 1, there exists a subsequence (u_1 ) of (u1)
o(n) n

which converges uniformly on compact subsets to a smooth solution of Ju = 5( xe")
satisfying the estimates

[l < [ a0 )P e? < (10)
X X

Define now s = ye! —u. Then ds = d(ye') — du = 0, so that s € I'(X, K% ). Now

—o 1 - L
Ry "
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in terms of the polar radius r = (¥ ‘Zj|2)%- Since the Euclidean volume form dV,
equals r2—1dr-dS, where dS is the volume form of the unit sphere, it follows from
(11) thate™® = %drodS is not integrable at z = 0. Then the estimate (10), according
to which the solution u of du = 5( xe') obtained must be integrable at 0, implies that
we must have u(x) = 0. As a consequence, s(x) = e’ # 0. From the L?-estimates (9)
it follows that s is square-integrable with respect to the canonical Kidhler—Einstein
metric g on X and the Hermitian metrics A on Kf( induced by g. From the volume
estimates (2) it follows that s extends to a meromorphic section on X7 with at worst
poles of order £ — 1 along each of the divisors D;, 1 < i < m. Since A is compact,
there exists a finite number of coordinate open sets U, on X whose union covers A.
Making use of these charts, it follows readily that there exists some positive integer
£y such that for £ > £, the preceding arguments for producing s € I' (X ,Kf}) apply
for any x € A. Let £ = pq be a multiple of ¢ such that £ > ¢,. Here and in what
follows, by a multiple of a positive integer ¢ we will mean a product pg, where
p is a positive integer. Further conditions will be imposed on /¢ later on. For the
complex projective space P(V) associated to a finite-dimensional complex vector
space V and for a positive integer e, we denote by v, : P(V) — P(5°V) the Veronese
embedding defined by v, ([n]) = [®n] € P(SV). Then for the map @, : X5y — PN,
the base locus of v, 0 @, : X3y — P(SP(CNet1)) lies on A. If £ := pq is furthermore
chosen such that ¢ > £, then for any x € A there exists, moreover, s € I" (YM,E[ )
such that s(x) # 0, so that I' (X7, E*) has no base locus, and hence @; : Xy — PM
is holomorphic.

Blowing Down Divisors at Infinity. For £ = pq as chosen, we denote by Gf €
I'(Xy,E") a holomorphic section in I" (X, E*) such that ¢! is nowhere 0 on the
divisor D;, and G,'€|Dk = 0 on any other irreducible divisor Dy, k # i at infinity.
(The notation o; used in earlier paragraphs is the same as Gl-q, and we may take
of = (o/)P.) Since o/|p, is nowhere zero, for any section s € I'(Xy, E*), ﬁ|Di isa

holomorphic function on the irreducible divisor D;; hence is some constant A ;

S

c_f |D,-
ie.,s= lcf on D;. It follows that the holomorphic mapping @, must be a constant
map on each D, so that @y(D;) is a point on PN, to be denoted by ;. Moreover, for
i # i, 1 <iy,ip <m, Gﬁ ‘Di| is nowhere vanishing, while O'£ =0 and Gé

is nowhere vanishing, while o/, |,
i

points ;, 1 <i < m, are distinct.

o, o,
=0, implying that §;, # &;,. In other words, the

Removing Ramified Points. It remains to show that for some choice of ¢ = pq
the holomorphic mapping @, : Xy — P is a holomorphic embedding on X and
that {; is an isolated singularity of Z := ®;(X;). We start with showing that
0= pbq can be chosen so that there are no ramified points on X, i.e., that D,
is a holomorphic immersion on X. Choose ¢; = p;gq to be a multiple of ¢ such
that the preceding arguments work for £ = £;. Let S C X be the subset where
@y, fails to be an immersion, to be called the ramification locus on X of @,.
Clearly, SUD C Xy is a (compact) complex-analytic subvariety, so that R C Xy



Projective Algebraicity of Minimal Compactifications... 349

is also a (compact) complex-analytic subvariety. Then we have a decomposition
R =R{U---UR, into a finite number of irreducible components, so that writing R;
for the topological closure of R; in X7, we have the decompositionR =R; U---UR,
of the compact complex subvariety R C Xy into a finite number of irreducible
components. Suppose dimgc R = r. We are going to show that if we choose ¢, = paq,
where p, = t1p; is a sufficiently large multiple of pi, then the ramification locus
on X of @, is of dimension < r— 1. Given this, by induction and taking ¢ to be
an appropriate multiple of ¢, we will be able to prove that @[y is a holomorphic
immersion for some multiple £ = p’q of g.

To reduce the ramification locus on X, for each R; of dimension r we pick a point
X;j € R}, and we are going to show that if {, = p,g =11 p1g =11 {1 is sufficiently large,
then there exists s; € I'(Xp, E“) such that s;(x;) # 0. Since ¢, is a multiple of ¢},
the ramification locus R(¢>) on X of @, is contained in the ramification R(¢;) = R
on X of @, and R(¢,) does not contain any of the r-dimensional irreducible
components of R(¢}), it will follow that dim¢ R(¢;) < r— 1, as desired. To produce
s; € I'(Xm,E"), we use Theorem 1 with a slight modification, as follows. Recall
that z = (z1,...,2,) are local holomorphic coordinates in a neighborhood U of
x, where x corresponds to the origin in z. For the same cut-off function y with
§upp ()5_) € U as above, and for 1 < k < n, we solve the Cauchy—Riemann equation
du; = d(yzre™) with a more singular plurisubharmonic weight function y =
(n+1)xlog (X |z|?). We choose ¢, = t; p1¢ sufficiently large that

V=109y + 6 (Kﬁ&h?) +Ric(X,0) > o (12)

in the sense of currents. In analogy to (10), we obtain smooth solutions u; on X to
the equation duy = 9 (yzxe™?) satisfying the L*-estimate

[ llevav, < [ 17 (ae) I7evav, < . (13)

Since e ¥dV, = ﬁdVe = rldr -dS, it follows from the integrability of ||u||*e~¥
that we must have 1 (x) = 0 and also duy(x) = 0. As explained above, by induction
we have proven that there exists some multiple /> = p’q such that Dy is a
holomorphic immersion.

Separation of Points. To separate points, we are going to choose /! = 1> = tpq
which is a multiple of . For any positive integer  that is a multiple of ¢, we
denote by B%) € X x X the subset of all pairs of points (x1,x2) € X x X such that
@y (x1) = Dy (x2). Clearly, B¥) contains the diagonal Diag(X x X) as an irreducible
component, which we will denote by By. Note that if ¥’ is a multiple of k, then B¥) ¢
B by the argument using Veronese embeddings as in the paragraph on removing
ramification points. Since @ is defined as a holomorphic map on X7, B%*) has
only a finite number of irreducible components; hence B%) has only a finite number
of irreducible components. Let now k = ¢ and write B(Zb) =ByUByU---UB,
for the decomposition of B into irreducible components. Let b be the maximum
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of the complex dimensions of By,...,B,. We are going to find a multiple ¢ of
£ for which the following holds. For each irreducible component B, of complex
dimension b we are going to find an ordered pair (x;,x;) € B. — Diag(X x X)
and holomorphic sections s.,z. € I'(Xy, EY) such that s.(x1) # 0,5.(x2) = 0, while
te(x1) = 0,2.(x2) # 0. Given this, by the same reduction argument as in the above
(in the paragraph for removing ramified points on X), by choosing #* to be a multiple
of £°, we will have proven that B consists only of the diagonal Diag(X x X),
proving that @,; separates points on X. To find the positive integral multiple ¢ of o
and a section s = s, in ' (X7, E*) such that s(x;) # s(x2), we choose holomorphic
coordinate neighborhoods U, of x| respectively U, of x, such that Uy N U, = 0. For
i = 1,2, denote by 70 = (z(li), . ,zﬁ,i)) holomorphic coordinates in a neighborhood
of x; with respect to which the origin stands for the point x;. Let y;, i = 1,2, be a
smooth cut-off function such that ; is constant in a neighborhood of x;, i = 1,2, and

such that Supp(y;) € U;, so that in particular, Supp()) N Supp()2) = 0. Now we
consider the weight function p = ny;log(} Z§1>|2) +nylog(Y, |z§2)|2). Let k be
a positive integer. The smooth section y;ef of K)’§ over U; with compact support
extends by zeros to a smooth section, to be denoted again by y;e*, of K§ over X,

so that xlek\y? = ¢* on some neighborhood U € U and Supp(n) € Uj. Since

U;NU, = 0, we have in particular 17|y, = 0. Our aim is to solve Jdu= 5(%1€k) using
Theorem 1. In analogy to (8) and using the same smoothing process as in preceding
paragraphs, we have to find k such that

V—=199p + O (K&, h*) + Ric(X,0) > @ (14)

in the sense of currents. By exactly the same argument as in (8)—(10), the inequality
(14) is satisfied for k sufficiently large. Applying Theorem 1, we have a smooth
solution of du = d(x;eX), where u satisfies the L*-estimates

JlulPe? < [ jaGne) et <o (15)

so that u(x;) = u(xy) = 0 because of the choice of singularities of p at both x;
and x». As a consequence, the smooth section s := u — ;X of K§ over X satisfies
s(x1) = ek, s(x) =0, and s is a holomorphic section, since ds = du — d(y1¢*) =0
on X. Interchanging x; and x,, we obtain another holomorphic section € I' (X, K§)
such that 7(x;) = 0, while 7(x,) = €. Given this, taking k = ¢* to be a sufficiently
large multiple of ¢, the canonical map Dy Xy — PV is base-point-free (hence
holomorphic) and a holomorphic immersion on X, and it furthermore separates
points on X.

Blowing Down to Isolated Singularities. The map @y : Xy — Pt sends each
divisor D; at infinity to a point Ciﬁ € PVt such that Cij, 1 <i < m, are distinct. We
have, however, not ruled out the possibility that @ (x) = Dy (Cl-ﬁ) for some point
x € X and some i,1 <i < m. Since @ separate points on X, only a finite number
of such pairs (x;, Ciﬂ) can actually occur. We claim that for a large enough multiple
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¢ of %, we have @y(x;) # = @y(D;). For this purpose it suffices to produce a
holomorphic section ¢ € I'(X ,K%M) such that ¢|p, is nowhere vanishing whereas

t(x;) = 0. For this it suffices to solve the equation Ju; = 5771’ as in (3)—(5), choosing
7n; to be 0 on some neighborhood of x;, replacing ¢ by ¢ and requiring at the same
time that u;(x) = 0. The latter requirement can be guaranteed by introducing a
weight function @ as in (7) satisfying for ¢ sufficiently large the inequality

V=199¢ + O (Kg,h') + Ric(w,) > o. (16)

Thus the argument in (6)—(11) for the base-point freeness on X ; can be adapted here
to yield the required sections #;. Hence, we have proven that for some sufficiently
large positive integer ¢, the canonical map @, : Xy — P is holomorphic, blows
down each divisor D; at infinity to an isolated singularity ¢; of Z = @;(Xy,), and
restricts to a holomorphic embedding on X = X, — D into Z° = Z — {{1,..., &t

End of Proof of Main Theorem. By definition, the minimal compactification
Xmin of X is a normal complex space obtained by adding a finite number of
isolated singularities u;, 1 <i < m. Since @y : X S0 =z— {&1,...,Cn} is
a biholomorphism, for eachi € {1,...,m} there exist an open neighborhood V; of y;
in X pip and an open neighborhood W; of &; in Z such that the biholomorphism &;|x

restricts to a biholomorphism @y |y, : W; —=5V; and such that ILm Oy(x) =5 Oy
XM

extends to a continuous map @y : X min — Z by defining @[y = @ and &y (u;) = .
Since X i is normal, cf)g is holomorphic, so that &;g : Xmin — Z is a normalization of
Z. Finally, since Z C P is projective-algebraic, its normalization X 1, is projective-
algebraic. The proof of Theorem 2 is complete. O

Remarks. (1) From the proof of the main theorem regarding base-point freeness
on divisors at infinity, it follows that dim¢I” ()_(M,Ez) > m, where m is the
number of connected (equivalently irreducible) components of the divisor D
at infinity. In other words, there are on X at least m linearly independent
holomorphic 2-canonical sections of logarithmic growth (with respect to the
Mumford compactification X <+ X, and hence with respect to any smooth
compactification with normal-crossing divisors at infinity).

(2) For the statement and proof of the main theorem, it is not essential that the
images @;(D;) be isolated singularities. We include this statement because the
proof is more or less the same as in the steps yielding a holomorphic embedding
dyon X.

3.3 An Application of Projective Algebraicity of the Minimal
Compactification to the Submersion Problem

In relation to the submersion problem on complex-hyperbolic space forms, i.e.,
the study of holomorphic submersions between complex-hyperbolic space forms,
Koziarz and Mok [KMOS] proved the following rigidity result.
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Theorem 3 (Koziarz-Mok [KMO08]). Let I' C Aut(B") be a lattice of biholomor-
phic automorphisms. Let @ : T — Aut(B™) be a homomorphism and let F : B" — B™
be a holomorphic submersion equivariant with respect to @. Suppose that m > 2 or
I' C Aut(B") is cocompact. Then m = n and F € Aut(B").

The proof of Theorem 3 can be easily reduced to the case where I' C Aut(B") is
torsion-free, so that X = B" /I" is a complex-hyperbolic space form of finite volume.
One of the motivations to present a proof of the projective algebraicity of finite-
volume complex-hyperbolic space forms arising from not necessarily arithmetic
lattices is to give a deduction of the noncompact (finite-volume) case of Theorem 3
from the cohomological arguments in the compact case.

An Alternative Proof of Theorem 3 in the Case of Finite-Volume Quotients.
Without loss of generality, assume that I' C Aut(B") is torsion-free. We outline
the arguments in the case where the complex-hyperbolic space form X := B"/I"
is compact. Write wy for the Kihler form of the canonical Kdhler—Einstein metric
on X of constant holomorphic sectional curvature —47m. Denote by @pgn the closed
(1,1)-form on B™, by @, the closed (1,1)-form on X induced by the I'-invariant
closed (1,1)-form F*cpn, and by [---] the de Rham cohomology class on X of
a closed differential form. Denote by F the holomorphic foliation on X induced
by the I'-equivariant foliation whose leaves are given by the level sets of the
I'-equivariant map F : B" — B™, by T3 the associated holomorphic distribution
on X, and by Ny := Tx /Ty the holomorphic normal bundle of the foliation F.
In the case where the complex—hyperbolic space form X is compact, by an algebraic
identity of Feder [Fed65] (cf. Koziarz—Mok [KMOS8, Lemma 1]) applied to Chern
classes of the short exact sequence 0 — Ty — Tx — Ng — 0 on X (which
we will call the tangent sequence induced by F on X), and by the Hirzebruch
proportionality principle, we have [wy — @y,)" ™! = 0. By the Schwarz lemma
we have wx — @, > 0 as a smooth (1, 1)-form, and the identity on cohomology
classes [y — @p)" ™! = 0 forces (wx — @,)" " = 0 everywhere on X, which
implies that there are at least m zero eigenvalues of the nonnegative (1,1)-form on
vV = wx — @, on X. Since v agrees with wy on the leaves of &, we conclude that
there are exactly m zero eigenvalues of v everywhere on X. Thus J : B" — B" is
an isometric submersion in the sense of Riemannian geometry, and this leads to a
contradiction.

In the noncompact case we need the extra condition m > 2. Since X = B"/T" is
of finite volume, by the main theorem, X admits the minimal compactification X i,
obtained by adding a finite number of normal isolated smgularltles G, 1 <i<m,
and moreover, X i, is projective-algebraic. Embedding X i, C PV as a projective-
algebraic subvariety, a general section H NX i, by a hyperplane H C PV is smooth,
and it avoids the finitely many isolated singularities {;, 1 < i < m. Write Xy :=
HN X min, Xu C X. Restricting the short exact sequence 0 — Ty — Tx — Ng — 0
to Xg, we conclude that [wx — a)_,,,]"””+l = 0 as cohomology classes. Note that Xy
is not a complex-hyperbolic space form, and we are not considering the tangent
sequence of a holomorphic foliation induced by F \rl(XH). (In fact, the restriction
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Fl (Xn) need not even have constant rank m — 1.) In its place, we are considering
the restriction of the tangent sequence induced by & on X to the compact complex
submanifold Xy, and the cohomological identity [wx — @] "' = 0 results simply
from the restriction of a cohomological identity on X as explained in the previous
paragraph. We have dim¢(Xy) =n—1land n—m+ 1 <n— 1, since m > 2. From
the cohomological identity [wy — @] "' = 0 on Xy and the inequality v = @y —
@, > 0 as (1, 1)-forms, we conclude that there are at least m — 1 zero eigenvalues
of v|x,, everywhere on Xp. Thus, for every z € B" and for a general hyperplane V C
T;(B"), we have dimc (V NKer(v)) = m — 1. Since dimc (Ker (v)) < m, it follows
that we must have dim¢ (Ker (v)) = m, and F : B" — B™ is in fact a holomorphic
submersion. This gives rise to a contradiction exactly as in the compact case. O
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Some Examples of Real Algebraic and Real
Pseudoholomorphic Curves

Stepan Yu. Orevkov

To Oleg Viro

Abstract In this paper we construct several examples (series of examples) of
real algebraic and real pseudoholomorphic curves in RP? in which we tried to
maximize different characteristics among curves of a given degree. In Sect. 2, this
is the number of nonempty ovals; in Sect. 4, the number of ovals of the maximal
depth; in Sect.5, the number n such that the curve has an A, singularity. In the
pseudoholomorphic case, the questions of Sects. 4 and 5 are equivalent to the same
problem about braids, which is studied in Sect. 3. In Sect. 6.1, we construct a real
algebraic M-curve of degree 4d + 1 with four nests of depth d (which shows that the
congruence mod 8 proven in a joint paper with Viro is “nonempty”). In Sect. 6.2,
we generalize this construction. In Sect. 7, we construct real algebraic M-curves of
degree 9 with a single exterior oval, and we classify such curves up to isotopy.

Keywords Isotopy * M-curve ¢ oval ¢ Pseudoholomorphic curve * Real alge-
baric curve

1 Introductory Remarks

Let o = limsup( oy, /m?), where o, is twice the maximal number 7 such that there
exists an algebraic curve in CP? of degree m with an A, singularity. Similarly, let
B = limsup(pBy/k?), where By = max[;_,(A), where I[;_,(A) is the number of ovals
of A of depth k — 1 and the maximum is taken over all real algebraic curves in RP?
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of degree 2k. Let on and fpn be the same numbers for pseudoholomorphic curves.
In the following table we summarize all known estimates for these numbers (LB/UB
stand for lower/upper bound).

1 Evident LB for o, B, 0tph, Bpn

28/27,8 —4/3 LB for o from [4, 14]

9/8 LB for 8 proved in Sect. 3.3

7/6 LB for o proved in Sect. 5

4/3 LB for ogy, and By, proved in Sects. 2—4

3/2 UB for o, f3, 0tph, Bph coming from signature estimates
2 Evident UB for o, 8, otph, Bph

2 Iteration of Wiman’s Construction

Wiman [35] proposed a method to construct real algebraic M-curves in RP? that
have many nests. Here we use Wiman’s construction to obtain curves with many
nonempty ovals. As is shown in [16], the number /; of isotopy types realizable by
real algebraic curves of degree d in RP? has the asymptotics logl; = Cd* 4 o(d?)
for some positive constant C, and the only known upper bounds for C come from
the fact that C < limsup f(L;/d*), where f is a certain effectively computable
monotone function and L, is the maximal number of nonempty ovals that a curve
of degree d may have. All known upper bounds for L, are of the form d” /4 + O(d).
Here we construct real algebraic and real pseudoholomorphic curves, in particular
M-curves, with as many nonempty ovals as we can. The best asymptotic that we
can achieve for pseudoholomorphic curves is only d”/6 + o(d?). In the algebraic
case, the obtained asymptotics are yet worse.

Let us recall Wiman’s construction. We start with an M-curve C of even degree d
given by an equation F' = 0. We double C and then perturb it, i.e., consider a curve
C'={F? —¢G =0}, |¢| < 1, where G is some polynomial of degree 2d. Suppose
that the curve G = 0 meets C transversally. Then each arc of C where G > 0 provides
an oval of C’ (obtained by doubling the arc and joining the ends). In the same way,
each oval of C where G > 0 provides a pair of nested ovals of C’. If we are lucky
to find G such that it has 2d> zeros on one oval of C and is positive on all other
ovals, then we obtain an M-curve that has O(d?) nested pairs of ovals. This can be
attained, for example, if we start with an M-curve C one of whose ovals maximally
intersects a line.

In speaking of Wiman’s construction, the divisor of G on C will be called the
branching divisor.

If we work with real pseudoholomorphic curves, then we need not concern
ourselves whether it is possible to place correctly the branching divisor. Perturbing
if necessary the almost complex structure, we may place it wherever we want. The
only restriction is the total degree and the parity of the number of points at each
branch of C.
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We say that an arrangement of embedded circles on RP? is realizable by a real
pseudoholomorphic curve if there exists a real pseudoholomorphic curve in CP?
whose set of real points is isotopic to the given arrangement.

Recall that a nest of depth d is a union of d ovals V; U--- UV, such that V| is
surrounded by V;,i=1,...,n— 1. We say that a nest N of a curve C is simple if there
exists an embedded disk D C RP? such that N = DN C.

We shall use the encoding of isotopy types of smooth embedded curves in RP?
proposed by Viro. Namely, n denotes n ovals outside each other; A LI B denotes a
union of two curves encoded by A and B respectively if there exist disjoint embedded
disks containing them; 1(A) denotes an oval surrounding a curve encoded by A;
n(A) = 1{A)U---LI1{A) (n times).

We extend this encoding as follows. Let 1{((d)) denote a simple nest of depth
d and let n((d)) = 1{{d)) U---U1{{d)) (n times). Also, if S encodes the isotopy
type of a curve A, and A’ is obtained from A by replacing each component by k
parallel copies, then we denote the isotopy type of A’ by (S)k or just by S in the
case that S is of the form n(S;). For example, 2((3)) = (2)° = 2((1)?) =2(1(1)) =
1(1(1)) U 1(1(1)) denotes @) @)

Proposition 2.1. (a) For any positive integers m and k there exists a real pseu-
doholomorphic M-curve Cp, . in RP? of degree d = 2*m realizing the isotopy
type

m—3m+2 _Zm+2<<2k>> U <IE|1(4J"m2 — 1)<<2k1>>> L4 tm?, (1)
j=1

The number of nonempty ovals of this curve is é(4k —1)m? — %(21‘ —m+k=
L (d* —m?) — 3(d —m) + k. So for each series {Cy i }i>0 with a fixed m, these
numbers have the asymptotics %dz +0(d).

(b) If k < 3, then for any m, the M-curve Cy, i can be realized algebraically. The
number of nonempty ovals of Cy, 3 is % (m> —m)+3= %dz +0(d).

(c) Forany k > 1 there exists an algebraic curve C), , of degree d = 251 yealizing
the isotopy type 7

321 U (kl_llw —2f—2><<2’<-f'>>> L4, @

J=2

The number of ovals of Cy; is 1d®>— (£ —1)d, ie., it is an (M —r)-curve for
r=(k—4)252 42 =0(dlogd).

The number of nonempty ovals ofC’z,k is %dz — ]%761 + %1 = édz + O(dlogd).

Proof. All these curves are obtained by iterating Wiman’s construction.

(a) We start with Harnack’s curve C,,, o of degree m and apply Wiman’s construction
to it k times. At each step, we place the branching divisor on one empty exterior

oval (see Fig. la—c) except at the first step, when we place it on the nonempty
oval (for even m) or on the odd branch (for odd m).
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Fig. 1 (a) The curve C4y. (b) The curve Cy 1. (¢) The curve Cy 5. (d) A part of C§,3

(b) The first three steps of this construction can be performed algebraically if the
initial curve is arranged with respect to some three lines as in Fig. l1a. It means
that there are three disjoint arcs on the nonempty oval (on the odd branch for
odd m) meeting three lines at m points that lie on the arcs in the same order as
on the lines. In classical terminology, such arcs are called bases.

(c) To continue iterations of Wiman’s construction, we need more bases. By
Mikhalkin’s theorem [18], an M-curve of degree d > 3 cannot have more than
three bases. So we start with d = 2. Choose a conic Cﬁ,o’ disjoint arcs o, - -+ , 0
on it, and lines Li,---,L; such that L; cuts o; at two points. Let CQ,H] be
obtained from C,, by Wiman’s construction using the line L. It happens,
however, that it is not enough to have many bases on the initial curve. The
construction produces M-curves for k < 3 because the line L; meets only one
oval of Cé,k—l’ k = 1,2,3. Unfortunately, starting with k = 4, the line L; meets
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Fig. 2 Construction of the chart in the proof of Lemma 2.2

more than one oval (see Fig. 1d, where we depicted Ly and the part of C}
obtained from that oval of C} , that meets L3). It is easy to see that L; meets 2¥—3

ovals for k > 3. Using this fact, the result can be easily proven by induction. [

Lemma 2.2. Let A be a real pseudoholomorphic curve of degree d = 2k. Suppose
that an empty oval V of A has a tangency of order d with a line L. Let S be the
isotopy type of A\'V. Then there exists a pseudoholomorphic curve A’ of degree 2d
one of whose empty ovals has a tangency of order 2d with L, and the isotopy type of
A is 82 1Ud?. In particular, if A is an M-curve, then A’ is an M-curve also.

Proof. Let p be the tangency point. We apply Wiman’s construction in two steps.
First, we perturb A so that the perturbed curve A” has a tangency with A at p of
order d and has d> — d more intersection points, all lying on V. We may assume that
AUA" is holomorphic in some neighborhood of p and is defined by the equation
(y —ax?)(y —bx?) = 0,0 < a < b. Then we perturb A UA" by gluing at p the chart
(y — P(x))y + ex*? where roots of P are real negative (see Fig. 2). O

Corollary 2.3. For any d there exists a real pseudoholomorphic M-curve A; on
RP? of degree d that has at least Ly = %dz - 514(361)4/3 + O(d) nonempty ovals.

Proof. Let k = [%logz(Sd)] and d = 2*m+r, 0 <r <2k Let C = G,y be as in
Proposition 2.1. By Lemma 2.2, we may suppose that C has a maximal tangency
with some line. So let A be obtained from C by applying Harnack’s construction r
times.

Then A is an M-curve, and the number of its nonempty ovals is at least L; =
é(dl2 —m?) — 3(d; —m) + k, where d; = 2¥m = degC. Note that (x,r), x = 2%,
satisfies

(3d)'P<2x<2x(Bd)'3,  0<r<x-—1, (3)

and Ly = L f(25,7) + k, where f(x,r) = (d —r)*(1 —x 2) = 9(d —r)(1 —x~1). It is
an easy calculus exercise to find the minimum of f under the constraints (3). a

Remark. Tt seems that the term O(d*/?) in Corollary 2.3 is not optimal. Perhaps
using a more careful construction (like that in Sect. 3) it can be replaced by O(d).

In contrast, it is not clear at all how to construct real algebraic curves of any
degree d with %dQ + 0(d?) nonempty ovals. Proposition 2.1(c) gives an example
with these asymptotics for the sequence of degrees d; = 2*, but is it possible to do
the same for, say, dy = 2k _ 19
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3 When the Braid o NA" Is Quasipositive

The purpose of this section is, for given n and k, to find N as large as possible such
that the braid o, N A} is quasipositive (see Sect. 3.1 for definitions and see Sects. 4
and 5 for motivations). We propose here a recursive construction based on the binary
decomposition of k. The best value of N obtained by this construction is presented
in Theorem 3.13 (see also Corollary 3.15) in Sect.3.6. We cannot prove that the
obtained value of N is optimal.

3.1 Quasipositive Braids

Let B, be the group of braids with n strings (n-braids). It is generated by
O1,- -, 0,1, subject to relations 0;0; = 0;0; for j —i > 1 and 0;0;0; = 0;0;0; for
j—i=1. We suppose that {1} = B; C B, C B3 C --- by identifying o; of By with
o; of B,. We set B, = |J,, B. Let A, be the Garside element of B,,. It is defined by

Ao=A) =1, Apy1 = 0102+ O Ay ey

Let Q, be the submonoid of B, generated by {a~'cjala € B,,
1 <i < n}. The elements of Q, are called quasipositive braids (this term
was introduced by Lee Rudolph in [25]). Theorem 3.1 in Sect.3.3 shows that
Qi+1NBy = O, i.e., the notion of quasipositivity is compatible with the convention
that By, C By .

We introduce a partial order on B, by setting a < b if ab~! € Q,. Then Q, =
{x € B, |x > 1}. Since Q, is invariant under conjugation, this order is left
and right invariant, i.e., ¥’ < b implies ab’c < abc. Indeed, if b'b~! € Q,, then
(ab'c)(abc)™' =a(b'b " a! € Q,.

We write a ~ b if a and b are conjugate. Note that a ~ b > ¢ does not imply
a > c. Indeed, for n = 3 we have 0, ~ 01 > 0] G{l, but the assertion 6, > 0] G{l
is wrong because 0, (0} G{l)" = Gzchl & QP; (see, e.g., [20] or [23]). However,
by ~by>by~by>---~ by, >1doesimply by > 1.

3.2 Shifts and Cablings

Let s, Cin : B« — B be the group homomorphisms of m-shift and m-cabling defined
respectively by s,,,(0;) = O+ and

¢m(0i) = (OmiOmit1 - Omitm—1)(Omi—1 - Omitm—2) - (Omiem+1 - * Omi)
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Fig. 4 c;(01) > AcAp (k=5)

(see the left-hand side of Fig. 4). We set ¢ = ¢» (Fig. 3), ol = Cyd, and s = $54. Then

Cd =co---oc (d times), C(O'l') = 02{02;-102i+102;-

Let 1, : By — By, be the index-reversing homomorphism: 7,,(0;) = Gpu—;.
Let A, = s5,(Ay). Then we have

bAy = Aprm(D), b€ By; Fm(Am) = A, 2)
Aoy = Mgy Ay, ArAgr = Agi Ay, (3)
Arer(01) = ce(01) A, Arcr(01) = cr(01) Ay, “4)
ski(Ax) s (Ax) = sr(Ax) swi(Ax), %)

Aoi = MDA i (01) = Apcr(01) Ay (6)

The last identity is the specialization for a = 2 of
a—1
Aa = ci(Aa) [T su(A%)- ()
j=0

All these identities easily follow, for instance, from the characterization of A in [9].
Combining (3)—(4), we obtain

A5, = BN c(o7). (8)
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We have ci(07) > Ag Ay (see Fig. 4). Combining this with (3), we obtain

ck(o1) > AY Ag for any a,b such that a + b = 2. 9)

_ Fig.4 -~ ~
Indeed, ci(01) 2 AT ey (01)AI70 = S (AGARI = ASRZ .
Combining (9) and (6), we obtain also

Aoy = Arcr(01) A > A} (10)

3.3 Quasipositivity and Stabilizations

In this section we show that the quasipositivity is stable under two kinds of
stabilizations: the inclusion B, C B, and positive Markov moves.

3.3.1 Stability Under the Inclusion B,, C B,

Theorem 3.1. 0,1 NB, = 0,.
This is a specialization for k = 1 of the following fact.

Theorem 3.2. Let a € By, b € By, and ¢ = sy(a)b € B, 1. Suppose that ¢ € Qy 1.
Then a € Qr and b € Q.

Proof. Let D be the unit disk in C. By Rudolph’s theorem [25], a braid is
quasipositive if and only if it is cut on (dD) x C by an algebraic curve in D x C
that has no vertical asymptote.

Let L,, Ly, and L. be the links in the 3-sphere represented by a, b, and c. Let A, be
the algebraic curve bounded by L.. The fact that ¢ = s, (a)b means that L, = L, UL,
and the sublinks L,, L; are separated by an embedded sphere. Then, by Eroshkin’s
theorem [10], A, is a disjoint union of curves A, and A; bounded by L, and L,
respectively. Hence, a and b are quasipositive. O

This proof of Theorem 3.2 relies on analytic methods (the filling disk technique
is the main tool in [10]). However, Theorem 3.1 has a purely combinatorial proof
based on Dehornoy’s results [8] completed by Burckel-Laver’s theorem [3, 17].

We say that a braid b € B, is Dehornoy i-positive,' i = 1,--- ,n— 1, if there exist
braids by, ,by € By—;, k > 1, such that b = bol'[ljzo(cn_ibj). We say that b is
Dehornoy positive if it is i-positive for some i = 1,...,n — 1. Let P; be the set of
(n+1—i)-positive braids and P, = ', P;.

'Our definitions differ from those in [8] only in the reversing of the string numbering.
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7
—

A2

Fig. 5 The braids b’ (on the left) and b” (on the right)

In this notation, Dehornoy’s theorem [8] (see also [11] for another proof) states
that (i) B, is a disjoint union {1} UB,UP, L. (ii) P, is a disjoint union P, U...UP,.
(iii) P; and P, 2 < i < n, are subsemigroups of B,,. Burckel-Laver’s theorem [3, 17]
(see also [20] or [34] for another proof) states that (iv) Q,, C P,.

Combinatorial Proof of Theorem 3.1 The inclusion Q,, C Q,,+1 N By, is evident. Let
us show that Q,,1 1 "B, C Q. Let b € Q1 NBy,. Then b = x; - -- X, each x; being
a conjugate of 0y in Byy1. By (iv), we have x; € By, j=1,...,k. If x; € Pyyy
for some j, then b € P, by the definition of i-positivity. By (ii), this contradicts
b € B,,. Hence, each x; is in P,.

Thus, it remains to show that if x is a conjugate of o7 in B, 1, then x is a conjugate
of o7 in By,. This follows from the fact that any conjugate of o7 can be presented
in a unique way as x = cai7jc’l, i < j, where q; j is so-called band-generator (i.e.,
ajj= acia~ ! fora = 0j_10j_2---0;11) and ¢ is in the kernel of the pure braid group
homomorphism of forgetting the ith string. The latter fact can be easily proved using
the braid combing theory. a

3.3.2 Stability Under Positive Markov Moves

Theorem 3.3. Let b € B,,. Then b € Q,, if and only if bo,, € Q1.

This fact is reduced in [21] to Gromov’s theorem on pseudoholomorphic curves.
The reduction given in [21] is rather cumbersome, but Michel Boileau observed
that it can be considerably simplified using the arguments from our joint paper [2]
(unfortunately, this observation was made when [2] had already been published).
Indeed, it is proved (though not stated explicitly) in [2] that if L is the boundary
link of an analytic curve in B* C C?, and L is transversally isotopic® to a closed
braid b, then b is quasipositive. To deduce Theorem 3.3 from this fact, we note that
bo, bounds an analytic curve (by Rudolph’s theorem [25]), and b is transversally
isotopic to bo, (an easy exercise; see, €.g., [25, Lemma 1]).

Corollary 3.4. Let b € B, and k < n. Then b’ = bsn,k(A,%) is quasipositive if and
only if " = bs,_i(ck(01)) is quasipositive; see Fig. 5.

’In the sense of contact geometry.
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SN\ / /
/ NN\ N\
A VANVANA ANVANVANA
N\ % NN\ N\ ANV
NN\ NN\ / /
/ yaNA4 SN\
/ / /
Fig.6 Ck+1(0'1)ﬂﬁ'>7---=(Gk---O'z(F])XSl(Ck(Gl))X(0'1()'2---0'k)

Proof. We say that b b, is obtained from b by a positive Markov move (and we
write bo@blbz) if by,b, € B, and by = b;0,b,. By Theorem 3.3, it is enough to

prove that b” Mo MBI k = 0, this is trivial. Suppose that this statement has
been proved for k. Then

Mm .
Ck+1 (0'1) — (Gk s G])S] (Ck(O'1 )) (G] - ~Gk) (see Fig. 6)
Ag"(ck --01)s51(A?) (01 0F) (by the induction hypothesis)
4
:rk+1(01'--GkA]%Gk"'Gl)(:)A]%+1. (]

3.4 The Subgroup A.. of B..

For anintegerd > 1, let Xy = {94 (Aya) |k > 0,k € Z} and let A, be the subgroup of
B.. generated by X,;. It is a free abelian group freely generated by X,;. For example,
A is the subgroup of B.. generated by 01,03, 05, .. ..

Let A be the subgroup of B.. generated by |JX,, i.e., the product of all the
subgroups A,. This product is semidirect in the sense that Aj...A; is a normal
subgroup of A.., and for any d,e, the subgroup A, is a normal in A.A; if e < d.
In the latter case, the action of A; on A, by conjugation is very easy to describe.
Letx € X,,y € X4, e < d. Let P, (respectively P,) be the set of strings permuted by
x (respectively by y). Only two cases are possible: either P, and P, are disjoint and
then x and y commute, or P; C P, and then y acts on x as in (5).

In particular, each element x of A; ... A, can be uniquely presented in the form

X=X|...Xq, Xe € Ae.

Let y; : Ay — Z be the homomorphism that takes each element of X; to 1, and
let A = XJI (m). Since A.. is a semidirect product of A;’s, the characters y, extend
in a unique way to a homomorphism y : A.. — @7_; Z such that y(x;...x;) =
(x1(x1),., xa(xq)) if xe € A, for e = 1,...,d (here and below, we truncate the tail
of zeros).
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The above discussion implies also the following two easy facts:

Lemma 3.5. Ler 0 <r <29 andm= qu + 1. Then Aw N By, is the direct product
of its subgroups Ae N Byy—y and sp—r(Aw N By). a

Lemma 3.6. Let B = By, B=s%(B). Let x € AN Byar1 and n = (ny,...,ng) =

~I

X (x). Then for any decomposition n =n' +n" + ' + ", there exist X' ,x" € B and
#,%" € Bsuchthat y(xX')=n', x(x")=n", x(&) =, (') =", and

2n+1 It A2n+1 1111
XYASalr X XA XX (11)

Proof. (The notation should be self-explanatory)

xAéZL] = abcﬂﬁWAéZL] = aﬂAéZL] ywhé ~ waEﬂAggill vb. O

3.5 The Case in Which the Number of Strings Is a Power of 2
For any d > 0, we set
Sy=144+4> 1. 4491 =4?_1)/3.
So (So,S1,...) =(0,1,5,21,85,341,1365,...). We have the recurrences
S;—4S; 1 =1,  S;—58; 1+4S5;.2=0. (12)

Lemma 3.7. Letx € AN Bya, x(x) = (n1,...,nq). If d = 1, we suppose only that
ny > 0. If d > 2, we suppose that

d
Y (neSer—€)>0,  k=0,--,d—1, (13)
e=k+1
where
3 —1)4 5—(=1)"%
81:1) gdzu7 ge:#’ 1<e<d7 (14)
2 2
ie,Ng> €y Sng+ng 1> +€ 1,....,8mg+---+5n+n; >€;+---+¢.

Then x is quasipositive.

Proof. Induction on d. If d = 1, then the statement is trivial because in this case,
X = 6]"‘. So, let us assume that the statement is true for d — 1 and let us prove it
ford.

Let A= Ayi-1, A= Azd—l =s"1(A), & = S(k—1)2d-2 (Aya—2), 6 = c?%(oy). The
notation 8y, is an abbreviation for 3{‘/ 5;’*”/ when the value of @’ is not important. In
this notation, (3)-(6) and (7) specialize to

AAsi = Ay, SIA = AS, &A= Ad,, (6
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Fig. 7 Proof of (19)

6;6; = 8116, 6,611 = 6;6i, 6i0 = 66, kg {i,i+1}, (7)

56, = 8,6;, AA = AA, (8"
A= 61016, A= 636:64, 9
VacZ, 6&>8!8:1 (12))

Combining (9') and (6), we obtain

(12)
616y > 6162 2A8; 18, = ASY,. (15)
Let us show that
ACATAL, > 525,46, (16)

(this is the heart of the proof). Indeed (see Fig. 7a—d)

~ 11) ~ ~ ~ A A A A
A-6a-382, WA6A—3 (A282c1-1 (62)) = A=A~ (6261636,

12) _ 7 -~
> A A165(827989)636763616, LA A1 (6265636361 5(52 6

(12)
R—4A—1a2 - 22 A casd—ax X—4A—14a2/sbs2—b\ a2 s sasd—ana
=A"TAT650065616('6, “6r > ATTAT65(8,057)65616'6;, Y6,

—

A—4da—1ad s ca —as2-ba © - —4sa —a§2—b A
D A-4A~1 61650+ 5262 16, L (5,8,) 1 (8584) 60+ 827620 3,
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and we obtain (16) by setting a = 1, b = —2. We have also

Ay > 6162075}, (17)
Indeed,
9\ d-1 N P IO
A2d =Ac (Gl)A—AO'QG] 6360A > A620'|(53)(52 53 )A

—

2 61618,6:616567 182 616,61 650 616,(8571 85,1550 2 616,265,

Wesetng =2n+1+r,r€{0,1}.Letmy_y =ng_1+10n+4r,my_» =ng_»—8n,
n&,] =my_1+3=ng_1+5n,—r—2=ny_1+5n;—¢;,—1,

n:Fz =my_r+4=n4_o—4ng+4r+8=ny_r—4ny;+4¢;+4,

and n, = n, for e = 1,...,d — 3. In the following computation we assume that
Y1,52,2,X € AwNBpa-1 and x (y1) = x(y2) = (n1,--- ,ngfz,mdfﬂ, x(2) = (n1,---,
nd,3,md,2,md,1), )((x’) = (I’l/l, ,nfjfl). Let x :xlAzj with x; € (A] ~~'Ad,1) n

Bj4. So we have

(14)

(13) s
x=xpxg A > Xy X AV ATy AT AT AT A AT

- ©
=V1(ATACAL ) Agu A" > 1828, 65 Ay A"
~ _ _ —6n A a0 —6n a P
= 18, IS AT ~ 3y 8 G A A D 5555 A 67 5
(20) (18)
~ 268 AGT > 260616:85A2 6" = 2616281,A% > 26HA° =X,

It remains to check that the induction conditions are satisfied for x’ and d — 1. If
d=2,thenn| =n;+5n—& —1= (181 — &)+ (n2S2 — &) > 0, and we are done.

Suppose that d > 2. Let (13’) and (14') refer to the formulas (13), (14), where
d—1, n,, and €, replace d, n,, and &. So we define €{,...,€), | by (14') and we
have to check the inequalities (13) for k =0, ...,d — 2. Indeed, we have n), = n, for
e<d—2n,_,—ng ,=—8n+4iseven, andn), | —ng_| = 10n+4r+3 is odd.
Hence, €, = ¢, fore < 2, and

g1 =B+ (=1 ) /2= (3= (1)) /2= (5= (=1)"1)/2— 1 = g4 1 — 1,
and we obtain for any k =0,...,d — 2,

d d-1
Y ot~ Y e=€i1+E—€_ =¢€+1.
e=k+1 e=k+1
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Sincen;:nefore<d—2,andSo:O,wehaveforanyk:d—pSd—Z,

d d—1
2 NeSe i — 2 n;Se,k =(ng_p— n;,z)Sp_z +(ng_1 — I’l&il)Sp_l +n4Sp
e=k+1 e=k+1

= (4nq—4e4—4)Sp2+ (—5ng+ €5+ 1)S,_1+n4S,

15
= (Sp —58p-1 +4Sp_2)nd+ (Sp_1 —4Sp_2)(8d + 1)<=)8d +1.

Thus, (13) is equivalent to (13). 0
Let us emphasize some particular cases of Lemma 3.7:

Corollary 3.8. Letx € AwNBya, d > 2, x(x) = (ny,...,nq), andlet €,...,€; be as

in (14).

(@. Ifng>0,n,>0fore=2,...,d—1, and (13) holds for k=0, i.e., 3, (n.S, —
€) >0, then x is quasipositive.
(b). In particular, if ny, ... ,ng are even and nonnegative, ny is positive, and

ny+5S5ny+21ny+ -+ Sgng > 2d — 1, (18)

then x is quasipositive.

Proof. (a) It is enough to check (13) for k = 1,...,d — 1. First, note that (13)
for k =d — 1 is just ny > €4, which is equivalentto ny > 0. Solet 1 <k <d—2.
For any m > 1 we have 3(m—1) < S,,— 1. Hence, g 1+ -+ &1 <34+
3= 3(d*k* 1) < Sdfk —1 < I’ld(Sd,k - 1) ThllS,

d d—1 d—1
z (neSe_k — &) = (”d(sdk —1)— z Sg> +(ng—e4)+ z Se_ine > 0.

e=k+1 e=k+1 e=k+1

(b) Immediate from (a). O

Corollary 3.9. For positive integers d,n, if N < (44 — 1)n/3 —2d+ (3 — (—1)")/2,
then o; VAL, > 0.

Proof. x(GfNAgd) = (—N,0,...,0,n), so we may apply Corollary 3.8. O

Remark. Corollary 3.8 combined with arguments similar to those in the proof of
Corollary 2.3 allows us to show that for any k, the braid o, N Ay is quasipositive for
N = 1/3k> + O(k*/3). However, in the next subsection we give a better estimate for
N of the form 1/3k* 4 O(k).
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Fig. 8 Illustration to the proof of Lemma 3.10 (p = 3)

3.6 The General Case

Lemma 3.10. Let p.d >0, m' =2%p, m=m' +2971 = 2p+1)297!, and x €
AwNByy. Then xAy > X' A,y for some x' € AwNB,y such that xq1(xX') = xa—1(x)+1,
Xa(X') = xa(x) + p, and y.(x') = xo(x) fore & {d —1,d}.

Proof. By Lemma 3.5, we may write x = yy with y € AN B,y, and § € Ae N
S/ (Bya-1). Let & = spa-1(4_1)(Aga-1), A = Ay. We denote here (o) by @ for
any braid o.

Letz = AmiA;ll and w = AmrzA;l,l. Then by (2), we have z,w € A.. N B,y and
x(w) = x(z) = x (). In the following computation, the “wild card character” o
stands for any product of the form 51a1 ...8;;” (no &py1) With ay +---+asp, = a
when the explicit values of the a; are not important. In other words, ¢ stands for
any element of X7, ; NB,,. Similarly, A“ stands for any element of X7, N B,,s. So we
have (see Fig. 8)

Ty A 2 "
XAy = yYAm = yAmz (:) yA2p+l 52p52p+lz (:) yOi AZerl 52pz

1 N JUA 7 ~ A~
(:) v6,6;... Gszzp(SzPZ (:) v01(61 ... G2P)Am/502

9 o . L
> y8'(61676367 ...62p-183,) A 2=y 816165+ 8yp 1w,y

© y8'APwA,,;.00
Lemma 3.11. Let k > 2. Consider the binary decomposition
d .
k=Y a2, a; €{0,1}, ag=1. (19)
i=0
Let x € Ao N\ By. Then there exists y € A N\ Bya such that xAy >y and

d
xi() = xix) =aitai Y a2, i=1,....d. (20)
j=i

Proof. Induction by v(k), the number of ones in the binary decomposition of k.
Ifv=1,thenk=2%anday=---= aq—1 = 0; hence (20) holds for y = xAy = xA,a.

Assume that the statement is proved for all k' with v(k') < v(k) and let us
prove it for k. Let 2¢~! be the maximal power of 2 that divides &, i.e., (ag,...,aq)
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=(0,...,0, 1,ae,...,ad). Let K = k—2°"'. Then k' = Y.a}2', where (aj),...,a},) =
(0,...,0,0,a,,...,a,). By Lemma 3.10, there exists x' € A.. N By such that xA; >
/Ak/ and x( ) x(x) = (n1,...,nq) = (0,...,0,1,p,0,...,0), where p = k'/2¢
—Z,aj ¢ n._1=1,andn, = p.
Since v(k') = v(k) — 1, there exists y € Aw N B,a such that xX’A; >y and (20)
holds with x and a; replaced by x” and a!. Hence,

d
1) = 2i(x) = () = (%) + (L) — (X)) = ni+aj+a_ Y, a2

J=i
0+ai+ai_1(ai+2am1+--+29a,), i>e+1,

_J p+140, i=e,
] 14+0+0, i=e—1,
0+0-+0, i<e—2.
This is equal to the right-hand side of (20) in all four cases. a

We define arithmetic functions f(k), g(k) via the binary decomposition (19):

a1
Zal + Y @a2 7 gl =as—1+ Y ai(l—aiy). (1)
0<i<j<d i=2

Corollary 3.12. Let k be as in Lemma 3.11. Then there exists y € AwNBaa, X (y) =
(n1,...,nq), such that A, >y and

(1_(_1)"1‘)/2:“[(1_61!,71)7 izla"'ada
Siny+ -+ Sqng = (& — f(k)) /3.

Proof. By (20) we have n; = a;+a;_1(ai+2ai41+...) =ai(l —a;—;) mod?2 and

d
j=i

||
.M*“

Il
—_

325;{,

d d d
=Y a4 —1)+> @4 —1)ai_1 Y a2’
i=0 i=1 =i
d
— z Zal+ z 4l+1 l)zj—i—l
i=0 0<l<]<d

a I

=Y a4 +2 Y aa2™ - fk)=kK-fk). D

=0 0<i<j<d

Theorem 3.13. Let k > 2, n> 1. Let f and g be as in (19), (21). We set € = (1 —
(—=1)")/2, d = [log, n]. Then o, N A} is quasipositive for
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n(k* — f(k))

N =
3

—2d+1—egk) + Lﬂ max (0, (k) — g(2%) ~ 24~ 1).

Proof. LetE = f(k) —g(2k) —2d — 1. If E <0, then the result follows immediately
from Corollaries 3.8 and 3.12. Consider the case E > 0. Let g = [n/4], r = n—4q.
We set x = 0'1_Nl ALy= 0'1_N2A2k, and z = 0'1_N2A2, where Ny = r(k* — f(k))/3 —
2d+1—€g(k) and N, = ((2k)* — f(2k)) /3 — 2d — 1 — g(2k). By Corollaries 3.8
and 3.12, we have x > 1 and y > 1. Combining y > 1 with Corollary 3.4, we obtain
z> 1. Since f(2k) = f(k), we have N = Nj + gN,. Thus, o, = xz¢ > 1. 0

Proposition 3.14. (a) We have 1 < f(k) < k for any k. Moreover, f(k) =k iff k =
2441 1 and f(k) = 1 iffk = 24 for some d > 0.

(b) We have k — f(k) —3g(2k) > 0. Equality is attained iff either k = 2472 — 1 or
k=293 _24 _1 for some d > 0.

Proof. (a)

d ) j—1 o d ' i1 o
k—flk)=" aj <21_ 1— Zaizj—l—l> >3 a; (2/_ 1— 221—:—1) —0,
=0 =0 i=0

i=0

and we have equality iff k = 2¢ — 1. It is evident that f(k) = 1 iff k = 2.
(b) Exercise. g

Corollary 3.15. (a) IfN < 3(k* —k) — 2[log, k| + 1, then 6, N A] is quasipositive.

(b) IfN < g_tkz - %k —2[log, k] — 1, then o, N Ay, is quasipositive. O

4 Curves with a Deep Nest and with Many Innermost Ovals

4.1 Real Pseudoholomorphic Curves

Let A be a real curve on RPP?. We say that the depth of an oval of RA is ¢ if it is
surrounded by g ovals. Degtyarev, Itenberg, and Kharlamov [7] ask, how many ovals
of depth Kk — 2 may a curve of degree 2k have? Note that k — 2 is the maximal possible
depth of ovals of a nonhyperbolic curve (a curve of degree 2k is called hyperbolic if
it has k nested ovals and hence, by Bézout’s theorem, cannot have more ovals). This
question arises in the study of the number of components of an intersection of three
real quadrics in higher-dimensional spaces (see details in [7]).

Let us denote the number of ovals of depth ¢ of a curve A by I, = [,(A).
The improved Petrovsky inequality implies [, _, < %kz + O(k). On the other hand,
Hilbert’s construction provides curves with [;_, > k> + O(k). We improve this
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Fig. 9 Choice of pencils in the proof of Proposition 4.1

lower bound up to 9/8k? for algebraic curves (see Proposition 4.3). The results of
Sect. 3 (see Theorem 3.13 and Corollary 3.15(b)) provide a lower bound of the form
4/3k*>+ O(k) for real pseudoholomorphic curves because of the following fact.

Proposition 4.1. The braid 6, N Aoy is quasipositive if and only if there exists a real
pseudoholomorphic curve A in RP? of degree 2k such that I[y_»(A) = N.

Proof. According to [22; Sect.3.3], the fiberwise arrangement [D; ollv -1 Cy] is
realizable by a real pseudoholomorphic curve of degree 2k if and only if the braid
x=0; N Aoy is quasipositive. Thus, the quasipositivity of x implies the existence of
acurve with [;_» = N.

Suppose that there exists a pseudoholomorphic curve A of degree 2k with [, _, =
N. Let vq,...,vy be the innermost ovals (i.e., the ovals of depth k — 2). If some
arrangement of embedded circles in RIP? is realizable by a real pseudoholomorphic
curve and we erase an empty oval, then the new arrangement is also realizable by
a real pseudoholomorphic curve. Thus, without loss of generality we may assume
that A realizes the isotopy type 1{---1(N)---). The arguments from [28] based on
auxiliary conics through five innermost ovals prove that vy,...,vy are in a convex
position. Thus, choosing a pencil of lines centered at v, we see that v;,...,vy form
a single chain (see Fig. 9a); hence they can be replaced by a single branch B that has
N — 2 double points (see Fig. 9b). Choosing a pencil of lines as in Fig. 9b, we attach
B to v; as in Fig.9c. The braid corresponding to the arrangement of the obtained
curve with respect to the pencil of lines centered at p (see Fig. 9c) is a conjugate of
GFNAZk. O

Corollary 4.2. For any integer k > 2, there exists a real pseudoholomorphic curve
A on RP? of degree 2k such that [;_»(A) > (4k> — f(k))/3 — 2[log, k] — 1 — g(2k),
where f,g are as in (21), in particular, [, _»(A) > 4/3k*> —1/3k —2[logyk] — 1. O
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Fig. 10 Construction of an algebraic curve with many innermost ovals

4.2 Real Algebraic Curves

Proposition 4.3. For any k = 4p there exists a real algebraic curve of degree 2k in
RP? such that I_, = 18p> —2p =9/8k> —1/2k.

Proof. We fix an affine chart R? on RP*. Let S be the unit circle and let o, . .., &
be disjoint arcs of S. Let Ey,...,E), be ellipses such that E; is arranged on R? with
respect to S and o as in Fig. 10a. Then E1 U---UE), can be perturbed into a curve
E of degree 2p consisting of a single nest of depth p (i.e., a hyperbolic curve), and
the innermost oval V of E intersects S in k points that lie on S in the same order
as on V (see Fig. 10b). Let Sy 1,...,Svvp, V = 1,...,4, be concentric copies of S
of increasing radii (r,; < --- <71y <11 <--- <rp2p <r31 <...)each of which
intersects V at k points. Let

vp
Co=1, Cv=EC,_1+&][][Svi. v=1,...,4 0<lg/< <|a/<]1
i=1
(see Fig. 10c—f; we use the same notation for a curve and its defining polynomial).
Then Cy is the required curve. a

5 On Ay Singularity of a Plane Curve of a Given Degree

It is easy to see that the existence of a pseudoholomorphic curve of degree m that

has a singular point of type A, is equivalent to the quasipositivity of the braid

o, ("H)Afn. Thus, Theorem 3.13 admits also the following interpretation.



374 S.Yu. Orevkov

Proposition 5.1. For any m, there exists a pseudoholomorphic curve C,, in CP?
of degree m with a singularity of type A, with n = 2/3(m> —m) — 2[log, k]. Thus,
lim,, ;e 2n/m* = 4/3. O

The question of the maximal n = N(m) such that there exists an algebraic curve
of degree m with an A, singularity has been studied by several authors. Let o0 =
limsup 2N (m) /m?. Signature estimates for the double covering yield o < 3/2 (see
[14]). An obvious example (y 4 x¥)> — y** = 0 yields m = 2k and n = 2k*> — 1, so
a>1.

In a generic family of curves, the condition to have an A,, singularity defines a
stratum of codimension n. Thus the so-called expected dimension of the variety of
curves of degree m with a singularity A, is equal to m2/2 —n+0(m),ie., o> 1is
“unexpected” from this point of view. Nevertheless, this is so. A series of examples
providing o > 28/27 was constructed by Gusein-Zade and Nekhoroshev in [14].
Cassou-Nogues and Luengo [4] improved this estimate up to o« > 8 — 4+/3. Here
we show that o > 7/6. This follows from the following evident observation.

Proposition 5.2. Let F(X,Y) be a polynomial whose Newton polygon is contained
in the triangle with vertices (0,0), (ac,0), and (0,bc). Suppose that F =0 has a
singularity Ax_y at the origin, and ordg F(0,Y) = 2. Then for any p > b/a, the
curve F(XP? YP? + X) = 0 has a singularity A, for n = abkp* — 1, and its degree is
m = abcp. Hence o > lim,,_,..(2n/m?) = 2k/(abc?).

Proof. Indeed, Fi(X,Y) = F(XP"\Y), F,(X,Y) = Fi(X,Y + X), and F3(X,Y) =
F>(X,YP%) have singularities Ap,—1, Aprp—1, and Apip2—1 TESPECtively. O

If we apply Proposition 5.2 to a sextic curve in P? that has an Ajg singularity
(a=b=1,c=6, k="20), then we obtain & > 10/9. The existence of such a curve
follows from the theory of K3 surfaces (see, e.g., [36]); an explicit equation is given
in [5, Sect. 6].

If we apply Proposition 5.2 to a =2, b =1, ¢ = 4, k = 18, then we obtain
o > 9/8. The existence of polynomials realizing this case can be proven using K3
surfaces (Alexander Degtyarev, private communication). Also, they can be written
down explicitly:

2
<x3 A5kt y - 27872y + 60192y2)

+12 (xg + (1 — 87x)x°y — (42 —2943x)x>y* + (288 — 36288x)xy” + 66816y4)

or (x> +y— Sny)2 —4(2x% + 27y +9x*? + 3xy* +y*) (the latter polynomial was
found by Ignacio Luengo). To determine the singularity type at the origin, it is
enough to compute the multiplicity at x = 0 of the discriminant with respect to
y. Here is the corresponding Maple code for the second polynomial:

f o= (XT34y-5%xX"2%y) T2 - 4% (2xX78+2xX " 5xy+9%X"4xy T 2+3 %X
xy"3+y~4); factor(discrim(f,y));
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Finally, if we apply Proposition 5.2 to the case a =3, b = c = 2, k = 14, then we
obtain & > 7/6. This case is realizable by the polynomial (also found by Ignacio
Luengo)

2
2160
<X2 — 53x3 +y—60xy — Tyz)

4 486
+ 5 <5x6 + 8x4y + 3)c2y2 + 41)c3y2 + 27xy3 + - y4> .

6 (Odd-Degree Curves with Many Nests

6.1 Construction of Real Algebraic M-Curves of Degree 4d + 1
with Four Nests of Depth d

Let C be a nonsingular real pseudoholomorphic curve of odd degree m = 2k + 1 in
RP?. We say that an oval of C is even (respectively odd) if it is surrounded by an
even (respectively odd) number of other ovals. Let us denote the number of even
(respectively odd) ovals by p (respectively by n). In a joint note with Oleg Viro [32]
we proved the following result.

Theorem 6.1. Ifk = 2d (i.e., m = 4d + 1) and C has four disjoint nests of depth d,
then:

(i) IfC is an M-curve, then p—n = k*> +k mod 8 (Gudkov—Rohlin congruence).
(it) IfCis an (M —1)-curve, then p—n+1=k>+k mod 8 (Kharlamov—Gudkov—
Krakhnov congruence).
(iii) If C is an (M —2)-curve and p —n+4 = k> + k mod 8, then C is of type I
(Kharlamov congruence).
(iv) IfCis of type I, then p —n=k*+k mod 4 (Arnold congruence).

This is the first result of this kind for curves of odd degree. If d = 1, it is trivial.
If d = 2, it was conjectured by Korchagin, who he constructed M-curves of degree 9
with four nests and observed the congruence mod 8. However, starting with d = 3,
curves satisfying the hypothesis of Theorem 6.1 have not been known.

In this section we demonstrate the “nonemptiness” of Theorem 6.1 for any d for
real algebraic curves.

Proposition 6.2. For any integer d > 1, there exists a real algebraic M-curve of
degree m = 4d + 1 that has four disjoint nests of depth d. This curve realizes the

isotopy type

TU(4d? +6d —8)U3((d)) L1 {--- 1(1{1(1{1) Li8) LI16)---LI (8d — 16)). (1)
d—1
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L,

Fig. 11 Construction of Q, Cy, and Ly, ..., L, in the proof of Proposition 6.2

The notation 3((d)) is explained in Sect. 2.

Proof. The result follows immediately from the following statement (3(;), which
we shall prove by induction:

(Hy).If d > 1, then for any n > 0 there exists a mutual arrangement of an M-quartic
0, an M-curve C; of degree m = 4d + 1, and n lines Ly,...,L, satisfying the
following conditions:

(i) The curve C, belongs to the isotopy type (1).
(ii) Each oval of Q (we denote them by Vj, ..., V3) surrounds a nest of C; of depth
d. the nests surrounded by V;,V;, V3 are simple.

(iif) One exterior empty oval of C; (let us denote it by v) intersects V; at 4m distinct
points all of which lie on V; in the same order as on v; so (IntVp) \ (Intv) is a
disjoint union of 2m open disks (digons), which we denote by Dy,...,Da,,.

(iv) C4ND; = @ fori > 1 and C; N Dy has the isotopy type (84 — 8)LIS,, where S,
stands for the final part of the expression (1) starting with “1(...”.

(v) All the other exterior empty ovals are outside all the ovals of Q.

(vi) There exist arcs oy C -+- C ¢4, C VoM Dy,11 such that for any i = 1,...,n, the
line L; intersects Q at four distinct points that lie on ¢4 \ @;_1, two points on
each connected component of ¢; \ o (here we assume that oy = @).

Given a line L, we shall denote by L*(¢) a union of k generic lines depending on
a real parameter € such that each line tends to L as € — 0. We shall use the same
notation for a curve and a polynomial that defines it. The notation (0 < --- K & <
€] < 1 means that we choose a small parameter €1, then we choose & that is small
with respect to €1, and so on.

Let us prove (H;). Let E be a conic and let py,q1, p2,42,- - Pnt3,n+3 be points
lying on E in this cyclic order. Let L; be the line (p;q;) and let us set Q = E> +
82Li+3 (61) and C; = QL0 + 84Lfl+1 (83), where 0 € g4 < --- < € < 1. Then Q,
Cy,and Ly,...,L, satisfy (i)—(vi)4—; for a suitable choice of signs of the equations
(see Fig. 11).
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1<8d —8u Sd> = Sd+1;
(4d?> —2d — 1)+ (8d +2) =4(d + 1)2 = 2(d + 1) — 1.

Fig. 12 Induction step in the proof of Proposition 2.2

Now let us assume that () is true and let us prove (Hy41). Let Q, Cy, and
Ly, Ly satisfy (i)—(vi) with n+ 1 instead of n and let us set Cyy = QCy +

SLM(e) with 0 < § < & < 1 (see Fig. 12).

O

Remark. For the curve in Proposition 6.2, it is easy to check that p —n = k* +k.
Indeed, one sees in Fig. 12 that pgy 1 = nyg+4d>+14d +6and ng, | = py —4d*>+2d,
whence (pgy1—ngy1) = —(pa—ng) +8d* +12d + 6, i.e. the quantities pg —ng and
k> + k = (2d)? 4 2d satisfy the same recurrent relation. This gives another proof
that the right-hand side of the congruences in Theorem 6.1 is correctly computed (it
was computed in [32] via the Brown—van der Blijj invariant of the Viro—Kharlamov
quadratic form defined in [33]).

6.2 On Mj-Curves of Degree 2td+1

Let A be a real algebraic (or real pseudoholomorphic) curve on RP? of degree m =
2k + 1 with k = td. Recall that the depth of an oval is the number of ovals that
surround it. Let V be an oval of A. We say that V is a d-oval of A if the depth of V is
a multiple of d (perhaps zero) and V is the outermost oval of a nest of depth at least
d (i.e., there are at least d — 1 nested ovals inside V). We say that A is an M -curve
if it is an M-curve of degree m and the number of its d-ovals is at least 2¢> — 3¢ + 2.

For example, the curves discussed in Sect. 6.1 are M,-curves of degree 4d + 1
(ie.,t =2).

Proposition 6.3. (a) For any integerst > 2 and d > 1, there exist real pseudoholo-
morphic Mj-curves of degree m = 2td + 1.

(b) For any integert > 2, there exist real algebraic My-curves of degree 4t + 1. In
particular:
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Fig. 14 Construction in Proposition 6.3(b)

(c) For any integert > 2 there exists a real algebraic M-curve of degree m = 4t +
1 realizing the isotopy type J U g (1) U 1(t — 1) U (422 4 3t — 2), where gy, =
(t—1)(2t — 1) is the genus of a curve of degree 2t. So this curve has as many
nests as the number of ovals of an M-curve of degree 2t.

Proof. (a) Let B be a real algebraic M-curve of degree 2¢ and let there be a line L
satisfying the following conditions:

(i) An oval V of B has 2¢ intersections with L placed on V in the same order as
on L.

(i) B\'V C E, where E is the component of RP?\ (V UL) whose closure is
nonorientable. Such a curve can be easily obtained by Harnack’s method
(see also the proof of (b)). We construct curves C, of degrees m, = 2te + 1,
e=0,1,2,---, recursively (see Fig. 13). We set Cyp = L, and we define C,; | as a
small perturbation of C, U B such that C,.| meets B at 2¢tm, points all lying on
an arc of B bounding a digon between B and C,.

(b) For some curves B, the second step of the above construction can be realized
in the class of algebraic curves. Suppose that B and L satisfy the conditions
(i)—(ii), and moreover, V and L are arranged with respect to another line L’ as
shown in Fig. 14. Then we obtain the isotopy type

JU(a+t—1)Ul{r—1)US%

where a = 2¢(2t 4+ 1) — 1 and S is the isotopy type of B\ V (see Fig. 14).
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@
L (&) (&) (&) C?
<gt> (&) OO...OO,\,...\V OO“‘OD""'”\;[:;
5 \3 ~ 0
(8-1) C‘: (g, (&) 9 (&)
& %o

Fig. 15 Construction of the curve in Fig. 14 (on the left)

O P

Fig. 16 Haas’s zone decomposition

To construct the required arrangement of B, L, and L', we can start with
a Harnack curve of degree 2t — 2 and proceed as shown in Fig. 15. Here g; =
(t—1)(t—2)/2and g = (t —2)(t —3)/2.

The construction of (B,L,L’) can be interpreted as Viro patchworking
according to the Haas’s zone decomposition (see [15]) of the triangle OXY into
two triangles and one quadrangle OPY, XY Q, and XPYQ (see Fig. 16b),where
0 =(0,0), X = (2¢,0),Y = (0,2t), P= (1,0), and Q = (1, 1). This means that
we choose any primitive triangulation that contains the edges XQ, QY, Y P, and
we define the sign distribution & : (OXY)NZ? — {+1},

1)+ +1) 0
6(x7y) — ( ) ? y > )
—1, y=0.

(c) Let B be the M-curve of degree 2t patchworked according to the Haas zone
decomposition of OXY obtained by cutting it along the segment PR where O,
X, Y, P are as above and R = (2t —2,2) (see Fig. 16b). This means that we
choose any primitive triangulation that contains the edge PR and we define the
sign distribution & : (OXY)NZ* — {+1},

S(Xay) =

(—1)", (x.y) € OPRY,i.e., (2t —3)y >2(x— 1),
(=)D (xy) € XPR, ie., (2t —3)y < 2(x—1).
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Then B has an oval V that is arranged with respect to the lines L and L' (the
axes Ox and Oy respectively) as in Fig. 14, but all other ovals of B are empty.
Moreover, (r — 1)(t —2)/2 empty ovals are in the domain D, and the other empty
ovals are in the domain E. The rest of the construction is shown in Fig. 14. O

Remark. 1. Let p and n be the numbers of positive and negative ovals of a curve
C, constructed in the proof of Proposition 6.3(a). It is easy to prove by induction
that

2t(tmy mst---£my_q), d is even,
PoU=N 2ttt mytmat--£my 1)+ pp—ng—2, disodd,

where m, = 2te + 1, pp (respectively npg) is the number of positive (respectively
negative) ovals of B, and the choice of signs is illustrated in Fig. 13. Thus it
follows from the Gudkov—Rohlin congruence that for any choice of B satisfying
(i) and (if), we have

K +k mod8. ift=d=0 mod2,
K+k+t—2 mod8, ift=d+1=0 mod2,
—n=
u K> +k mod4, ift+1=d=0 mod2,

K+k+t—2 mod4, ift=d=1 mod?2,

where k = td (so degCy = 2k + 1). All values of p — n satisfying these
congruences are attained for pseudoholomorphic curves.

2. The algebraic curves constructed in the proof of Proposition 6.3(b,c) satisfy
the congruence p —n = k> +k mod 8. The first pseudoholomorphic curve
constructed in Proposition 6.3(a) that does not satisfy this congruence is the curve
of degree 13 (t = 3, d = 2) of isotopy type J L 1L 1{(44) LI8(1) LI 1(1(1(1))) (the
curve C; " in Fig. 13 if Harnack’s sextic is chosen for B). It would be of interest
to study whether this curve is algebraically realizable.

7 M-Curves of Degree 9 with a Single Exterior Oval

Theorem 7.1. (a) There exist real algebraic curves of degree 9 realizing the isotopy

types
JUL1Q2aU1(26 —2a)), 2<a<I1l. (1)

(b) The isotopy type JU1{24111(2)) is unrealizable by real pseudoholomorphic (in
particular, by real algebraic) curves of degree 9.

Combined with the result of S. Fiedler—Le Touzé [12], Theorem 7.1 implies that
among the isotopy types of the form J LI 1{bLI1(26 — b)), only the isotopy types in
the list (1) are realizable by curves of degree 9.



Some Examples of Real Algebraic and Real Pseudoholomorphic Curves 381

Fig. 17 O;-jump

Following [12, Definition 1], we say that a curve of degree 9 has an O1-jump
if it has six ovals arranged with respect to some line as in Fig. 17. Theorem 7.1(b)
follows immediately from [12, Theorem 2(2)] combined with the following fact:

Theorem 7.2. Let A be an M-curve of degree 9 that realizes the isotopy type J LI
L{BU1(y)) with B+ y=26. Then A has an O\ -jump.

Theorem 7.1(a) is proven in Sect. 7.1; Theorem 7.2 is proven in Sect. 7.2.

Recall that an oval of a real algebraic plane curve is called exterior if it is not
surrounded by another oval. We say that A is a one-exterior-oval curve (OEO curve)
if it has exactly one exterior oval. Note that OEO M-curves of degree greater than
three were previously unknown. It is evident that OEO M-curves do not exist in
degree 4 and 5. The Petrovsky inequality excludes OEO M-curves of degree 6. Viro
[28] (respectively Shustin [26]) excluded OEO M-curves of degree 7 (respectively
8). Using theta characteristics (the idea applied later in [7]), Kharlamov excluded
OEO M-curves of odd degree of a very special form J LI 1{n) (unfortunately, his
proof still has not been written up). However, OEO M-curves of degree 9 do exist
by Theorem 7.1(a).

It seems that OEO M-curves of even degree greater that 2 do not exist. Note that
Hilbert’s construction provides OEO (M — r)-curves of any even degree > 6 for any
r>1.

7.1 Construction

Lemma 7.3. Forany o € {4,8,12,16,20} and for any distinct real numbers Ay, A»,
A3, there exists a polynomial g(x,y) = ¥,19;<278ijX'y’ such that the affine curve
g(x,y) =0isasin Fig. 18 and g" = (y— M1x°) (y — A2x°) (y — A3x”), where g" denotes
the truncation of g to the edge T = [(27,0),(0,3)] of the Newton polygon, i.e., g' =
Yit9j—27 &X'y’

Proof. The statement follows easily from the results of [29]. O

Proof of Theorem 7.1(a). All curves (1) are realizable as perturbations of the singular
curve F3(F} + cF5) = 0, where F3 = 0 is an M-cubic and F> = 0 is a conic that has
maximal tangency with F3 = 0 at a point p lying on the oval O3 of the curve F3 = 0.
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> (25—a) =
(o

Fig. 18 o € {4,8,12,16,20}

Fig. 19 (a) C; and C3 in 0XY affine chart (b) C;, C3, Cg on RP?

Let F,(X,Y) =Y — X% F(X,Y) = (Y —X?)(1+3Y) +2Y3, Fs = F} +F5,
0 <c <k 1,and Fy = FgF3. Let Ci be the curve F, =0, k =2,3,6,9. Then C; has
tangency of order 6 at the origin with C3, and the mutual arrangement of C; and C3
on R? is as in Fig. 19a. Hence the arrangement of Cy on RP? is as in Fig. 19b. The
curve Cy has three smooth real local branches at the origin (two branches of Cs and
one of C3) with pairwise tangencies of order 9.

We introduce local coordinates (x,y) at the origin X = x, ¥ =y + y(x), y(x) =
x> —2x0 +6x8. Let fi(x,y) = Fp(x,y +y(x)), k =2,3,6,9, i.e., fi is F; rewritten
in the coordinates (x,y). Then fy has the form ¥, ¢;>074; xy/ and fgr =y(* —
8cx!®), where f§ is the truncation of fo to T, i.e., f§ = ¥, 9/-07a;;x'y/. Here is the
Mathematica code that checks it:

F2=Y-X"2; F3=F2 (1+3Y)+2Y"3; F6=F3"2+cxF273; F9=F3«F6;
su={ X->x,Y->y+x"2-2x"6+6x"8} ; £9=Expand[F9//.sul;
Table [Series [Coefficient [£9,y,]],{ x,0,27-93}1,{ j,0,3}]

We perturb the singularity of Cy at the origin using the straightforward approach
from [5]. Let g(x,y) be as in Lemma 7.3, where we set gl = f91“_ We have gi31 =
aig,1 = —8c # 0; hence shifting if necessary the x-coordinate, we may assume that
g17,1=0. o

Let F(X,Y) = ;4 j<oBijX'Y/ be a polynomial with indeterminate coefficients.
We set f(x,y) = F(x,y+ 7(x)) = X; ;bijx'y’. Then the b;; are linear functions of
the B;;. Let ¢ (i, j) = 27 —i — 9j. Solving a system of linear equations, we obtain
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Bij = B,’j(l) such that
bij = gt for i+9j<27, (i,j)# (17,1).

Substituting the solution into by7,;, we see that b7 1 = O(¢?):

ff=Expand [Sum[Sum[B[i,j]1X"1 Y™ 7,
{1,0,9-3}1,{3,0,9}1//.sul;

Do[Do[b[i,j]l=Coefficient [Coefficient[ff,x,1],v,]],
{1,0,26-93}1,{3,0,2}1;

var=eqg={};

Do [Do [AppendTo [var,B[i,3]1]1,{1i,0,9-3}1,{3,0,9}1;

Do [Do[If [Not[i==17&&j==1],
AppendTo[eq,bli,jl==g[i,jlt" (27-97-1)1171,
{1,0,26-93}1,{3,0,2}1;

so=Solve[eq,var] [[1]]; Factor[b[17,1]//.so0o]

Recall that g17; = 0. Thus, for any (i,j) such that i +9;j < 27, we have
bij = gijt?")) + O(t9)+1), Therefore, the curve Fo(X,Y) + F(X,Y) = 0 for
0 <t < c is obtained from Cy by Viro’s patchworking by gluing the pattern in
Fig. 18 into the singular point of Cy9. We obtain in this way the isotopy types
(1) with a = 2,4,6,8,10. Replacing g(x,y) with g(x,—y), we obtain those with
a=3,5,7,911. O

7.2 Restrictions

The main tool used in the proof of Theorem 7.2 is the analogue of the Murasugi—
Tristram inequality for colored signatures obtained in [6, 13]. Given a p-colored
oriented link, i.e., an oriented link L in S° with a fixed decomposition L = L; L
-+ Ly into a disjoint union of sublinks, and a p-tuple of complex numbers
o= (o, - ,04), |o] =1, @ # 1, V. Florens [13] defined the isotopy invariants
w-signature 04-(L) and w-nullity Ny (L). In [6], D. Cimasoni and V. Florens gave
an efficient algorithm for the computation of 6, and n, via a generalized (colored)
Seifert surface of L. This algorithm was used for the computations in the proof
of Theorem 7.2. When u = 1, these invariants specialize to the usual Tristram
signature and nullity. They satisfy the following analogue of the Murasugi—Tristram
inequality.

Weset T! = {z € C;

Zl=1,z#1}and T{ =T! x --- x T! (u times).
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Theorem 7.4. (See [6,13]). Let Fi,...,Fy, be disjoint embedded oriented surfaces
in the 4-ball B* transversal to the boundary S> = dB*. Let F = F U - - UFy,. We
consider the colored link L =Ly U--- Ly, where L = 0F;, i = 1,..., . Then for
any o € T¥, we have

No(L) 2 [0 (L) + % (F), @)
where y (F) is the Euler characteristic of F. O

Remark. In [30], Oleg Viro proposed another approach to defining 1y, 6, and
proving Theorem 7.4. This approach is based on [27].

To reduce the computations, we use the following fact, whose proof is very
similar to that of [22; Proposition 3.3].

Proposition 7.5. Let p,q be integers such that 0 < p < q and let Ly and Ly, be
two U-colored links represented by braids by and by, = 1700'12 1 yespectively. Let 1

and 2 be the colors of the first two strings in the part 0'12 1 of the braid byg. Let
t=(t1,-- ,ty) € TY be such that tity = exp(2mip/q). Let t; = exp(27i6;), 0 <
0; <1, j=1,2,and 6 = 0, + 6,. Then Tl;(qu) =n(Lo) and Gt(qu) =o;(Lo) +
(g —2p)sign(1—0). 0

Corollary 7.6. Let p,q be integers such that 0 < p < q. Let { Loy }nez be a family of
U-colored links such that Ly, is represented by the braid by, = a; Gg"azd[zna:; with
some fixed braids ay, ay, as. Let j and k be the colors of the hth and the (h+ 1)th
strings of the part G;%” of ba,. Suppose that the unordered pair of the colors of
the (th and the (¢ + 1)th strings of the part 6[2” of by, is also {j,k} (we do not
claim that j # k). Let t = (t1,...,t,) € T4 be such that tjty = exp(2mip/q). Then
Nt (Lag) = M¢(Lo) and 01 (Lag) = 01 (Lo).

Proof. If j =k, the statement follows from [22; Proposition 3.3]. If j # k, it follows
from Proposition 7.5. a

Proof of Theorem 7.2. Suppose that A has no Op-jump. Then applying [22;
Corollary 2.3] to a pencil of lines centered at a point inside an empty oval of depth
1, we may replace the group of the y innermost ovals by a singular branch with y— 1
double points, as shown in Fig. 20. It follows from [12; proof of Theorem 2(2)] that

if we choose p as in Fig. 20, then the fiberwise arrangement of the obtained curve

with respect to £, (the pencil of lines through p) is [><72/_2 DY) ogl ogz 053 og“ C7 Xg]

for some odd By,---,Bs such that By + ...+ B4 = B; see [22; Sect.3.2] for the
notation of fiberwise arrangements.

Let b be the braid corresponding to (RA, £ ). To fix the notation, we reproduce
the definition of b from [19]. Let 7, : CP?\ p — CP' be the linear projection from
p. We fix complex orientations on RA and RP'. Let A\RA =A, UA_ and CP'\
RP! = (C]P"+ LICP! be the corresponding partitions. Let H, be a closed disk in
CP! containing all nonreal critical values of 7,|4. We define b as the closed braid
corresponding to the braid monodromy of the curve A along the loop dH, . We set
also F = 7171;1 (HL)NA, Fy =FNAy, L=0F, and Ly = JF.. Then L is the braid
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Fig. 20 Choice of the pencil for a curve without 0;-jump

closure of b in the 3-sphere [;?(77:1,_1 (H{)\Up), where U, is a small ball centered at
p- We have (see [22, Sect. 2.3])

_ 511 B B> B3 —Bs -1
b—02 72303 173605 76303 ~1360q T6,70g A9, 3)

where 7; ; = T;il = <G,-111 . ~~0'j_1> (0i---0j_1) for i < j. It follows from [12] that
the complex orientation of RA is as in Fig. 20. Hence, in the braid (3), the strings 1,
8, 9 represent L, and the strings 2,...,7 represent L_.

To make the notation coherent with Theorem 7.4, we set L1 = Ly, L, = L_,
Fi = F,, F, = F_. The Riemann—Hurwitz formula for the projection 7,|r : F — H.
yields x(F) =9 —e(b), where e : By — Z is the abelianization homomorphism,
i.e., e(b) is the number of branch points of the mapping 7,|r. So we have y(F) =
9—-10=—1.

The result follows from the fact that for any choice of four odd numbers
Bi,...,Bs with By +---+ B4 < 24, there exist t = (t1,12) € T2 such that the inequality
(2) fails. To reduce the computations, we apply Corollary 7.6. Indeed, suppose
that for some B0 = (ﬁl(o), . ,ﬁio)) we find ¢ such that Argt; + Argtr =27 p/q
mod 27 and (2) fails. Then for any 8 = (B,...,B4) such that B = B(©) mod 24, the
inequality (2) also fails for the same 7.

By chance, it happens that for any f3 there exists t = (¢1,1,) with 11, = —1,s0 ¢ =
2. Thus, it is enough to carry out the computations, for example, only when each of
Bi,...,Bsisequal to 1 or 3. In all these 16 cases, the parameter choice t; = —1 /1, =
exp(2mif;), 6; €]1/6,7/40], provides n,(L) = 1, |o;(L)| = 4, which contradicts
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(2). When y =2 mod 4 (this is enough for Theorem 7.1), one can choose a larger
interval ]1/6,3/16] for 6. Note that the extremal value 6; = 1/6 yields n;(L) = 2,
|o: (L)| = 3, which does not contradict (2). O
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Schur—Weyl-Type Duality for Quantized gI(1|1),
the Burau Representation of Braid Groups,
and Invariants of Tangled Graphs

Nicolai Reshetikhin, Catharina Stroppel, and Ben Webster

Abstract We show that the Schur-Weyl-type duality between gl(1|1) and GL,
gives a natural representation-theoretic setting for the relationship between reduced
and introduced Burau representations.

Keywords Braid group ¢ Burau representation * R-matrix ¢ Tangled graph ¢ Lie
superalgebra

Introduction

The goal of this note is to clarify the relationship between reduced Burau represen-
tations of braid groups, nonreduced Burau representations, and the representation of
the braid group defined by R-matrices related to Uy (gl(1]1)).

Much isknown about the relationships among the quantized universal enveloping
algebra U,(gl(1]1))) of the Lie superalgebra of gl(1|1), multivariable Alexander—
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Conway polynomials on links, and the Burau—Magnus representations of braid
groups.

In this paper we show that the Schur—Weyl-type duality between gl(1|1) and
GL, gives a natural representation-theoretic setting for the relationship between
reduced and nonreduced Burau representations. We use this simple fact as an excuse
to sum up some known (but partly folklore) facts about these representations and the
invariants of knots.

In Sect. 1 we recall the definition of and basic facts about quantized gl(1|1).
Section 2 describes the duality between GL, and U,(gl(1]1)). In Sect. 3 we show
how the Burau representation naturally reduces on the space of multiplicities.
Section 4 relates the Alexander—Conway polynomial to the trace on the multiplicity
space.

1 Quantum gl(1|1) and Its Representations

1.1

Consider the Lie superalgebra g = gl(1]1). Explicitly, this means that we consider
the super vector space M of all complex 2 x 2 matrices with even part My spanned by
the matrix units £ ; and E3 5, and odd part M; spanned by the matrix units £ » and
E» 1, equipped with the Lie superalgebra structure given by the super commutator.
The universal enveloping superalgebra U(g) has a quantum version U, (gl(1]1))
defined as follows (see, e.g., [7]).

Let C[[h]] denote the ring of formal power series in 4. The C[[4]]-superalgebra
Un(gl(1]1)) is generated freely as a C[[h]]-algebra by (odd) elements X, Y and (even)
elements G, H modulo the defining relations

(X, y}y=e"™ —e" x2—-y2=y,
[G.X]=X, [G,Y]=—Y,
[H,X]=0 [H,Y]=0, [H,G]=0

(using the common abbreviation [A, B] := AB— BA and {A,B} = AB+ BA).
Here Uy, (gl(1|1)) is a Hopf superalgebra with comultiplication

hH hH hH hH
AX=X®e?2 +e 2 @X, AY=YRe?2 +e 2 ®Y,

AH=H®1+1®H, AG=GC®1+1RG.

The Hopf superalgebra is quasitriangular with R-matrix
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R =exp(h(H® G+ G H)) (1—e’hTHX®ehTHY>. 1)
That is, this element satisfies the following identities:
A(a)’? =RA(a)R ™!

and
(A®id)(R) = Ri3R23, (id®A)(R) = Ri3R1>.

There is an integral form U, (gl(1|1)) C U,(gl(1]1)) that is generated by X,Y,G

. . hi ]
and the invertible element = ¢ 2 as a C[e",e"]-algebra. As usual, we write ¢ = e

1.2

Recall that there is up to isomorphism precisely one irreducible gl(2)-module
of a fixed dimension n (for instance, the natural representation for n = 2). In
contrast, the algebra U,(g/(1]1) has a 2-(complex)-parameter family of irreducible
representations on C!', For z € C*, n € C, denote by V,, the irreducible two-
dimensional representation V; , = Cv @ Cu with v even and u odd such that

Xv=u, Yv=0, Gv=ny, tv=zy 2)

(from which Xu = 0, Gu = (n+ 1)u, Yu = (2> — z72)v, and tu = zu follow).
Obviously, one can also consider the representation I1V,, with the parity of the
elements reversed. The representation I1V,, can be realized as €e ® V_,, where €
is an odd one-dimensional representation. These representations and their tensor
products will in fact be essentially the only gl(1|1)-representations of interest to us.
For more details on the representation theory see, e.g., [13, Sect. 11].

1.3

Let V be a finite-dimensional representation of U,(gl(1|1)). It decomposes into a
direct sum of weight spaces for G,

V= @V(n)

neC

Note that we do not assume the weights to be integral. As usual, the elements X and
Y act from one weight space to another,
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X:Vin)=V(n+1), Y:V(n)=V(in-1),

and we have X? = Y2 = 0. Hence, V can be viewed as a complex with two
differentials acting in opposite directions. The de Rham complex of any Kéhler
manifold carries an action of gl(1|1) such that the element H acts as the Laplace
operator. Thus, the algebra Uy (gl(1]1)), and for the same reasons U (gl(1]1)), is, in
a certain sense, an abstraction of the structures of Hodge theory.

These are, in fact, isomorphic as algebras; the difference between them lies in
the action of the differential on V ® W: the usual, diagonal action for U (gl(1]1));
the comultiplication for U,(gl(1|1)) gives another action.

Alternatively, any gl(1|1)-representation can be thought of as a matrix factoriza-
tion with extra structure (primarily, an upgrade of the Z,-grading to a Z-grading).
The underlying super vector space remains unchanged, with X +Y giving the
differential, and with

X+Y)P?={X,y} =117

as the potential.

2 The Decomposition of the Tensor Product
2.1

Let Cly be the Clifford algebra (over C) with 2N generators:
ClN = <ai,bl~,i = 1,...,N|{a,‘,aj} = {bl’,bj} = O, {a,-,bj} = 5,‘j>
The algebra Cly has an irreducible 2V -dimensional representation Uy generated by

a cyclic vector v with b;y = 0. We might identify the basis vectors with the set
of {0,1}-sequences of length N such that v = (0,0,0,...,0) and g; annihilates all

basis vectors S = (s1,52,...,sy) with s; = 1, and otherwise sends S to (—1)25;11 kS
where S’ differs from S exactly in the ith entry. If we consider the subspace U =
span{ay,...,ay,) of Cly, then there is a natural isomorphism of graded vector spaces:
Uy — \U 3)

S =(81,82,...,87) —> aj, Naj, \---Naj,, )

where sj,,5},,...,5;, are precisely the 1’s appearing (in this order) in S. The action

of a; gets turned into a;A_).

In case N = 1, Uy is two-dimensional, and the irreducible two-dimensional
representation (2) is obtained by pulling back the Clifford algebra action to
U,(gl(1|1)) via the algebra homomorphism U, (gl(1]1)) — Cl;:
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Xay, Y= (z—z Dby, t—2z, G n+ab.

This formalism can be extended to the N-fold tensor product (via the comultiplica-
tion A) of these representations:

Proposition 2.1. LetV(n,z) =V;, 4, @ @ Vo uy. Then the mapping

N —1 —1
X = X120 - 22kl - - INGs t —2Z21...2N,

N -1 —1 -2 N
Y = Yl g ...zi_l(ziz—z,- )Zit1---zavbi G X5 (ni+aib;)

defines uniquely an algebra homomorphism @y 5 : U,(gl(1|1)) — Cly. Pulling back
the representation Uy of Cly via this map gives the tensor product representation
V(z,n).

Proof. One easily verifies that the map is compatible with the relations of
U, (gl(1]1)). The second statement follows then also by explicit calculations. O

2.2

The vector vy =v®--- ®@v € V(z,n) is a lowest-weight vector of lowest weight
A= 2?;1 n;,i.e., Yvy =0and Gvy = Avy.

The subspaces U = span{ay,...,ay) and U’ = span(by,...,by) of Cly can be
paired viaU @ U’ — C, a; @ b; — &; ;. Abbreviate ® = @y, and let W = (CD(Y))*
and W' = (CO(X))*.

Lemma 2.2. Let 7:= 272122 2n. Assume 72 —z > # 0. Then

1. U=CP(X)®W andU' = (C‘D( )W
2. The subspaces W,W' generate® a subalgebra C(X,Y) of Cly isomorphic to
Clgimw, which is the supercommutant of the subalgebra generated by X and Y .

Proof. The inclusion U C C®(X) & W holds by definition. For the inverse, it is
enough to find (for 1 <i < N) f; € C such that a; — B;®(X) € W. One easily

1
verifies that f3; = M does the job. The sum is direct, since an element u in

the intersection is of the form u = oczl | yza,, where 0 = aZN 1 72 (z* — Z72 =0;
hence with our assumption, ¢ = 0, and so u = 0. The argument for U’ is similar.
Part 1 follows.

Now, C(X,Y) is clearly contained in the commutant of X and Y, since
dim(X,Y) = 4, and the action of this subalgebra on Uy is semisimple, by 2V~!
copies of the unique two-dimensional irreducible representation of (X,Y). Thus, its

3Elements of these spaces are elements of the associative algebra Cly.
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commutant is of dimension 22~ Since C(X,Y) has this dimension, it must be
the entire commutant, obviously isomorphic to the Clifford algebra as claimed. O

In order to find the supercommutant not just of ®(X) and ®(Y) but of all of
Uy (gl(1]1)), we must find the subalgebra that also commutes with ®(G).

Proposition 2.3 (Schur-Weyl duality). Let us still have z> —z =2 # 0. The subal-
gebra of Cly commuting with ®(G) is that of Euler degree 0, i.e., that generated by
elements of the form W - W'. There is a natural map U (gl(W)) — Cly C Cly whose
image is this subalgebra.

Proof. The first statement is obvious. Recall that W and W’ generate a Clifford
algebra, say with generators a}, b}. Note that W - W' forms a Lie subalgebra of Cly
isomorphic to gl(W) (by mapping a:»b’j to the matrix unit E; ;); hence this extends
to an algebra map U (gl(W)) — Cly C Cly. The image of this map is precisely the
commutant, because by the PBW theorem for Clifford algebras, the subspace of

Euler degree 0 is that of the form @, W" - (W')" = P,(W -W')". O

Under the action of Cly, Uy decomposes into two copies of Uy = /\. W, one
with parity reversed. Thus, V(z,n) is completely decomposable, and up to grading
shift and parity reversal, the summands are precisely the two-dimensional simple
modules from above. Of course, the highest-weight vector vy generates a copy of
V_ 4, so all simple submodules must be of the form V_ ; ;. for some k (possibly with
parity reversed). Thus, we have the following.

Proposition 2.4 (Tensor space decomposition). The multiplicity space of V. ;
in'V(n,z) is the space of weight k (for G) in Uy. That is,

N—1
k
Vizn)~ @ N\ W™V, 54, (5)
k=0

where I1 is the shift of parity, 1> = id.

2.3

This decomposition of the tensor product can be made more explicit if we choose a
basis ¢;, i = 1,...,N — | in the subspace W C U complementary to CD(X), thereby
fixing a decomposition U = CO(X) EB?/: ’11 Cc;. From now on, we will just write X,
Y instead of ®(X), O(Y).

Lemma 2.5. We have the following formulas:

Xciy...cpw = (—l)kci] e Xw,
k .
Yei ...cpw = (—l)kci] S Yw+ E‘yij(—l)f’lci1 N AL
j=1
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where w € U and the y;’s are defined by Y c; + c;Y =y;.
Proof. Obvious. O

For a vector v € U, define

(V)il’~~~,ik =i - C,kv+ I zy’a C,'l <o Ciy o Cip V.

Proposition 2.6. The space

*C(VN)H, ik @CX(VN)H, ik

where vy is the highest-weight vector (see Sect. 2.2), is an irreducible submodule
isomorphic to Vz.(z’-‘i ni) ke This submodule corresponds to the monomial c;y \--- N\

ci, in the decomposition (5).
Proof. We have
and since Yvy = 0, we have

Y (ON)itsic = 00 YX(O0N )iy iy = (22— 2=2) (ON )iy,

The statement follows directly from the action of # and G and (2). a

3 The Relationship to the Burau Representation
3.1

The action of the universal R-matrix (1) in the tensor product representation V;, ,, ®
V.,.n, can easily be computed explicitly. Namely, in terms of the weight basis (by
abuse of language we use the basis {v, X v} for either module), this right action looks
as follows:

2n2 2n 1y,

R(v®ev)=2z] VRV,
2ny+2 2 —2\_2np 2ny+2
Rv@Xv) =" 5"v@Xv—2"0(3 - 5 2)7, 5" T Xvey,

XvRv,

)
)
(XV® V) 2112 2n1+2
)=

(XV@XV _ Z2nz+2 2n1+2XV®XV

In the tensorzproduct basis v®@v,v@Xv,Xv®v,Xv® Xv, it produces the 4 x 4 matrix
Rz122) — ,72m *2”1 (R),
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I 0 0 0
g _ |0 ~@-5732 0 ©
2 )
0 z 0
00 0 43
with
1 0 0 0
R(Zlvzz)_lz 0 Zfz 212(13_122)% 0 . @)
0 0 ZE 0
0 0 0 Zl—zzz—z
3.2

Consider the groupoid of braids whose strands are labeled by elements in C x C*.
Each N-braid with colors (z;,n;), 1 <i <N, on its N strands defines a morphism
from the tuple (z,n) to the permuted tuple (0z,0on) given by the braid. Assigning
to a tuple (z,n) the representation V(z,n) =V, ,, ®--- ® V;, », and to the single
(positive) braid B; with strands colored by a := (z;,n;) and b := (z;41,n;4+1), the
mapping
n(Bi)(a,b): V(z,n) — V(siz,sm),
x(B)(ab) =Pinro (10 @12RO 0100 1),

defines a representation 7 of the colored braid groupoid. Here R12) s as above;
hence up to a multiple, the universal R-matrix (1) acting on Vi, 25, @ Vi, 26, » anil
P, ;11 is the flip map of simply swapping the two tensor factors as x®y — (—1)%
y®x. To verify the claim, note that the braid relations amount to the relations

n(Bi)(a;b) o (Biv1)(a,c) o m(Bi) (b, c) = 7(Biy1)(b,c) o (i) (a,c) o m(Biv1)(a; b)),
n(Bi)(a;b)on(Bj)(e,d) = m(B))(c,d) o m(B;)(aD),

for j #i—1,i,i+1 and a,b,c,d arbitrary colors. These relations can easily be

checked by direct calculations. In particular, the subgroup B, of the braid group

that preserves (z,n) acts on V(z,n). Because the operators 7(f3;) commute with the

action of U, (gl(1|1)), the action is determined by the action on multiplicity spaces.
The first interesting multiplicity space is W considered as a subspace of U:

Proposition 3.1. In the case 71 = --- = z,, this braid group representation on U is
isomorphic to the Burau representation. Similarly, the action on W gives rise to the
reduced Burau representation in the case 71 = - -+ = z,.

Remark 3.2. In general, we obtain a representation that might be viewed as a
colored version of the Magnus representation of B, obtained from an action on the
free group on N generators (see [2, p. 102 ff] for the noncolored version, and for the
colored version see [3, Sect. 4]).
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Proof. Choose the basis by =vRvR---vRXvR® VR ---®v, where X is applied

to the ith factor. Then 7(f;) = P, ;+1 oR; ;11 acts on this basis as follows: matrix:
n(Bi)(bj) =bj for j #i,i+ 1, and on b;,b; | by
0 z%
_ 8
(ﬁ—@—@%éﬂ ®
If we scale the basis by b} = z3z3 - -+ 27, then n(Bi) (b)) =V’ for j#i,i+ 1, and (fB;)

acts on b}, b’ | by

0 1
)
&%@44—@>é2>

In case z; = zj forany i, j, we set we t := zi_ and obtain the matrix A with its inverse

AL
0 1 1 1—tt
<t‘ 1—t‘> < 1 O>

But this is exactly the form of Burau representation given (for example) in [1, p. 118
Example 3]. The invariant subspace is CXv. The reduced Magnus representation
acts in the quotient space W = U /CXv. a

4 Multivariable Alexander—-Conway Polynomial

In this section we will use Theorem 2.4 to obtain the Alexander—Conway polyno-
mial of a knot in terms of R-matrices for quantum gl(1|1). These results are very
closely related to the results in [6] and [8].

4.1

To construct invariants of links and tangled graphs, let us start with the explicit
decomposition of the two-fold tensor product. We abbreviate

Y= (leg_zl—zzz—z) 1

(assuming from now on that this inverse exists). The following linear maps explicitly

describe the decomposition of the tensor product of two generic irreducible two-
dimensional representations:

(4 Vz1zz,n+m ® Vzlzz,zz+m+1 — VZ1 N & sz,m
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and
Vi Van®@Vom = Vamntm® Vo nimt-

We denote by wy,Xwy (respectively w,Xw) the standard basis in V;,;, nym+1 and
in V2, .ntm» and by v1,Xv; (respectively v,,Xv») the standard basis in V;, , and in
V(z2,m). Then the maps are defined as follows:

Pp(wi) = vi @y,

P(Xw1) = 22Xvi @va+ (—1)"z7 v @ Xva,

@(w2) = (=171 — )X vi @ va+22(21 — 2 )1 © X v,
P(Xw2) = Xvi @ X2,

and
y(vi®@wn) =
y(Xvi®@wn) =12 ( — 3 )yXwi+ (1) g g,
(v ®@Xvy) = (—1)"'7; (23— 5 2) X wi + 2w,
Y(Xvi@Xvy) = Xws.

One easily verifies that they are inverse to each other:

Yo =idygy, oy =idygy.

Let Py, Pi € End(Vz, 2, ntm B Vz,zy,n+-m+1) be the natural orthogonal projections to
the first and the second summand respectively.

For any A € End(M) with M an arbitrary superspace, define the supertrace str(A)
to be the trace of A restricted to the even part of M minus the trace of A restricted
to the odd part of M. For instance, if M =V, then str(A) = A,, — Axyxy, where
v, Xv = u is the weight basis in V.

We have the following identities for the supertraces:

stra (P ( _Zl )yldV(m )

( _Z2 )VldV(ZZ n)»

( )=
sta (9P y) = —Zz(Zl_Zl )’}/idV(Zl,n)v
stri (9P y) =

( ) =

stry (P y -7y (Zz — 2 )Yidv(ZZ,n) . (10)
Here str » are partial supertraces:
strp(a®b) = astr(b), strj(a®b) = str(a)b.

The matrix PR(@?) has the spectral decomposition

PREY) = 2Py — 2 29 Py
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We also have
stry (PRY)) = 22id, sty ((PR@)) ™) = 2id, (1)

and it is easy to check that these identities agree with the spectral decomposition
and supertrace identities above.

4.2

Let 7 be the representation from above and f3 a braid. The partial trace tr3. v (7(f3))
is the evaluation of a central element in Uj(g[(1]1)) in the irreducible representation
Ve.n,- This is a general fact about the construction of link invariants from quasi-
triangular Hopf algebras [10], [14, Definition 2.1]. Therefore, this partial trace is
proportional to the identity. We will write

straz. v (B) = (stroz. N (7(B))) 1,

where I; is the identity operator in V (z;,n;).

Theorem 4.1. Abbreviating z =z; ...zn, the following holds:

B —z2 N
(stro3..n(7(B))) = ﬁz ZotrAmW(”W(ﬁ))

Proof. This theorem follows immediately from Proposition 2.4. The decomposition
of the tensor product V(z,n) defines linear maps f,, : A"W — A"W for each
element f € End(V(z,n)). Using the explicit formulas for the decomposition of
two irreducible two-dimensional representations from the previous section and the
formulas for partial traces str, (¢ P, ) from the previous subsection, we arrive at the
identity

-7y
(stro3. N (f Ztr/\'lw fm — Z2~ 0

Let B be the link that is the closure of the braid . We number its connected
components by 1 < i < k and denote by w;(f) the winding number of the ith

component of B . Then the following holds:

Theorem 4.2. The function
T(B) = (tra3..n(B)) 2T ilh) (12)

is an invariant of the link f3.
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Proof. We have to verify the invariance with respect to Markov moves. The
invariance with respect to the first Markov move means that (6o ') = 7(B). But
this identity follows immediately from the conjugation invariance of the ordinary
trace and Theorem 4.1. The second Markov move means that 7(8s."'|) = (),

where [ is a braid that has no factors sffll. But this identity follows immediately

from the property (11) of R-matrices. ad
As was shown in [8], the invariant (12) is the Alexander—Conway polynomial
AZ| ..... ZN.
22 - 272 2 ~
(tr3.n((B))) = zi——zlzz Ao (B).

Remark 4.3. For any U,(gl(1]1))-linear map f € End(V (zi,n1) ® V(z2,12)), we
have the following identity:

zfz stry (f) = 23 stry (f).

This follows immediately from (10). This property is a projective version of
the ambidextrous [15] property of U,(gl(1]1))-modules. Using this formula, the
Alexander—Conway polynomial in terms of U,(gl(1|1)) can be written as a state
sum, and as a state sum, it can be extended to invariants of framed graphs (see
[6, Sect. 3]).
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Abstract This is an expository paper discussing various versions of Khovanov
homology theories, interrelations between them, their properties, and their appli-
cations to other areas of knot theory and low-dimensional topology.
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1 Introduction

Khovanov homology is a special case of categorification, a novel approach to
construction of knot (or link) invariants that has been under active development
over the last decade following a seminal paper [15] by Mikhail Khovanov. The idea
of categorification is to replace a known polynomial knot (or link) invariant with a
family of chain complexes, such that the coefficients of the original polynomial
are the Euler characteristics of these complexes. Although the chain complexes
themselves depend heavily on a diagram that represents the link, their homology
depends on the isotopy class of the link only. Khovanov homology categorifies the
Jones polynomial [13].
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More specifically, let L be an oriented link in R? represented by a planar diagram
D and let J;.(g) be a version of the Jones polynomial of L that satisfies the following
identities (called the Jones skein relation and normalization):

—q’zJZ((q)Jrqu/_/(Q)=(q—1/61)1>0<(q); Jo(q)=q4rl/q- (1

The skein relation should be understood as relating the Jones polynomials of three
links whose planar diagrams are identical everywhere except in a small disk, where
they are different as depicted in (1). The normalization fixes the value of the Jones
polynomial on the trivial knot; Ji.(¢) is a Laurent polynomial in g for every link L
and is completely determined by its skein relation and normalization.

In [15], Mikhail Khovanov assigned to D a family of abelian groups /(L)
whose isomorphism classes depend on the isotopy class of L only. These groups are
defined as homology groups of an appropriate (graded) chain complex ¢/(D) with
integer coefficients. Groups .7/ (L) are nontrivial for finitely many values of the
pair (i, j) only. The gist of the categorification is that the graded Euler characteristic
of the Khovanov chain complex equals J7.(g):

Ji(g) =Y (~1)'¢’n (L), 2

iJ

where hi/(L) = rk(s#"/(L)), the Betti numbers of 7. The reader is referred to
Sect. 2 for a detailed treatment (see also [2, 15]).

In our paper we also make use of another version of the Jones polynomial,
denoted by Ji(g), that satisfies the same skein relation (1) but is normalized to
equal 1 on the trivial knot. For the sake of completeness, we also list the skein
relation for the original Jones polynomial Vi,(¢) from [13]:

flvx(t)—tv ,(z):(zl/z—fl/z)vx(t); VQ(t)zl. 3)

/2

We note that J;.(¢) € Z[q,q "], while VL.(t) € Z[t'/?,+=1/2]. In fact, the terms of V(¢
have half-integer (respectively integer) exponents if L has an even (respectively odd)
number of components. This is one of the main motivations for our convention (1) to
be different from (3). We also want to ensure that the Jones polynomial of the trivial
link has only positive coefficients. The different versions of the Jones polynomial
are related as follows:

Jla)=(a+1/alele),  T(=1"P)=Vi(e), V(@) =Jila)- @)

Another way to look at Khovanov’s identity (2) is via the Poincaré polynomial
of the Khovanov homology:

Khi(t,q) =Y 1'q’h"/ (L). (5)
7
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oj1]12/(3

9 1

7 1,

5 1

30 1

1 1
Fig. 1 Right trefoil and its Khovanov homology
With this notation, we get

Ji(q) =Kh(—1,q). (6)

Example 1.1. Consider the right trefoil K. Its nonzero homology groups are
tabulated in Fig. 1, where the i-grading is represented horizontally and the j-grading
vertically. The homology is nontrivial for odd j-grading only, and thus even rows
are not shown in the table. A table entry of 1 or 1, means that the corresponding
group is Z or Z,, respectively (one can find a more interesting example in Fig. 10).
In general, an entry of the form a, b, would correspond to the group Z¢ & le’. For
the trefoil K, we have that 0! (K) ~ s#93(K) ~ #?3(K) ~ s#*°(K) ~ Z and
H31(K) ~ Z,. Therefore, Khg(t,q) = g+ ¢° +1t>¢> +13¢°. On the other hand,
the Jones polynomial of K equals Vig(t) = t 4+ 1> — t*. Relation (4) implies that
Jk(q) = (g +1/9)(@*+¢°~¢*) =g+’ + ¢’ — ¢’ = Khx (- 1,9).

Without going into details, we note that the initial categorification of the Jones
polynomial by Khovanov was followed by a flurry of activity. Categorifications of
the colored Jones polynomial [5, 17] and skein s((3) polynomial [18] were based
on Khovanov’s original construction. A matrix factorization technique was used
to categorify the sl(n) skein polynomials [21], the HOMFLY-PT polynomial [22],
the Kauffman polynomial [23], and more recently, colored sl(n) polynomials
[47,48]. Ozsvath, Szabd, and, independently, Rasmussen used a completely dif-
ferent method of Floer homology to categorify the Alexander polynomial [31, 34].
Ideas of categorification were successfully applied to tangles, virtual links, skein
modules, and polynomial invariants of graphs.

One of the most important recent developments in the Khovanov homology
theory was the introduction in 2007 of its odd version by Ozsvath, Rasmussen, and
Szab6 [29]. The odd Khovanov homology equals the original (even) one modulo
2, and in particular, categorifies the same Jones polynomial. On the other hand,
the odd and even homology theories often have drastically different properties
(see Sects. 2.4 and 3 for details). The odd Khovanov homology appears to be
one of the connecting links between the Khovanov and Heegaard—Floer homology
theories [32].
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The importance of the Khovanov homology became apparent after a seminal
result by Jacob Rasmussen [35], who used the Khovanov chain complex to give the
first purely combinatorial proof of the Milnor conjecture. This conjecture states that
the 4-dimensional (slice) genus (and hence the genus) of a (p, g)-torus knot equals
%. This was originally proved by Kronheimer and Mrowka [24] using gauge
theory in 1993.

There are numerous other applications of Khovanov homology theories. They
can be used to provide combinatorial proofs of the slice-Bennequin inequality and
to give upper bounds on the Thurston—-Bennequin number of Legendrian links,
detect quasialternating links and find topologically locally flat slice knots that are
not smoothly slice. We refer the reader to Sect. 4 for the details.

The goal of this paper is to give an overview of the current state of research
in Khovanov homology. The exposition is mostly self-contained, and no advanced
knowledge of the subject is required from the reader. We intentionally limit the
scope of our paper to the categorifications of the Jones polynomial, so as to keep
its size under control. The reader is referred to other expository papers on the
subject [1, 20, 36] to learn more about the interrelations between different types
of categorifications.

We also pay significant attention to experimental aspects of the Khovanov
homology. As is often the case with new theories, the initial discovery was the
result of experimentation. It is especially true for Khovanov homology, since it
can be computed by hand for a very limited family of knots only. At the moment,
there are two programs [4,39] that compute Khovanov homology. The first one was
written by Dror Bar-Natan and his student Jeremy Green in 2005 and implements
the methods from [3]. It works significantly faster for knots with sufficiently many
crossings (say, more than 15) than the older program KhoHo by the author. On the
other hand, KhoHo can compute all the versions of the Khovanov homology that
are mentioned in this paper. It is currently the only program that can deal with the
odd Khovanov homology. Most of the experimental results that are referred to in
this paper were obtained with KhoHo .

This paper is organized as follows. In Sect. 2 we give a quick overview of
constructions involved in the definition of various Khovanov homology theories.
We compare these theories with each other and list their basic properties in Sect. 3.
Sect. 4 is devoted to some of the more important applications of the Khovanov
homology to other areas of low-dimensional topology.

2 Definition of the Khovanov Homology

In this section we give a brief outline of various Khovanov homology theories
starting with Khovanov’s original construction. Our setting is slightly more general
than that in the introduction, for we allow different coefficient rings, not only Z.
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2.1 Algebraic Preliminaries

Let R be a commutative ring with unit. In this paper, we are mainly interested in the
casesR=7, Q, and Z,.

Definition 2.1. A Z-graded (or simply graded) R-module M is an R-module
decomposed into a direct sum M = €P jcz M, where each M is an R-module itself.
The summands M; are called the homogeneous components of M, and elements of
M; are called the homogeneous elements of degree j.

Definition 2.2. Let M = ;M be a graded free R-module. The graded dimen-
sion of M is the power series dimy(M) = ¥ ;c7 ¢’ dim(M;) in the variable g. If
k € Z, the shifted module M{k} is defined as having homogeneous components
M{k}j = M; .

Definition 2.3. Let M and N be two graded R-modules. A map ¢ : M — N is said
to be graded of degree k if ¢(M;) C Nj for each j € Z.

Note 2.4. It is an easy exercise to check that dimy(M{k}) = ¢*dim,(M), dim,
(M @®N) = dimy(M) + dimy(N), and dim,(M ®g N) = dim,(M)dim,(N), where
M and N are graded R-modules. Moreover, if ¢ : M — N is a graded map of degree
k', then the shifted map ¢ : M — N{k} is graded of degree k' + k. We slightly abuse
notation here by denoting the shifted map in the same way as the map itself.

Definition 2.5. Let (¢,d) =--- — ¢! i it L bea (co)chain
complex of graded free R-modules with graded differentials d' having degree 0
for all i € Z. Then the graded Euler characteristic of € is defined as y,(¢) =
Tiez(—1)"dimy ().

Remark. One can think of a graded (co)chain complex of R-modules as a bigraded
R-module in which the homogeneous components are indexed by pairs of numbers
(i,)) € 2.

Let A = R[X]/X? be the algebra of truncated polynomials. As an R-module, A is
freely generated by 1 and X. We put a grading on A by specifying that deg(1) = 1
and deg(X) = —1 (we follow the original grading convention from [15] and [2] here;
it is different by a sign from that of [1]). In other words, A ~ R{1} ® R{—1} and
dim,(A) = g+¢ . Atthe same time, A is a (graded) commutative algebra with unit
1 and multiplication m : A ® A — A given by

m(l®l)=1, m(leX)=m(X®1)=X, mX®X)=0. (7

The algebra A can also be equipped with a coalgebra structure with comultipli-
cation A : A — A®A and counit € : A — R defined as

A =10X+X®1, AX)=X®X; (8)
e(1)=0, e(X)=1. 9)
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A

positive crossing

X‘
/
negative crossing

Fig. 2 Positive and negative crossings

The comultiplication A is coassociative and cocommutative and satisfies

(m®idy) o (idy ®A) = Aom, (10)
(e @idy) oA = idy. (11)

Together with the unit map 1 : R — A given by 1(1) = 1, this makes A into a
commutative Frobenius algebra over R [19].
It follows directly from the definitions that 1, €, m, and A are graded maps with

deg(1) =deg(e) =1 and deg(m)=deg(A)=—1. (12)

2.2 Khovanov Chain Complex

Let L be an oriented link and D its planar diagram. We assign a number +1, called
the sign, to every crossing of D according to the rule depicted in Fig. 2. The sum
of these signs over all the crossings of D is called the writhe number of D and is
denoted by w(D).

Every crossing of D can be resolved in two different ways according to a choice
of a marker, which can be either positive or negative, at this crossing (see Fig. 3). A
collection of markers chosen at every crossing of a diagram D is called a (Kauffman)
state of D. For a diagram with n crossings, there are, obviously, 2" different states.
Denote by o (s) the difference between the numbers of positive and negative markers
in a given state s. Define

i) = ML) g - P20t (13)

Since both w(D) and o(s) are congruent to n modulo 2, i(s) and j(s) are always
integers. For a given state s, the result of the resolution of D at each crossing
according to s is a family Dy of disjointly embedded circles. Denote the number
of these circles by |Dy].
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Fig. 3 Positive and negative markers and the corresponding resolutions of a diagram

For each state s of D, let o/ (s) = A®/PsI{j(s)}. One should understand this
construction as assigning a copy of the algebra A to each circle from Dy, taking
the tensor product of all of these copies, and shifting the grading of the result
by j(s). By construction, <7(s) is a graded free R-module of graded dimension
dim, (7 (s)) = ¢/ (g +q )P Let /(D) = Di(s)—i ¥ (5) for each i € Z. In order
to make (D) into a graded complex, we need to define a (graded) differential
d': €'(D) — €™ (D) of degree 0. But even before the differential is defined, the
(graded) Euler characteristic of €’ (D) makes sense.

Lemma 2.6. The graded Euler characteristic of € (D) equals the Jones polynomial
of the link L. That is, ,(¢' (D)) = Ji(q).

Proof.

%4(€(D)) = ¥ (~1)'dimy (¢"(D))

€

N

(=1)' 2), dimg (47 (s))
i(s)=i

m
N

(=10 gI0) (g4 g~ 1)IPsl

Il
h[\j - M

w(D)—o(s) 3w(D)—ol(s) —1I\ID.
-2 g 7 (g+q )P
Let us forget for a moment that A denotes an algebra and (temporarily) use this

letter for a variable. Substituting (—A~2) instead of g and noticing that w(D) = o/(s)
(mod 2), we arrive at

%4(€(D)) = (=A) PV 3 AT (—A7 APl = (—AP=A7?) (L),

where (L)y is the normalized Kauffman bracket polynomial of L (see [14] for
details). The normalized bracket polynomial of a link is related to the bracket
polynomial of its diagram by (L)y = (—A)~>*(°)(D). Kauffman proved in [14]
that (L)y equals the Jones polynomial Vi (¢) of L after substituting ~ /4 for A. The
relation (4) between Vi(¢) and Ji.(g) completes our proof. O
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Fig. 4 Diagram resolutions corresponding to adjacent states and maps between the algebras
assigned to the circles

Let s+ and s_ be two states of D that differ at a single crossing, where s, has
a positive marker, while s_ has a negative one. We call two such states adjacent.
In this case, 6(s—) = 6(s+) — 2 and, consequently, i(s—) = i(s+)+ 1 and j(s_) =
J(s+)+ L. Consider now the resolutions of D corresponding to s and s_. One can
readily see that Dy_ is obtained from Dy, by either merging two circles into one or
splitting one circle into two (see Fig. 4). All the circles that do not pass through the
crossing at which s and s_ differ remain unchanged. We define d;_ ., : o/ (s;) —
o/ (s_) as either m®id or A®id depending on whether the circles merge or split.
Here, the multiplication or comultiplication is performed on the copies of A that are
assigned to the affected circles, as in Fig. 4, while d;, ¢ acts as the identity on all the
A’s corresponding to the unaffected ones. The difference in grading shift between
</ (s;) and o7 (s_) and equalities (12) ensure that deg(d, .; ) = 0 by Theorem 2.4.

We need one more ingredient in order to finish the definition of the differential
on € (D), namely, an ordering of the crossings of D. For an adjacent pair of states
(s4,5_), define & (s, ,s_) to be the number of the negative markers in s, (or s_) that
appear in the ordering of the crossings after the crossing at which s and s_ differ.
Finally, let d' = ¥ +7L)(—1)5(5+v5*)ds s_» Where (s;,s_) runs over all adjacent
pairs of states with i(s; ) = i. It is straightforward to verify [15] that d""!od’ =0
and hence d : €(D) — %'(D) is indeed a differential.

Definition 2.7 (Khovanov, [15]). The resulting (co)chain complex €' (D) =--- —

¢~ (D) -, €(D) A, i+ (D) — --- is called the Khovanov chain complex of
the diagram D. The homology of € (D) with respect to d is called the Khovanov
homology of L and is denoted by 7 (L). We write € (D;R) and .77 (L; R) if we want
to emphasize the ring of coefficients with which we work. If R is omitted from the
notation, integer coefficients are assumed.

Theorem 2.8 (Khovanov, [15]; see also [2]). The isomorphism class of 7#(L;R)
depends on the isotopy class of L only, and hence is a link invariant. In particular,
it does not depend on the ordering chosen for the crossings of D. The Khovanov
homology 7 (L;R) categorifies Ji(q), a version of the Jones polynomial defined
by (1).

Remark. One can think of ¢’ (D;R) as a bigraded (co)chain complex ¢/ (D;R)
with a differential of bidegree (1,0). In this case, i is the homological grading of
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Fig. 5 Khovanov chain complex for the Hopf link

this complex, and j is its g-grading, also called the Jones grading. Consequently,
2 (L;R) can be considered to be a bigraded R-module as well.

Note 2.9. Let #L be the number of components of a link L. One can check that
J(s) +|Ds| is congruent modulo 2 to #L for every state s. It follows that ¢’(D; R) has
nontrivial homogeneous components only in the degrees that have the same parity
as #L. Consequently, .7 (L;R) is nontrivial only in the g-gradings with this parity
(see Example 1.1).

Example 2.10. Figure 5 shows the Khovanov chain complex for the Hopf link
with the indicated orientation. The diagram has two positive crossings, so its writhe
number is 2. Let s+ be the four possible resolutions of this diagram, where each
“4” or “—” describes the sign of the marker at the corresponding crossings. The
chosen ordering of crossings is depicted by numbers placed next to them. By looking
at Fig. 5, one easily computes that o7 (s, ) = A®2{2}, o/ (s, ) = .o/ (s_, ) =A{3},
and o/ (s__) = A®?{4}. Consequently, €°(D) = o/ (s, ) = A®2{2}, €'(D) =
A (51 YD (s_y)=(A®A){3},and (D) = o/ (s__) = A®?{4}.Ttis convenient
to arrange the four resolutions in the corners of a square placed in the plane in such
a way that its diagonal from s, to s__ is horizontal. Then the edges of this square
correspond to the maps between the adjacent states (see Fig. 5). We observe that
only one of the maps, namely the one corresponding to the edge from s, _ to s__,
comes with a negative sign.
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In general, 2" resolutions of a diagram D with n crossings can be arranged into an
n-dimensional cube of resolutions, where vertices correspond to the 2" states of D.
The edges of this cube connect adjacent pairs of states and can be oriented from s
to s_. Every edge is assigned either m or A with the sign (—1 )5<S+’S*>, as described
above. It is easy to check that this makes each square (that is, a 2-dimensional
face) of the cube anticommutative (all squares are commutative without the signs).
Finally, the differential @' restricted to each summand .7 (s) with i(s) = i equals the
sum of all the maps assigned to the edges that originate at s.

2.3 Reduced Khovanov Homology

Let, as before, D be a diagram of an oriented link L. Fix a base point on D that is
different from all the crossings. For each state s, we define <7 (s) in almost the same
way as </ (), except that we assign XA instead of A to the circle from the resolution

D; of D that contains the base point. That is, < (s) = ((XA) @ A2(Ps/=D){j(s)}.

We can now build the reduced Khovanov chain complex € (D;R) in exactly the
same way as €' (D;R) by replacing ./ with &/ everywhere. The grading shifts and

differentials remain the same. It is easy to see that ' (D;R) is a subcomplex of
% (D;R) of index 2. In fact, it is the image of the chain map € (D;R) — € (D;R) that
acts by multiplying elements assigned to the circle containing the base point by X.

Definition 2.11 (Khovanov [16]; cf. Definition 2.7). The homology of € (D;R) is

called the reduced Khovanov homology of L and is denoted by 57 (L;R). It is clear
from the construction of € (D;R) that its graded Euler characteristic equals J7.(g).

Theorem 2.12 (Khovanov [16]; cf. Theorem 2.8). The isomorphism class of of
the reduced Khovanov homology A (L;R) is a link invariant that categorifies J~L(q)
a version of the Jones polynomial defined by (1) and (4). Moreover, if two base
points are chosen on the same component of L, then the corresponding reduced
Khovanov homologies are isomorphic. On the other hand, :}ff?/(L;R) might depend
on the component of L on which the base point is chosen.

Although €'(D; R) can be determined from %'(D;R), it is in general not clear how

H(L;R) and 5 (L;R) are related. There are several examples of pairs of knots (the
first being 145955 and ﬁ';29763) that have the same rational Khovanov homology,
but different rational reduced Khovanov homologies.! No such examples are known
for homologies over Z among all prime knots with at most 15 crossings. On the

other hand, it has been proved that J#(L;Z,) and 7 (L;Z,) determine each other
completely.

Here, 145455 denotes the nonalternating knot number 9933 with 14 crossings from the Knotscape
knot table [12], and 3729763 is the mirror image of the knot 157,945 . See also Remark on page 417.
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Fig. 6 Choice of arrows at the diagram crossings

Theorem 2.13 ([40]). 7 (L;Zy) ~ A (L;Z>) ®z, Az,. In particular, 7 (L;Z)

does not depend on the component on which the base point is chosen.

Remark. XA ~ R{0} as a graded R-module. It follows that % and . are nontrivial
only in the g-gradings with parity different from that of #L, the number of
components of L (cf. 2.9).

2.4 0Odd Khovanov Homology

In 2007, Ozsvath, Rasmussen, and Szab¢ introduced [29] an odd version of the
Khovanov homology. In their theory, the nilpotent variables X assigned to each
circle in the resolutions of the link diagram (see Sect. 2.2) anticommute rather than
commute. The odd Khovanov homology equals the original (even) one modulo 2,
and in particular, categorifies the same Jones polynomial. In fact, the corresponding
chain complexes are isomorphic as free bigraded R-modules, and their differentials
differ only by sign. On the other hand, the resulting homology theories often have
drastically different properties. We define the odd Khovanov homology below.

Let L be an oriented link and D its planar diagram. To each resolution s of
D we assign a free graded R-module A(s) as follows. Label all circles from
the resolution Dy by some independent variables, say, X7, X5, ... ’XISDS\’ and let

Vi =V(X},X5,... 7X‘Sm) be a free R-module generated by them. We define A (s) =

A*(Vy), the exterior algebra of Vy. Then A(s) = A%(Vy) @ AL(Vy) @ --- & APsI(v),
and we grade A(s) by specifying A (s)|p,—ox = AK(V) for each 0 < k < | Dy, where
A(8)|p,|—2« is the homogeneous component of A (s) of degree | Ds| —2k. It is an easy
exercise for the reader to check that dim, (A (s)) = dim, (A%IPs).

Just as in the case of even Khovanov homology, these R-modules A (s) can be ar-
ranged into an n-dimensional cube of resolutions. Let €, (D) = Dis)=i A (5){J(s}-
Then, similarly to Lemma 2.6, we have that y, (6544 (D)) = J.(¢). In fact, €oqa(D) ~
% (D) as bigraded R-modules. In order to define the differential on %pqq4, we need
to introduce an additional structure, a choice of an arrow at each crossing of D that
is parallel to the negative marker at that crossing (see Fig. 6). There are obviously
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Fig. 7 Adjacent states and differentials in the odd Khovanov chain complex

2" such choices. For every state s on D, we place arrows that connect two branches
of Dy near each (former) crossing according to the rule from Fig. 6.

We now assign (graded) maps moqq and Ayqq to each edge of the cube of
resolutions that connects adjacent states s+ and s_. If s_ is obtained from s; by
merging two circles together, then A(s_) ~ A(s;.)/(X;” — X,), where X;" and X"
are the generators of V;, corresponding to the two merging circles, as depicted in
Fig. 7. We define mogq : A(s4) — A(s_) to be this isomorphism composed with the
projection A (s4) — A(s4)/(X;" — X5°).

The case in which one circle splits into two is more interesting. Let X, and
X, be the generators of V;_ corresponding to these two circles such that the arrow
points from X" to X, (see Fig. 7). Now for each generator X,j of V;,, we define
Aoad(X,7) = (X; —X5) A X 1)» Where 1 is the correspondence between circles
in Dy, and D,_. While n(1) can equal either 1 or 2, this choice does not affect
Aoad(X;"), since (X; — X5 )AXy, =X[ AXy ==X, AX] =(X] —X; )AX[ .

This definition makes each square in the cube of resolutions commutative,
anticommutative, or both. The latter case means that both double composites
corresponding to the square are trivial. This is a major departure from the situation
that we had in the even case, in which each square was commutative. In particular,
it makes the choice of signs on the edges of the cube much more involved.

Theorem 2.14 (Ozsvath—-Rasmussen—Szabo [29]). [t is possible to assign a sign
to each edge in this (odd) cube of resolutions in such a way that every square
becomes anticommutative. This results in a graded (co)chain complex Goqa(D;R).
The homology #4a(L;R) of €oaa(D;R) does not depend on the choice of arrows
at the crossings, the choice of edge signs, and some other choices needed in the
construction. Moreover, the isomorphism class of #ad(L;R) is a link invariant,
called odd Khovanov homology, that categorifies Ji.(q).

Remark. There is no explicit construction for assigning signs to the edges of the
cube of resolutions in the case of the odd Khovanov chain complex. The theorem
above only ensures that signs exist.

Note 2.15. By comparing the definitions of oqa(D;7Z,) and € (D;Z,), it is easy
to see that they are isomorphic as graded chain complexes (since the signs do not
matter modulo 2). It follows that 344 (D;Z; ) ~ 7 (D;Z,) as well.
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Fig. 8 Odd Khovanov chain complex for the Hopf link

Note 2.16. One can construct the reduced odd Khovanov chain complex ‘K;dd (D;R)
and the reduced odd Khovanov homology #44(L;R) using methods similar to
those from Sect. 2.3. In this case, in contrast to the even situation, reduced and
nonreduced odd Khovanov homologies determine each other completely (see [29]).
Namely, 5%44(L;R) ~ %dd(L;R){l} @ j/i\”;dd(L;R){fl} (cf. Theorem 2.13). It is
therefore enough to consider the reduced version of the odd Khovanov homology
only.

Example 2.17. The odd Khovanov chain complex for the Hopf link is depicted
in Fig. 8. All the grading shifts in this case are the same as in Example 2.10 and
in Fig. 5, so we do not list them again. We observe that the resulting square of
resolutions is anticommutative, so no adjustment of signs is needed.

The odd Khovanov homology should provide an insight into interrelations
between the Khovanov and Heegaard—Floer [30] homology theories. Its definition
was motivated by the following result.

Theorem 2.18 (Ozsvath—Szabo [32]). For each link L with a diagram D, there
exists a spectral sequence with E' = € (D;Z,) and E*> = 7 (L;Z) that converges
to the Zy-Heegaard—Floer homology HF (X(L);Z,) of the double branched cover

(L) of $* along L.

Conjecture 2.19. There exists a spectral sequence that starts with %Z,dd(D; 7.) and
Hoad(L;Z) and converges to HF (X(L);7Z).
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3 Properties of the Khovanov Homology

In this section we summarize the main properties of the Khovanov homology and
list related constructions. We emphasize similarities and differences in properties
exhibited by different versions of the Khovanov homology. Some of them were
already mentioned in the previous sections.

Note 3.1. Let L be an oriented link and D its planar diagram. Then

* %(D;R) is a subcomplex of € (D;R) of index 2.

* Hoad(LiZo) = H(LyLo) and Hgad(L; Zo) = A (Ly ). -

o R HLR)) = 2y Hoaa(LiR)) = Juq) and 2, (F(L:R)) = sy Hoaa(LiR)) =
JL(q). . .

° %(L;Zz) ~ %(L; Zz) Rz, AZ2 [40] and %dd(L; R) ~ jﬁ)dd(L;R){l} D
Haa (L;R){—1} [29]. On the other hand, 7 (L;Z) and 5#(L;Q) do not split in
general.

* For links, f%/Z(L; Zy) and j;’,zdd(L;R) do not depend on the choice of a component

with the base point. This is, in general, not the case for 7 (L;Z) and ¢ (L; Q).

» If L is a nonsplit alternating link, then J#(L;Q), %A;(L;R), and j/{ﬂ;dd(L;R) are
completely determined by the Jones polynomial and signature of L [16,26,29].

o J(L;Zy) and 4q(L;7Z) are invariant under the component-preserving link
mutations [6,46]. It is unclear whether the same holds for .7 (L;Z). On the other
hand, 7’ (L;Z) is known not to be preserved under a mutation that exchanges
components of a link [45] and under a cabled mutation [8].

o J(L;Z) almost always has torsion (except for several special cases), but mostly
of order 2. The first knot with 4-torsion is the (4,5)-torus knot, which has 15
crossings. The first known knot with 3-torsion is the (5,6)-torus knot with 24
crossings. On the other hand, 5#344(L;Z) was observed to have torsion of various
orders even for knots with relatively few crossings (see Remark on page 426),
although orders 2 and 3 are the most popular.

o J(L;Z) has very little torsion. The first knot with torsion has 13 crossings. On
the other hand, %44(L;Z) has as much torsion as #%44(L;Z).

Remark. The properties above show that j?c:dd (L;Z) behaves similarly to j?(L; Z)
but not to ##’(L;Z). This is by design (see Theorem 2.18 and Conjecture 2.19).

3.1 Homological Thickness

Definition 3.2. Let L be a link. The homological width of L over a ring R is the
minimal number of adjacent diagonals j — 2i = const such that J#(L;R) is zero
outside of these diagonals. It is denoted by hwg(L). The reduced homological width,

hwg (L) of L, odd homological width, ohwg(L) of L, and reduced odd homological

width, ohwg (L) of L are defined similarly.
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Note 3.3. It follows from Theorem 2.16 that ohwg (L) = ohwg(L) — 1. The same

holds in the case of the even Khovanov homology over Q: hwg(L) = hwg(L) — 1
(see [16]).

Definition 3.4. A link L is said to be homologically thin over a ring R, or simply
RH-thin, if hwg(L) = 2; otherwise, L is homologically thick, or RH-thick. We
define odd-homologically thin and thick, or simply ROH-thin and ROH-thick, links
similarly.

Theorem 3.5 (Lee, Ozsvath—-Rasmussen—Szabo, Manolescu—-Ozsvath [26, 27,
29]). Quasialternating links (see Sect. 4.3 for the definition) are RH-thin and ROH-
thin for every ring R. In particular, this is true for nonsplit alternating links.

Theorem 3.6 (Khovanov [16]). Adequate links are RH-thick for every R.

Note 3.7. Homological thickness of a link L often does not depend on the base ring.
The first prime knot with hwg (L) < hwgz, (L) and hwg(L) < hwz(L) is 154,57
it has 15 crossings (see Fig. 9). The first prime knot that is QH-thin but ZH-
thick, 16'¢754, has 16 crossings (see Fig. 10). Its mirror image, E'IZ97566, is both
QH- and ZH-thin but is Z,H-thick with .72~ (16]¢7s4¢: Z2) =~ Za, for example,
because of the universal coefficient theorem. Also observe that 72 (16/y;s¢4: Z)
and 278 725(1695¢6: Z) have 4-torsion, indicated by a small box in the tables.

Remark. Throughout this paper we use the following notation for knots: knots with
10 crossings or fewer are numbered according to the Rolfsen’s knot table [37], and
knots with 11 crossings or more are numbered according to the knot table from
Knotscape [12]. Mirror images of knots from either table are denoted with a bar on
top. For example, O, is the mirror image of the knot number 46 with 9 crossings
from Rolfsen’s table, and 167,54, is the nonalternating knot number 197566 with
16 crossings from Knotscape’s table.

Note 3.8. Odd Khovanov homology is often thicker over Z than the corresponding
even homology. This is crucial for applications (see Sect. 4). On the other
hand, ohwq (L) < hA\;/Q(L) for all but one prime knot with at most 15 crossings.
The homology for this knot, 15%,,,7, is shown in Fig. 9. Please observe that

%dd(1521 1»7) has 3-torsion (in gradings (—2,—2) and (—1,0)), while %A”/(ISZHN)
has none.

3.2 Lee Spectral Sequence and the Knight-Move Conjecture

In [26], Eun Soo Lee introduced a structure of a spectral sequence on the rational
Khovanov chain complex €' (D;Q) of a link diagram D. Namely, Lee defined a
differential &’ : € (D; Q) — % (D;Q) of bidegree (1,4) by setting
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Fig. 9 Integral reduced even Khovanov homology (above) and odd Khovanov Homology (below)
of the knot 15},

m:ARA—A: m(1o])=m'(1cX)=m'(X®1)=0, m'(XeX)=1
AN:AsARA: AN1)=0, ANX)=1®1. (14)

It is straightforward to verify that d’ is indeed a differential and that it anticommutes
with d, thatis, dod’ +d’ od = 0. This makes (%' (D;Q),d,d’) into a double complex.
Let d, be the differential induced by d’ on #(L; Q). Lee proved that d, is functorial,
that is, it commutes with the isomorphisms induced on 57 (L; Q) by isotopies of L.
It follows that there exists a spectral sequence with (Ej,d;) = (¢ (D;Q),d) and
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The free part of .7 (16];544: Z) is supported on diagonals j—2i=7and j—2i=9.

On the other hand, there is 2-torsion on the diagonal j—2i=>5.
Therefore, 16{y7544 is QH-thin, but ZH-thick and Z,H-thick.

-10 | -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2
-3 1
] 2 |1,
-7 7 11,2,
9 10 [3,6,
-1 15 |6,10,
13 16 |10, 15,
15 17,13 |15,16;
-17 15,1, [ 16,18,
-19 12 |17,16,
21 7,1z | 15,12,
23 4 (12,8,
25 1 (7,314
27 4,1,
290 1
#(16}97566: Z) is supported on diagonals j — 2i = —7 and j — 2i = —9.
But there is 2-torsion on the diagonal j —2i = —7.
Therefore, 1697546 is QH-thin and ZH-thin, butZ,H-thick.
10 Integral Khovanov homology of the knots 167475¢¢ and 16197566
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(Ey,dy) = (#(L;Q),d,) that converges to the homology of the total (filtered)
complex of €(D;Q) with respect to the differential d + d’. It is called the Lee
spectral sequence. The differentials d,, in this spectral sequence have bidegree

(1,4(n—1)).

Theorem 3.9 (Lee [26]). If L is an oriented link with #L components, then the limit
of the Lee spectral sequence, H(Total(€'(D;Q)),d +d'), consists of 2"~ copies of
Q®Q, each located in a specific homological grading that is explicitly defined by
linking numbers of the components of L. In particular, if L is a knot, then the Lee
spectral sequence converges to Q & Q localed in the homological grading 0.

The following theorem is the cornerstone in the definition of the Rasmussen
invariant, one of the main applications of the Khovanov homology (see Sect. 4.1).

Theorem 3.10 (Rasmussen [35]). If L is a knot, then the two copies of Q in the
limiting term of the Lee spectral sequence for L are “neighbors,” that is, their g-
gradings differ by 2.

Corollary 3.11. [fthe Lee spectral sequence for a link L collapses after the second
page (that is, d, = 0 for n > 3), then 7€ (L;Q) consists of one “pawn-move” pair
in homological grading 0 and multiple “knight-move” pairs, shown below, with
appropriate grading shifts.

Q

Pawn-move pair: Knight-move pair:

Q

Corollary 3.12. Since ds has bidegree (1,8), the Lee spectral sequence collapses
after the second page for all knots with homological width 2 or 3, in particular, for
all alternating and quasialternating knots. Hence Corollary 3.11 can be applied to
such knots.

Knight-Move Conjecture (Garoufalidis—-Khovanov-Bar-Natan [2, 15]). The
conclusion of Corollary 3.11 is true for every knot.

Remark. There are currently no known counterexamples to the knight-move con-
jecture. In fact, the Lee spectral sequence can be proved (in one way or another) to
collapse after the second page for every known example of Khovanov homology.

Remark. While the Lee spectral sequence exists over any ring R, the statement
of Theorem 3.9 does not hold over all rings. In particular, it is false over Zj.
In this case, though, a similar theory was constructed by Paul Turner [43]. In
fact, his construction works for reduced Khovanov homology as well because of
Theorem 2.13. While Theorems 3.9 and 3.10 are still true over Z,, with odd prime
p, the knight-move conjecture is known to be false over such rings [3].

Remark. The Lee spectral sequence has no analogue in the odd and reduced
Khovanov homology theories (except over Z,, as noted above, where the two
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theories coincide). The knight-move conjecture has no analogue in these theories
either.

3.3 Long Exact Sequence of the Khovanov Homology

One of the most useful tools in studying Khovanov homology is the long exact
sequence that categorifies Kauffman’s unoriented skein relation for the Jones
polynomial [15]. If we forget about the grading, then it is clear from the construction
from Sect. 2.2 that €' (>X) is a subcomplex of € (>{) and €() )~ € (X) /€ (<)
(see also Fig. 5). Here, > and ) ( depict link diagrams where a single crossing >{
is resolved in a negative or, respectively, positive direction. This results in a short
exact sequence of nongraded chain complexes:

0—C(N)5e0)-L0)()—0, (15)

where in is the inclusion and p is the projection.
In order to introduce grading into (15), we need to consider the cases in which
the crossing to be resolved is either positive or negative. We get (see [36])

0 — ¢ {2430} [1+0] 2 ¢ (L) L €O O{1} — 0,
0—¢0O{-1} 5 ¢ () L e (){1+30} o] —0, (16

where o is the difference between the numbers of negative crossings in the
unoriented resolution > (it has to be oriented somehow in order to define its
Khovanov chain complex) and in the original diagram. The notation €’[k] is used
to represent a shift in the homological grading of a complex ¢ by k. The graded
versions of in and p are both homogeneous, that is, have bidegree (0,0).

By passing to homology in (16), we get the following result.

Theorem 3.13 (Khovanov, Viro, Rasmussen [15,36,44]). The Khovanov homol-
ogy is subject to the following long exact sequences:

*

= A OONY D A {2430} [140] 5 H00) 5 A O e} - -

s OO} 00 s A () oot 30} (@] -2 A ) { —e0) %(.]..75

where in, and p, are homogeneous and 0 is the connecting differential and has
bidegree (1,0).

Remark. The long exact sequences (17) work equally well over any ring R and for
every version of the Khovanov homology, including the odd one (see [29]). This is
both a blessing and a curse. On the one hand, this means that all of the properties of
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the even Khovanov homology that are proved using these long exact sequences (and
most of them are) are automatically true for the odd Khovanov homology as well.
On the other hand, this makes it very hard to find explanations for many differences
among these homology theories.

4 Applications of the Khovanov Homology

In this section we collect some of the more prominent applications of the Khovanov
homology theories. This list is by no means complete; it is chosen to provide the
reader with a broader view of the type of problems that can be solved with the help
of the Khovanov homology. We make a special effort to compare the performance
of different versions of the homology, where applicable.

4.1 Rasmussen Invariant and Bounds on the Slice Genus

One of the most important applications of Khovanov’s construction was obtained by
Jacob Rasmussen in 2004. In [35], he used the structure of the Lee spectral sequence
to define a new invariant of knots that gives a lower bound on the slice genus.
More specifically, for a knot L, its Rasmussen invariant s(L) is defined as the mean
g-grading of the two copies of QQ that remain in the homological grading 0 of the
limiting term of the Lee spectral sequence; see Theorem 3.10. Since the g-gradings
of these Q’s are odd and differ by 2, the Rasmussen invariant is an even integer.

Theorem 4.1 (Rasmussen [35]). Ler L be a knot and s(L) its Rasmussen invariant.
Then

o |s(L)| <2gs(L), where gs(L) is the slice genus of L, that is, the smallest possible
genus of a smoothly embedded surface in the 4-ball D* that has L C S* = dD*
as its boundary;

* s(L) = o(L) for alternating L, where & (L) is the signature of L;

o s(L)=2g,(L) =2g(L) for a knot L that possesses a planar diagram with positive
crossings only, where g(L) is the genus of L;

e ifknots L_ and Ly have diagrams that are different at a single crossing in such a
way that this crossing is negative in L_ and positive in L, then s(L_) < s(L;) <
s(L-)+2.

Corollary 4.2. 5(T,4) = (p—1)(g—1) for p,q > 0, where T, , is the (p,q)-torus
knot. This implies the Milnor conjecture, first proved by Kronheimer and Mrowka
in 1993 using gauge theory [24]. This conjecture states that the slice genus (and
hence the genus) of Ty 4 is 3 ((p— 1)(g — 1)). The upper bound on the slice genus is
straightforward, so the lower bound provided by the Rasmussen invariant is sharp.
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Remark. Although the Rasmussen invariant was originally defined for knots only,
its definition was later extended to the case of links by Anna Beliakova and Stephan
Wehrli [5].

The Rasmussen invariant can be used to search for knots that are topologically
locally flat slice but are not smoothly slice (see [41]). A knot is slice if its slice
genus is 0. Theorem 4.1 implies that knots with nontrivial Rasmussen invariant are
not smoothly slice. On the other hand, it was proved by Freedman [9] that knots
with Alexander polynomial 1 are topologically locally flat slice. There are 82 knots
with up to 16 crossings that possess these two properties [41]. Each such knot gives
rise to a family of exotic R* [10, Exercise 9.4.23]. It is worth noticing that most of
these 82 examples were not previously known.

The Rasmussen invariant was also used [33, 41] to deduce the combinatorial
proof of the slice-Bennequin inequality. This inequality states that

8(B) < s(w(B) —k+1), (18)

where f3 is a braid on k strands with the closure B and w(f) is its writhe number.
The slice-Bennequin inequality provides one of the upper bounds for the Thurston—
Bennequin number of Legendrian links (see below). It was originally proved by Lee
Rudolph [38] using gauge theory. The approach via the Rasmussen invariant and
Khovanov homology avoids gauge theory and symplectic Floer theory and results
in a purely combinatorial proof.

Remark. Since Rasmussen’s construction relies on the existence and convergence
of the Lee spectral sequence, the Rasmussen invariant can be defined for only the
even nonreduced Khovanov homology. In fact, a knot might not have any rational
homology in the homological grading 0 of the odd Khovanov homology at all; see
Fig. 12 below.

4.2 Bounds on the Thurston-Bennequin Number

Another useful application of the Khovanov homology is in finding upper bounds on
the Thurston-Bennequin number of Legendrian links. Consider R? equipped with
the standard contact structure dz— ydx. A link K C R3 is said to be Legendrian if it is
everywhere tangent to the 2-dimensional plane distribution defined as the kernel of
this 1-form. Given a Legendrian link K, one defines its Thurston—Bennequin number
tb(K) as the linking number of K with its push-off K’ obtained using a vector field
that is tangent to the contact planes but orthogonal to the tangent vector field of K.
Roughly speaking, rb(K) measures the framing of the contact plane field around K.
It is well known that the TB-number can be made arbitrarily small within the same
class of topological links via stabilization but is bounded from above.
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Definition 4.3. For a given topological link L, let tb(L), the TB-bound of L, be
the maximal possible TB-number among all the Legendrian representatives of L. In
other words, 1b(L) = maxg {tb(K)}, where K runs over all the Legendrian links in
RR3 that are topologically isotopic to L.

Finding TB-bounds for links has attracted considerable interest lately, since such
bounds can be used to demonstrate that certain contact structures on R? are not iso-
morphic to the standard one. Such bounds can be obtained from the Bennequin and
slice-Bennequin inequalities, degrees of HOMFLY-PT and Kauffman polynomials,
knot Floer homology, and so on (see [28] for more details). The TB-bound coming
from the Kauffman polynomial is usually one of the strongest, since most of the
others incorporate another invariant of Legendrian links, the rotation number, into
the inequality. In [28], Lenhard Ng used Khovanov homology to define a new bound
on the TB-number.

Theorem 4.4 (Ng [28]). Let L be an oriented link. Then

(L) < min{k| P 4 (L:R) # 0}. (19)

j—i=k

Moreover, this bound is sharp for alternating links.

This Khovanov bound on the TB-number is often better than those that were
known before. There are only two prime knots with up to 13 crossings for which the
Khovanov bound is worse than the one coming from the Kauffman polynomial [28].
There are 45 such knots with at most 15 crossings.

Example 4.5. Fig. 11 shows computations of the Khovanov TB-bound for the
(4,—5)-torus knot. The Khovanov homology groups in (19) can be used over any
ring R, and this example shows that the bound coming from the integral homology is
sometimes better than that from the rational homology, due to a strategically placed
torsion. It is interesting to note that the integral Khovanov bound of —20 is computed
incorrectly in [28]. In particular, this was one of the cases in which Ng thought that
the Kauffman polynomial provided a better bound. In fact, the TB-bound of —20 is
sharp for this knot.

The proof of Theorem 4.4 is based on the long exact sequences (17) and hence
can be applied verbatim to the reduced as well as the odd Khovanov homology. By
making appropriate adjustments to the grading, we immediately get [42] that

tb(L) §—l+min{k| a5 %E’j(L;R);AO}, (20)
joick
(L) §—1+min{k| B A (L:R) 790}. @1

j—i=k

As it turns out, the odd Khovanov TB-bound is often better than the even one.
In fact, computations performed in [42] show that the odd Khovanov homology
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Fig. 11 Khovanov TB-bound for the (4, —5)-torus knot
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Fig. 12 Khovanov TB-bounds for the knot 12},

odd reduced Khovanov homology
TB-bound equals -3

provide the best upper bound on the TB-number among all currently known bounds
for all prime knots with at most 15 crossings. In particular, the odd Khovanov TB-
bound equals the Kauffman bound on all the 45 knots with at most 15 crossings
where the latter is better than the even Khovanov TB-bound.

Example 4.6. The odd Khovanov TB-bound is better than the even Khovanov
bound and equals the Kauffman bound for the knot 12}},5, as shown in Fig. 12.
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4.3 Finding Quasialternating Knots

Quasialternating links were introduced by Ozsvéth and Szabé in [32] as a way to
generalize the class of alternating links.

Definition 4.7. The class 2 of quasialternating links is the smallest set of links
such that

* the unknot belongs to 2;

e ifalink L has a planar diagram D such that the two resolutions of this diagram at
one crossing represent two links, Ly and L;, with the properties that Ly,L; € 2
and det(L) = det(Lo) + det(L ), then L € 2 as well.

Remark. It is well known that all nonsplit alternating links are quasialternating.

The main motivation for studying quasialternating links is the fact that the double
branched covers of S° along such links are so-called L-spaces. A 3-manifold M is
called an L-space if the order of its first homology group H is finite and equals the
rank of the Heegaard—Floer homology of M (see [32]). Unfortunately, due to the
recursive style of Definition 4.7, it is often highly nontrivial to prove that a given
link is quasialternating. It is equally challenging to show that it is not.

To determine that a link is not quasialternating, one usually employs the fact
that such links have homologically thin Khovanov homology over Z and knot Floer
homology over Z, (see [27]). Thus, ZH-thick knots are not quasialternating. There
are 12 such knots with up to 10 crossings. Most of the others can be shown to
be quasialternating by various constructions. After the work of Champanerkar and
Kofman [7], there were only two knots left, 94¢ and 10149, for which it was not
known whether they were quasialternating. Both of them have homologically thin
Khovanov and knot Floer homologies.

As it turns out, odd Khovanov homology is much better at detecting quasialter-
nating knots. The proof of the fact that such knots are ZH-thin is based on the long
exact sequences (17), and therefore, can be applied verbatim to the odd homology as
well [29]. Computations show [42] that the knots 946 and 10149 have homologically
thick odd Khovanov homology and hence are not quasialternating; see Figs. 13
and 14.

Remark. 1t is worth mentioning that the knots 94¢ and 10149 are (3,3,—3)- and
(3,4, —3)-pretzel knots, respectively (see Fig. 15 for the definition). Computations
show that (n,n,—n)- and (n,n+ 1,—n)-pretzel links for n < 6 all have torsion of
order n outside of the main diagonal that supports the free part of the homology.
This suggests a certain n-fold symmetry on the odd Khovanov chain complexes for
these pretzel links that cannot be explained by the construction.

Remark. Joshua Greene has recently determined [11] all quasialternating pretzel
links by considering 4-manifolds that are bounded by the branched double covers of
the links. In particular, he found several knots that are not quasialternating, yet both
H-thin and OH-thin. The smallest such knotis 115,.
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Fig. 13 Khovanov homology of 946, the (3,3, —3)-pretzel knot
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Fig. 14 Khovanov homology of 1014, the (3,4, —3)-pretzel knot
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4.4 Detection of the Unknot

It was recently showed by Kronheimer and Mrowka [25] that Khovanov homology
detects the unknot. More specifically, they proved that a knot is the unknot if and
only if its reduced Khovanov homology has rank 1. This developmentis a major step
toward proving a longstanding conjecture that the Jones polynomial itself detects the
unknot.
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Tropical and Algebraic Curves
with Multiple Points
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To Oleg Yanovich Viro on the occasion of his 60th birthday

Abstract Patchworking theorems serve as a basic element of the correspondence
between tropical and algebraic curves, which is a core area of tropical enumerative
geometry. We present a new version of a patchworking theorem that relates plane
tropical curves to complex and real algebraic curves having prescribed multiple
points. It can be used to compute Welschinger invariants of nontoxic del Pezzo
surfaces.

Keywords Patchworking ¢ Tropical curve ¢ Multiple point ¢ Welschinger
invariant ¢ Del Pezzo surface

1 Introduction

The patchworking construction in the toric context originated in a method suggested
by Viro in 1979-1980 for obtaining real algebraic hyperuricemia with a prescribed
topology [19-21]. Later it was developed and applied to other problems, in
particular to tropical geometry. Namely, it serves as in important step in the proof
of a correspondence between tropical and algebraic curves, which in turn is central
to enumerative applications of tropical geometry (see, e.g., Mikhalkin foundational
work [9] and other versions and modifications in [10, 13, 15, 17]). We continue the
latter line and present here a new patchworking theorem. The novelty of our version
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is that it allows one to patchwork algebraic curves with prescribed multiple points,
whereas similar existing statements in tropical geometry apply only to nonsingular
or nodal curves.!

The results cited are restricted to the case of curves in toric varieties (e.g., the
plane blown up in at most three points). Since the consideration of curves on a
blown-up surface is equivalent to the study of curves with fixed multiple points on
the original surface, one can apply tropical enumerative geometry to count curves
on the plane blown up at more than three points. This approach naturally leads to
the following question: What are the plane tropical curves that correspond (as non-
Archimedean amoebas or logarithmic limits) to algebraic curves with fixed generic
multiple points on toric surfaces? The question appears to be more complicated than
that resolved in [9, 13], and no general answer is known so far.

The goal of the present paper is to prove a patchworking theorem for a specific
sort of plane tropical curves, i.e., we show that each tropical curve in the chosen class
gives rise to an explicitly described set of algebraic curves on a given toric surface,
in a given linear system, of a given genus, and with a given collection of fixed
points with prescribed multiplicities (Theorem 2, Sect. 3). Furthermore, in the real
situation, we compute the contribution of the constructed curves to the Welschinger
invariant (Theorem 3, Sect. 3).

In fact, we do not know all the tropical curves that may give rise to the above-
mentioned algebraic curves, and furthermore, we restrict our patchworking theorem
to a statement that is sufficient to settle the following two problems:

* Prove recursive formulas of Caporaso—Harris type for the Welschinger invariants
of (P! )%072), the quadric hyperboloid, blown up at two imaginary points, and for
]P’(Zkﬂ), k+21<5,1< 1, the plane, blown up at k generic real points and at / pairs
of conjugate imaginary points [6].

e Establish a new correspondence theorem between algebraic curves of a given
genus in a given linear system on a toric surface and some tropical curves, and
find new real tropical enumerative invariants of real toric surfaces [18].

We mention here an important consequence of the former result.

Theorem 1. ([6]) Let X be one of the real del Pezzo surfaces (IP’I)?OQ), ]P)%k 21 k+
21 <5,1< 1, andlet D C X be a real ample divisor. Then the Welschinger invariants
Wo(Z, D) corresponding to the totally real configurations of points are positive, and

they satisfy the asymptotic relation

1 2,nD 1 Wo (2, nD
llm OgWO( ’n ):llm OgG 0( 7n )

== *KZD7
n—yoo n]ogn n—eo nlogn

where GWy(Z,D) are the genus-zero Gromov—Witten invariants.

IRephrasing Selman Akbulut, who called Viro’s disciples “little Viros,” our contribution is a “little
patchworking theorem” descended from “Viro’s great patchworking theorem.”
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2

A similar statement for all the real toric del Pezzo surfaces except for (Pl)(o‘z)

has been known previously [4, 5].

Preliminary notation and definitions. If P C R" is a pure-dimensional lattice
polyhedral complex, dimP = d < n, by |P| we denote the lattice volume of P,
counted so that the lattice volume of a d-dimensional lattice polytope A C R” is
the ratio of the Euclidean volume of A and the minimal Euclidean volume of a
d-dimensional lattice simplex in the linear d-subspace of R" parallel to the affine
d-space spanned by A. In particular, |P| = #P if P is finite.

Given a lattice polyhedron A, by Torg(A) we denote” the toric variety over a
field K associated with A, and by £ we denote the tautological line bundle (i.e.,
the bundle generated by the monomials z®, @ € A, as global sections). The divisors
Tork (o) C Torg(A) corresponding to the facets (faces of codimension 1) ¢ of A,
we call roric divisors. By Tork(dA) we denote the union of all the toric divisors in
Tork (A).

The main field we use is K = [J,,~; C((t'/™)), the field of locally convergent
complex Puiseux series possessing a non-Archimedean valuation

Val: K* - R, Val <Zartr> = —min{r : a, #0}.
r

Define
ini (Zartr) =a,, where v=—Val <Zart’) .

The field K is algebraically closed and contains a closed real subfield K =
Fix(Conj), Conj(X, a,") =Y, a,t".

We recall here the definition of Welschinger invariants [23], restricting ourselves
to a particular situation. Let X be a real unnodal (i.e., without (—n)-curves, n > 2)
del Pezzo surface with a connected real part RX, and let D C X be a real ample
divisor. Consider a generic configuration @ of ¢;(X) - D — 1 distinct real points of X.
The set R(D,®) of real (i.e., complex-conjugation-invariant) rational curves C €
|D| passing through the points of @ is finite, and all these curves are nodal and
irreducible. Put

W(Zvaw): Z (_l)s(C)7
CEeR(D,w)

where s(C) is the number of solitary nodes of C (i.e., real points where a local
equation of the curve can be written over R in the form x> +y> = 0). By
Welschinger’s theorem [23], the number W (X, D, ») does not depend on the choice
of a generic configuration ®, and hence we simply write W (Z,D), omitting the
configuration in the notation of this Welschinger invariant.

2We omit the subscript in the complex case, writing simply Tor(A).
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In what follows, we shall use a generalized definition of the Welschinger sign of
a curve. Namely, let C be a real algebraic curve on a smooth real algebraic surface Z,
and let p C X be a conjugation-invariant finite subset. Assume that C has no singular
local branches (i.e., is an immersed curve). Then we define the Welschinger sign

Wep(C) = (—1)"C*P) where s(C,Zp)= 3, s(C.2), (1)
z€Sing(C")

C’ being the strict transform of C under the blowup of X at p, and s(C',z7) is the
number of solitary nodes in a local §-const deformation of the singular point z of C’
into 6(C’, z) nodes, where § denotes the §-invariant of singularity (i.e., the maximal
possible number of nodes in its deformation). It is evident that s(C’,z) is correctly
defined modulo 2, and hence Wy ;(C) is well defined.

Organization of the material. In Sect. 2, we set forth the geometry of plane tropical
curves adapted to our purposes, finishing with the definition of weights of tropical
curves that in the complex case, designate the number of algebraic curves associated
with the given tropical curves in the further patchworking theorem, and in the real
case designate the contribution of the real algebraic curves in the associated set to
the Welschinger number. In Sect. 3, we provide two patchworking theorems, the
complex theorem and the real theorem, in which we explicitly construct algebraic
curves associated with the tropical curves under consideration.

2 Parameterized Plane Tropical Curves

For the reader’s convenience, we recall here some basic definitions and facts about
tropical curves that we shall use in the sequel. The details can be found in [8,9, 12].

2.1 Definition

An abstract tropical curve is a compact graph T without divalent vertices and
isolated points such that T' = 1_"\1"90, where T is the set of univalent vertices,
is a metric graph whose closed edges are isometric to closed segments in R, and
nonclosed edges I — ends are isometric to rays in R or to R itself. Denote by T‘O,
respectively IV, the set of vertices of T, respectively T, and split the set T of edges
of T into T'L, the set of I'-ends, and T"!, the set of closed (finite-length) edges of T".
The genus of T'is g = b (') — bo(T') + 1.

A plane parameterized tropical curve (PPT-curve for short) is a pair (T, 1), where
T is an abstract tropical curve and 4 : T' — R? is a continuous map whose restriction
to any edge of I" is a nonzero Z-affine map and that satisfies the following balancing
and nondegeneracy conditions at any vertex v of I': For each v € T,
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Y dh(n(e) =0, 2

=l
vee, ecl”

and »
Span{dhv(fv(e)), vee, ecl’ } :Rz,

where 7,(e) is the unit tangent vector to an edge e at the vertex v. The degree of a
PPT-curve (T, %) is the unordered multiset of vectors {d(7(e)) : e € TL}, where
7(e) denotes the unit tangent vector of a I'-end e pointing to the univalent vertex.
Observe that
Y, dh(t(e)) =0, (3)

ecT’L

which follows immediately from the balancing condition (2). We shall also use
another form of the I'-end-balancing condition. For each I'-end e pick any point
x, € h(e\TY). Then

Y. (Rrja(dh(t(e))).xe) =0, )

ecTL

where R/, is the (positive) rotation by /2. This is an elementary consequence
of the material discussed in the next section: one can lift a PPT-curve to a plane
algebraic curve over a non-Archimedean field, consider the defining polynomial,
and then use the fact that the product of the roots of the (quasihomogeneous)
truncations of this polynomial on the sides of its Newton polygon is 1. We leave
the details to the reader.

Since dh,((t,(e)) € Z*, we have a well-defined positive weight function
w:T' — Z in the relation dhy(7,(e)) = w(e)u,(e) with u,(e) the primitive integral
tangent vector to /(e), emanating from A (v). In the sequel, when modifying tropical
curves, we speak of changes of edge weights, which in terms of 4 and T means that
h remains unchanged, whereas the metric on the chosen edges is multiplied by a
constant.

Observe that a connected component of 1_"\F , where F is finite, naturally induces
a new PPT-curve (further on referred to as induced) when one is making the metric
on the nonclosed edges of that component complete and respectively correcting the
map & on these edges. These induced curves and the unions of a few of them, coming
from the same "\ F, are called PPT-curves subordinate to (T, h).

The deformation space M(T,h) of a PPT-curve (T, h) is obtained by variation
of the length of the finite edges of I and combining /# with shifts. It can be
identified with an open rational convex polyhedron in Euclidean space, and its
closure M(T', k) can be obtained by adding the boundary of that polyhedron that
corresponds to PPT-curves with some edges e € T'' contracted to points.

Deformation-equivalent PPT-curves are often said to be of the same combinato-
rial type. The degree and the genus are invariants of the combinatorial type as well
as the following characteristics. We call a PPT-curve (T, /)

e [rreducible if T is connected,
e Simple if T is trivalent and
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o Pseudosimple if for any vertex v € I'? incident to m > 3 edges ey, es,...,epn,
one has u,(e;) # u,(ej), 1 < j < m, and only two distinct vectors among

uy(ez),...,uy(em).

In the latter case, an edge e; emanating from a vertex v € I' of valency m > 3 is
called simple if u,(e;) # u,(e;) for all j # i, and is called multiple otherwise.

2.2 Newton Polygon and Its Subdivision Dual to a Plane
Tropical Curve

Given a PPT-curve Q = (T, 1), the image T = h(T") C R is a finite planar graph that
supports an embedded plane tropical curve (EPT-curve for short) 7,.Q := (T, h.w)
with the (edge) weight function

how:T' =7, hw(E)= > wle).
ecT!, h(e)DE

The respective balancing condition immediately follows from (2). Furthermore,
there exist a convex lattice polygon A C R? (different from a point) and a convex
piecewise linear function

fr:R? =R, fx)= max ((0,x)+cp), x€R?, ®)
®eANZ?

such that

e T is the corner locus of fr

e For any two linearity domains D,D, of fr corresponding to linear functions
in formula (5) with gradients m, @,, respectively, and having a common edge
E=DiND,of T, one has @ — 0 = h.w(E) -u(E), where u(E) is the primitive
integral vector orthogonal to E and directed from D; to D».

Here the polygon A, called the Newton polygon of Q, is defined uniquely up to a
shift in R?, and f7 is defined uniquely up to addition of a linear affine function.

The Legendre function vy : A — R dual to fr is convex piecewise linear, and
its linearity domains define a subdivision S7 of A into convex lattice subpolygons.
This subdivision S7 is dual to the pair (R?,T') in the following way: there is a 1-to-1
correspondence between the faces of subdivision of R? determined by 7 and the
faces of subdivision S7 such that (i) the sum of the dimensions of dual faces is 2,
(i1) the correspondence inverts the incidence relation, (iii) the dual edges of T and
St are orthogonal, and the weight of an edge of T equals the lattice length of the
dual edge of S7. In particular, if V = (¢, 8) is a vertex of T, then Vvy = (—a, —f3)
along the dual polygon Ay of the subdivision S7.
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Furthermore, we can obtain extra information on the subdivision S7 out of the
original PPT-curve Q. Namely,

* Witheachedgee € T we associate a lattice segment o, that is orthogonal to /(e)
and satisfies |o,| = w(e).

« With each vertex v € T we associate a convex lattice polygon A, whose sides
are suitable translates of the segments o,, e € l_"l, v € e. Denote by 0, the side
of A, that is a translate of 6, and whose outward normal is dh,(7,(e)).

Let a polygon Ay of the subdivision St be dual to a vertex V of 7. Then (up to a
shift)

Ay = > oo+ Y A (6)
el ver?
Int(e)Nh=! (V)0 h(v)=v

In this connection, we can speak of Vv along the polygons A, appearing in (6).

A EPT curve T is called nodal if the dual subdivision St consists of triangles and
parallelograms, i.e., if the nontrivalent vertices of T are locally intersections of two
straight lines. A nodal EPT curve canonically lifts to a simple PPT curve when one
resolves all nodes of the given curve.

2.3 Compactified Tropical Curves

For a given convex lattice polygon A different from a point, we define a com-
pactification RX of R? in the following way. If dimA = 2, we identify R? with
the positive orthant (R-)? by coordinatewise exponentiation, then identify (R~q)?
with the interior of Ri := Torg (A)+ ~ A, the nonnegative part of the real toric
variety Torg (A), via the moment map

0]
_ Locanz2 X0

Z z_xw 3 X E (R>0)2.
WEANZ

p(x)

If A is a segment, then we take A’ = A x ¢, ¢ being a transverse lattice segment, and
define Ri as the quotient of ]Ri/ by contracting the sides parallel to o. We observe
that the rays in R? directed by an external normal u to a side & of A and emanating
from distinct points on a line transverse to o close up at distinct points on the part
of d(IR}) corresponding to the interior of ¢ in the above construction.?

So we can naturally compactify a PPT-curve (T, &) into (T, /) by extending & up
toamap: T — RX.

3Clearly, the rays directed by vectors distinct from any exterior normal to sides on A close up at
respective vertices of Ri.
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2.4 Marked Tropical Curves

An abstract tropical curve with n marked points is a pair (T',G), where T is an
abstract tropical curve and G = (¥1,...,%) is an ordered n-tuple of distinct points
of T. We say that a marked tropical curve (T',G) is regular if each connected
component of '\ G is a tree containing precisely one vertex from I'Y.. Furthermore,
a marked tropical curve (T, G) is called

 End-marked, if GNT? = 0 and the points of G lie on the ends of T, one on each
end.

* Regularly end-marked if GNT? = 0, the points of G lie on the ends of T, and
(T, G) is regular.

A parameterization of a (compact) plane tropical curve with marked points is a
triple (T', G, h), where (T, G) is a marked abstract tropical curve, and (T, ) is a PPT-
curve. We define the deformation space M (T, G,fz) by fixing the combinatorial type
of the pair (T', G) (G being an ordered sequence). It can be identified with a convex
polyhedron in RV, where the coordinates designate the two coordinates of the image
h(v) of a fixed vertex v € T, the lengths of the edges e € T'', and the distances
between the marked points lying inside edges of I to some fixed points inside these
edges (chosen one on each edge); cf. [1]. Further on, the deformation type of a
marked PPT-curve will be called a combinatorial type.

Lemma 1. Let A be a convex lattice polygon, X = (x1,...,X,) a sequence of points
in Ri (not necessarily distinct). Then there exists at most one n-marked regular
PPT-curve (T, G, h) with the Newton polygon A and with a fixed combinatorial type
such thath(y) =x;, S €G,i=1,...,n

Proof. If such a marked PPT-curve exists, it is sufficient to uniquely restore each
connected component of T'\ G, and hence the general situation reduces to the case of
an irreducible rational PPT-curve (a subordinate curve defined by such a connected
component) with [T%| — 1 = || — 1 marked univalent vertices. We proceed by
induction on |1_"l |. The base of induction, i.e., the case |1_“] | = 1, is evident. Assume
that [T'| > 1.

If there are two I'-ends e}, e, with marked points that emanate from one vertex
v € TV and are mapped into the same straight line by %, then either i(e;) = h(e3), in
which case we replace ey, e; by one end of weight w(el) + w(ey) and respectively
replace two marked points by one, thus reducing \1" | by 1 and keeping the
irreducibility and the rationality of the tropical curve, or i(e;) and %(ey) are the
opposite rays emanating from 4(v), in which case we remove the T'-end with lesser
weight, leaving the other with weight |w(e;) — w(ez)], thus reducing |1_"l | by 1 or 2.

If there are no I'-ends as above, from

=T =1 and 3| <2-|F'|+ T
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we deduce that [T| < |T'L| —2. Hence there are two nonparallel T'-ends with marked
points that merge to a common vertex v € I', which thereby is determined uniquely.
So we remove the above I'-ends and the vertex v from T, then extend the other edges
of T coming to v up to new ends and mark on them the points mapped to /(v). Thus,
the induction assumption completes the proof. ad

2.5 Tropically Generic Configurations of Points

Let A be a convex lattice polygon, x = (x1,...,X;) a sequence of distinct points in
Ri such thatx; € 0;, 1 <i<r, where 6y,...,0, C Ri correspond to certain sides of
A, andx; € R? CR3, r < i <k. Leti = (my,...,m) be a sequence of nonnegative
integers, called weights of the points x1,...,x;, respectively. A subconfiguration of
(x,m) is a configuration (x,7’) with m’ < m (componentwise).

Let C be a combinatorial type of an irreducible end-marked PPT-curve with
Newton polygon A, with m = m; + --- +my I'-ends and marked points y;,..., .
A weighted configuration (¥,7) is called C-generic if there is no end-marked
irreducible PPT-curve (T, G, k) of type C such that (G) = (¥,7), i.e.,

h(y) =xi, Yom;<i<Ymj, i=1,...k

j<i J<i

A weighted configuration (¥,71) is called A-generic if it together with all its
subconfigurations is generic with respect to the combinatorial types of end-marked
irreducible PPT-curves that have m < |JANZ?| T-ends and directing vectors of
all edges orthogonal to integral segments in A. A (nonweighted) configuration ¥ is
called A-generic if all possible weighted configurations (¥, 71) are A-generic.

Lemma 2. The A-generic configurations with rational coordinates X = (x1,...,Xy)
C Ri such thatx; € 0;, 1 <i<r x; e R% r<i<k form a dense subset of o] X
—ox oy x (REkT,

Proof. Notice that there are only finitely many (up to the choice of edge weights)
combinatorial types of end-marked irreducible PPT-curves under consideration and
only finitely many weight collections 7 to consider. We shall prove that for any
such combinatorial type C of end-marked irreducible PPT-curves, the image of the
natural evaluation map Ev : M(C) — o7 X --- x 0, x (R?)¥~" is nowhere dense, and
hence is a finite polyhedral complex of positive codimension. This would suffice for
the proof of the lemma due to the aforementioned finiteness.

Thus, assuming that an end-marked irreducible curve (T, G, /) of type C matches
a weighted rational configuration (¥,77), we shall show that this imposes a nontrivial
relation on the coordinates of the points of X and hence complete the proof. This is,
in fact, a direct consequence of (4). We explain this in detail, however, since formally
one can assume that all the points of ¥ are multiple, and for each point x; € X, the
corresponding scalar products in (4) sum to zero.
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Since any point x; € X lying on 8Rﬁ is a univalent vertex for some ends of T’
whose /-images lie on the same straight line, by pushing all the points of ¥ N 8R§
along the corresponding lines, we can make ¥ C R?. Take an irrational vector a € R?
and choose the point x; € ¥ with the maximal value of the functional (a,x). Notice
that there is no vertex v € I'" with (a,h(v)) > (a,x;), since otherwise, due to the
balancing condition (2), one would find an end e of T" with 4(e) lying entirely in the
half-plane (a,x) > (a,x;), contrary to our assumptions. Hence, for each end e € T,
with h(e) passing through x;, we have (a, T(e)) > 0, which yields that

Y, m.-dh(t(e)) #0
eEFL
x;€h(e)

for any positive integers m,, and which finally implies that (some of) the coordinates
of x; enter relation (4) with nonzero coefficients. a

Lemma 3. Let X be a A-generic configuration of points, Q = (F,G,E) a marked
regular PPT-curve with Newton polygon A that matches X. Then

(i) (h)'(¥) =G B
(ii) If K is a connected component of T\ G, then its edges can be oriented in such
a way that

(a) The edges merging to marked points emanate from these points.

(b) The unmarked I'-end is oriented toward its univalent endpoint.

(c) From any vertex v € K° there emanates precisely one edge, and this edge
is simple.

Remark 4. 1t follows from Lemma 3 that if an edge of I" is multiple for both of its
endpoints and contains a marked point inside that matches a point x € X, then all the
other edges joining the same vertices contain marked points matching x.

Proof of Lemma 3. (i) Assume that there is a point y € (h)~!(¥) \ G. It belongs to
a component K of T'\ G, which is a tree due to the regularity of the considered
marked tropical curve, and hence is cut by ¥ into two trees K, K>, and only one
of them, say K|, contains a I"-end free of marked points. Then marking the new
point y, we obtain that the irreducible (rational) PPT-curve induced by Kj is
end-marked and matches a subconfiguration of X, contrary to its A-genericity.

(i) Observe that the image of the unmarked ray does not coincide with the image
of any other edge of K, which follows immediately from the statement (i).

Next we notice that if p is a vertex of K, e a multiple edge merging to p, then the
connected component K (e) of K\ {p}, starting with the edge e, does not contain the
unmarked K-end. Indeed, otherwise, we consider another edge ¢’ of K merging to
p so that up,(e’) = u,(e). Then we take the graph K \ K(e), multiply the weights of
the edges of the component K(¢') of K\ {p} starting with ¢’ by w(e) +w(e’), and
multiply the weights of the edges in K \ (K(e) UK (e')) by w(e’), where w(e),w(e’)
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are the weights of e and ¢’ in K, in order to preserve the balancing condition at the
vertex p, and thereby the newly weighted K \ K (e) induces an end-marked (rational)
PPT-curve matching the A-generic configuration ¥, a contradiction.

It follows from the latter observation that K has no edge that is multiple for both
of its endpoints. Indeed, otherwise we would have two vertices vi,v, € KO, joined
by an edge e € K!, multiple for both v; and v,, and then would obtain that the
unmarked K-end is contained either in the component of K \ {v; } starting with e, or
in the component of K \ {v,} starting with e, contrary to the above conclusion.

Finally, we define an orientation of the edges of K, opposite to the required one.
Start with the unmarked K-end and orient it toward its multivalent endpoint. In any
other step, in arriving at a vertex v € K along some edge, we orient all other edges
merging to v outward. Since K is a tree, the orientation smoothly extends to all of its
edges. The preceding observations confirm that any edge e oriented in this manner
toward a vertex v € E is simple for v. ([

2.6 Weights of Marked Pseudosimple Regular PPT-Curves

In this section, Q = (T',G,h) is always a regular marked pseudosimple PPT-curve.
Set Goo. = GNTY and Gy = G\ G.., and put ¥ = h(G), ¥ = h(G..). Throughout this
section we assume that

(T1) No edge of T" is multiple for two vertices of I".
(T2) Gy does not contain vertices of valency greater than 3.
(T3) xis A-generic.

In particular, by Lemma 3, we have that () ~!(¥) = G.

Complex weights. We define the complex weight of a PTT-curve Q = (T, G, h) as

M(Q) = [ M) [T M(Q.e)- [TM(Q,7), 7

vero0 ecT! yeG

where the values M(Q,v),M(Q,e),M(Q,7y) are computed according to the follow-
ing rules:
(M1) M(Q,e) =w(e) foreachedge e € T"'.
(M2) M(Q,y) =1 for each y € GN (TP UTY), and M(Q,y) = w(e) for each
yeG\ (TUTY), yceeT.
To define M(Q,v), v € T, we introduce some notation: We denote by A, the
lattice triangle whose boundary is composed of the vectors dh(7,(e)), rotated

clockwise by /2, where e runs over all the edges of T" emanating from v. Next,
we put the following:

(M3) If v e TN G, then M(Q,v) = |A,|.
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(M4) If v € TO\ Gis trivalent, then it belongs to a connected component K of T'\ G,

which we orient as in Lemma 3(ii) and thus define two edges ej,e; € T
merging to v. In this case we put M(Q,v) = |A,|(w(e;)w(ey)) L.

(M5) Letv e I be of valency s+r+1 >3, where | <r <, 2 <s, and let ¢;,
i=1,...,s+r+1,be all the edges with endpoint v, so that the edges ¢;, 1 <
i <s, have a common directing vector u, (e} ), the edges ¢;, s < i < s+ r, have
a common directing vector u,(es11), and ey, is a simple edge emanating
from v along the orientation of Lemma 3(ii). Consider a rational PPT-curve
0O, induced by the graph T, = {v} U, "' e; C T, pick auxiliary marked
points ¥ € ¢;\ {v},i=1,...,s+r,insuchaway that h(y) =y € R®as 1 <i<
s,and h(y;) =y" € R? as s < i < s+ r. Then we replace y’ (respectively y”) by
a generic set of distinct pointsy;,...,y, close toy’ (respectively distinct points
Yty Ysrr close toy”), and take rational regularly end-marked PPT-curves
of degree {dh(7,(e;i))}i=1,.s+r+1 matching the configuration yy,...,y,,,, s0
that the s-image of the I'-end of weight w(e;) with the directing vector u, (e;)
passes through the point y;, i = 1,...,s +r (see Fig. 1).* By [9, Corollaries
2.24 and 4.12], the set T of these PPT-curves is finite, and they all are simple.
Then put

M(Q.v)= 3 M(Q), ®)
Q'eT

where all terms M (Q’) are computed by formula (7) and the rules (M1)-(M4).

Remark 5. (1) We point out that the right-hand side of (8) does not depend on the
choice of the configuration (y;)i=1.. st+r+1, Which follows from [1, Theorem 4.8]
(observe that the degree of the evaluation map as in [1, Definition 4.6] coincides
with the right-hand side of (8) in our situation). Slightly modifying the Mikhalkin
correspondence theorem [9, Theorem 1], one can deduce that M(Q,v) as defined
in (8) equals the number of complex rational curves C on the toric surface Tor(A,)
such that

 C belongs to the tautological linear system |Ly, |.

* For each side o of A,, the intersection points of C with toric divisor Tor(c) C
Tor(A,) are in 1-to-1 correspondence with the T-ends of the tropical curves
from T orthogonal to o, C is nonsingular along Tor(c), and the intersection
multiplicities are respectively equal to the weights of the above I"-ends.

 C passes through a generic configuration of s+ r+ 1 points in Tor(A, ).

Furthermore, 7 consists of just one curve since r = 1. Indeed, its dual subdivision
of the Newton triangle A, must be as described above with the order of segments
dual to the parallel I™-ends, which is determined uniquely by the disposition of the

points yq,...,Y,.

“4Notice that by construction there is a canonical 1-to-1 correspondence between the ends of Q,
and the ends of any of the curves obtained in the deformation.
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F/

h(€s+1)7 s h(€r+s)

Fig. 1 Local deformation of a tropical curve in (M5)

(2) If Q is simple, i.e., all the vertices of I" are trivalent, then (7) gives

M(Q) _ HVEF" ‘AV|

a Hyer, yeeel'L w(e)’

©))

which generalizes Mikhalkin’s weight introduced in [9, Definitions 2.16 and
4.15], and coincides with the multiplicity of a tropical curve from [1].

Real weights. A PPT-curves Q = (T',G,h) equipped with the additional structure
of a continuous involution ¢ : (T, G,h) — (T, G,h) and a subdivision G = RGUSIG
invariant with respect to c is called real.

Clearly, 3T := T\ RT, where RT = Fix C|F consists of two disjoint subsets 3T,

ST interchanged by c.
Given a real PPT-curve Q, we can construct a (usual) PPT-curve Q/c =
(T/c,G/c,h/c). Notice that the weights of the edges obtained here by identifying
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ST and ST are even. Conversely, given a (usual) PPT-curve Q = (T, G, %) and a
set [ (1_"]) C T that includes only edges of even weight, we construct a real PPT-
curve Q' = (I:I,G' ,E’) as follows: (i) Put K =J, er™)

gluing up T’ with another copy K’ of K at the Vertlces of I', common for K and the
closure of I:\K . (i1) The map 7 coincides on K and K’, whereas the weights of the
doubled edges are divided by 2 in order to keep the balancing condition. (iii) The
points of GNK are respectively doubled to K’. Finally, define an involution ¢ on Q'
interchanging K and K’, and define a subdivision G’ = RG' USG'.

We shall consider only real PPT-curves with the following properties:

e and obtain the graph r by

(R1) RT is nonempty and has no one-point connected component;

(R2) 3T has only univalent and trivalent vertices (if nonempty);

(R3) The marked points Gy N QT are not vertices of 3T;

(R4) 3G\ 3T is empty or consists of some trivalent vertices of T';

(R5) The closure of any component of 3T\ G contains a point from 3G.

Observe that the closure of 3T joins RI at vertices of valency greater than 3
(which are not in G by condition (T2)).
The real weight of a real PPT-curve Q is defined as

W(Q) = (=112 [T w(e.v)- [T w(.e)- [T W(Q,7),
ver? ecT’ 1€Go
|RGN ST 0= ISGNST| — by(3T)

é =
1 ) ) D) )

(10)

with W(Q,v),W(Q,e),W(Q,7y) computed along the following rules:

(W1) For an edge e C RT, put W(Q, e ) = 0 or 1 according to whether w(e) is even
or odd. For an edge e € T'!, e C ST, put W(Q,e)W(Q,c(e)) = w(e). For an
edgee € TL, e C 3T, putW(Q7 y=1.

(W2) Forye Gormr\ro put W(Q,7) = 1. For y e RGNTY, put W(Q,7) =
For y € 3G, y=v €T, put W(Q,y) = |A,|. For y € Gy, y € e C 3T, put

W(Q, W (Q,c(y)) = wle).

(W3) Fora vertexv € TONST, put W(Q,v)W(Q,c(v)) = (71)“9A"OZZ|M(Q,V) (see
condition (M4) for the definition of M(Q,v)). For a trivalent vertex v € n
RT, put W(Q,v) = (—1)mtan)nz?,

(W4) For a four-valent vertex v € I'’ incident to two simple edges from RT and two
multiple edges ¢/, ¢” from ST, put W(Q,v) = (1)t mz2‘|A [/(2w(e")).

(W5) Letv eIV be of valency >3 incident to

+ A simple edge e; C 9RT,

* BEdgese; CRT, 1 <i<r +1,and e C 3T, el C 3T, 1<i<s, for
some nonnegative ry, s1, all with the same directing vector u’ # u,(e1) and

o Edgese; CRT, ri+1<i<r +mn+1,and e, C 3T, el C 3T, 51 <
i < 51+ 52, for some nonnegative r,, s, such that rp +2s, > 2, all with the
same directing vector u” # u,(e),u
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Take the real PPT-curve O, induced by v and the edges emanating from v,
correspondingly restrict on @, the involution ¢, and introduce a finite c-invariant
set of marked points G, picking up one point on each edge emanating from v but
e1. Consider the PPT-curve Q,/c and perform with it the deformation procedure
described in (M5) (cf. Fig. 1), getting a finite set of si~mple rational regularly end-

marked PPT-curves. We turn any curve 0= (T, G ,h) from this set into a real
PPT-curve. Namely, first we include in the set I(T’ l) all the I'-ends that correspond
to the T'/c-ends of Q, from 3T, /c. Then we maximally extend the set / ( ) by
the following inductive procedure: If two edges fi,/> € 1 ( ) merge. to a vertex
pE I, then the third edge f3 emanating from p should be added to 7 ( ) Clearly,

by construction, the weights of the edges e € 1 (Fl) are even; hence we can make a
real PPT-curve Q' = (f/,G’ H ), letting RG' = G NRT, 3G = G/ N3T. Denoting
the final set of real PPT-curves by 7 and observing that their real weight W (Q') can
be computed by the above rules (W1-(W4), we define

= > W)

Q'eT

The fact that the latter expression does not depend on the choice of the perturbation
of the pointsy’, y” (cf. construction in (M5) and Fig. 1) follows from a more general
statement proven in [18].

Remark 6. (1) If ¢ =1d, 3G = 0, and Q is simple, we obtain the well-known
formula W(Q) = 0 when T contains an even weight edge, and W(Q) = (—1)¢,
a =Y, |Int(A)) NZ?|, when all the edge weights of T are odd (cf. [9,
Definition 7.19] or [13, Proposition 6.1], where in addition, deg Q consists of
only primitive integral vectors).

(2) If Qs rational, Q/c is simple, and G.. = RGNTY = RGNIT = 0, we obtain a
generalization of [15, Formula (2.12)] (in the version at arXiv:math/0406099).
Indeed, if RT contains an edge of even weight, we obtain W(Q) = 0 in (10)
due to (W1), and accordingly we obtain w(Q/c) = 0 in [15, Sect. 2.5] (in
the notation therein). If RT contains only edges of odd weight, then (under
assumption that the weights of the ends of I are 1) [15, Formula (2.12)] reads

W/ =1 1 - A

vel'n3G ve(T/c)ON(3T/c)

1D

with @ = ¥, (/0 [Int(Ay) N Z%|, b= [(T/e)° N (3T /c)], whereas in (10) we
obtain ¢; = 0 by the assumption RGNIT =0, ¢, = |(T/c)? N (3T /c)| due to
the rationality of Q and simplicity of Q/c, and furthermore, taking into account
that w(e) = 2w(e') = 2w(c(e')) fore = (' Uc(e'))/c € (T/c)!, e’ €T, ¢/ C 3T,
we compute the other factors in (10):
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H W(Q, V) _ H (_I)Hnt(Av)mZZ\ ) H (_I)WAVQZZ‘M(Q, V)
vero ver()\ﬁ {ve(n)}e(T/e)0N(3T/c)
A |
~ H (_I)Hnt(Av)ﬁZz\ 1=l
YERTNST/e wie)

veec3T/c, ec(T/c)!

H (_1)|Im(AV)ﬂZZ\ ) (_4)7|(1“/c)0ﬁ51"/c\ . H |Av‘
ve(T/c) ve(T/e)’n3T/e

T 2 2
w2~ |RCNIT H H ’
ec(T'/c)!, ec3T/c w(e) ec(T/c)!, ec3T/c w(e)
eNG/c#0
w(e
[Twee= Tl g !
ecT! ec(I'/c)!, ec3T/c
w(e
Mwen- I s %2
¥EGy veSGNRT ec(T/c)t, ec3T/c
eNG/c#0
which altogether gives (with a,b from (11))
a AV
W =0 I sl T e,
vel0n3G ve(T/c)ON(3T/c)

3 Patchworking Theorem

3.1 Patchworking Data

Combinatorial-geometric part. In the notation of Sect.2.6, let Q = (T, G,h) be a
pseudosimple irreducible regular marked PPT-curve of genus g that has a nonde-
generate Newton polygon A and that satisfies conditions (T1)—(T3) of Sect. 2.6.

Let Gy split into disjoint subsets Gy = Gém) U Gédm) such that Gém) Nro =

0 and h(G(()m)) ﬂh(G(()dm)) = (. We equip the points of Gy with the following
multiplicities:

o Ifye G™, putmt(y) =1.

 If y€ G is a (trivalent) vertex of T, put mt(y) = (1,1).

 If y€ G is not a vertex of T', put mt(y) = (1,0) or (0, 1).

In the sequel, by O we denote the PPT-curve Q equipped with the subdivision

Gp = G(()m) U Gédm) and the multiplicity function mt(7), v € Gy, as above.

Definition 7. A pair v,y of distinct points in Gy is called special if h(y) = h(y)
and mt(y) = mt(y'). A pair of parallel multiple edges e,e’ € T emanating from a
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m(m) =m(y) =1

V2 ey

voomoe

special pair of marked points (71, 72), special pair of edges (e, e5), special vertex v

Fig. 2 Illustration to Definition 7

vertex v € TV of valency greater than 3 is called special if there are disjoint open
connected subsets K,K’ of '\ {v} and a special pair of points y € K, ¥ € K’ such
that

* K contains the germ of e at v; K’ contains the germ of ¢’ at v
* There is a homeomorphism ¢ : K — K’ satisfying h| = h|, 0 @.

A vertex v € T” incident to a special pair of edges is called special. See Fig. 2.
Then we assume the following:

(T4) The edges in special pairs have weight 1, and at least one of the simple edges
emanating from a special vertex has weight 1.

(T5) Let e, ¢ be a special pair of edges emanating from a vertex v € T, and let
K, K’ be disjoint connected subsets of I'\ {v} as in Definition 7; then K UK’
contains at most one special pair of points of Gy.

(T6) A special pair of edges cannot be a pair of I'-ends and cannot be a pair of finite-
length edges that end up at a special pair 7,7 € T'” such that 4(y) = h(y') and
mt(y) = mi(y) = (1,1).

(T7) Leta vertex v € I'” be a special vertex, and let {ey,...,es} be a maximal (with
respect to inclusion) set of edges of I" incident to v and such that

» Each edge ¢; contains a point §; € Go, 1 <i <,
* h(yp)=--=h(y)andmt(y) = =mt(y).



448 E. Shustin

Suppose that dist(v,v;) < dist(v,vi+1), 1 <i<s, v € I \ {v} being the second
vertex of e;. Then we require

dist(v,79) > >, dist(¥%,vi) +2- dist(Y—1, vs—1)- (12)

1<i<s—1

Notice that in condition (T7), at most one edge e; is a I'-end (cf. (T6)), and it
must be e;.
We introduce also the semigroup

ZZg={o=(a1,00,...) : 0 €Z, 0>0,i=1,2,..., [{i 1 0 >0} <oo},

equipped with two norms

oo =2 0, lexlli = Doy,
=1 i=1

and the partial order
a>p & a-BeZ,.

For each side o of A, we introduce the vectors B¢ € ZZ; such that the coordinate 37

of B9 equals the number of the univalent vertices v € T, such that 4(v) € o C R}
and w(e) = i for the I™-end e merging to v, forall i = 1,2,.. ..

Algebraic part. Let X = Torg (A). The coordinatewise valuation map Val : (K*)? —
R? naturally extends up to Val : X — Ri. Letp C X := Torg(A) be finite and satisfy
Val(p) =¥ = h(G).> Suppose that

(A1) Each pointx € h(G™)) C ¥ has a unique preimage in p.

(A2) The preimage of each point x € h(G(dm)) C X consists of an ordered pair of

pOintSPl.JMPZ,x Gﬁ- _
(A3) There is a bijection y : p* — G.., where p™ := Val ! (¥*), ¥* = h(G..), such

that Val(p) = h(y(p)). p €™
(A4) The sequence p is generic among the sequences satisfying the above condi-
tions.

Define the multiplicity function g : p N (K*)? — Z-¢ such that:
e Forp € pn(K*)?, Val(p) = x € h(G™), put
pp)= X miy). (13)

y€G™, h(y)=x

3This means, in particular, that the points of ¥ have rational coordinates.
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* For the points p, ,,p, , Where Val(p, ) = Val(p, ) =x € h(GY9™), put

."L(pl,x> =my, ."L(p27x) =my, (mi,m)= z mt(7). (14)
YEGUM, h(y)=x

From this definition and from the count of the Euler characteristic of T, we derive

> oup)+ Pl =g—1. (15)

pepN(K*)?

Let A’ C R? be a convex lattice polygon such that there is another lattice polygon
(or segment, or point) A” satisfying A’ +A” = A. Then we have a well-defined line
bundle £, on Torg (A). Let p’ C p and u’ : p’ N (K*)? — Z~( be such that y’(p) <
p(p) for all p € p’. Let (B°) € ZZ,, 0 C dA, be such that (8°)" < B for all
sides o of A. We say that the tuple (A, g",p’", i/, {(B°) }scon), Where g’ € Z>o, is
compatible if

o |[(B9)|l1 = {c1(Ly), Torg (o)) for all sides & of A;

s (BO):>|{pep NTork(c) : w(p)=7y<€ecTl, wle)=i}|forall sides o of
Aandalli=1,2,..;

o g <|Int(A'NZ?*)| and

Y, W)+ g7l X 1B llo=g"~1.

pep'N(K*)? 0CoA

In view of (15) and [T2| = Y5c0allB%]l0, the tuple (A, 2.1, {B%}ocan) is
compatible.

For any compatible tuple (A',g".p’, ', {(B°) }scoa), We introduce the set
C(A,g'.p',m' {(B°) }s5con) of reduced irreducible curves C € |Ly| passing
through p’ and such that

 The points p € p’ Np* are nonsingular for C, and
(C-Torg (dA))p = w(e),
where Y = y(p) € G.., and e € T, merges to 7.
» The local branches of C centered at the points of C N Torg (dA) are smooth, and

for each side 0 of Aand eachi = 1,2, .. ., there are precisely ()] local branches
P of C centered at CN Torg (o) such that

(P-Torg(o)) =i, i=1,2,....

* Chas genus < g.
* Ateach point p € p' N (K*)?, the multiplicity of C is mt(C,p) > u'(p).
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‘We now impose new conditions on the algebraic pathchworking data:

(A5) For any compatible tuple (A',g".p',m’,{(B°) }5can), the set C(A',¢'.p',
m' ,{(B°) }scoa) is finite, and all the curves C € C(A', g',p",m’ ., {(B°) } 5con)
are immersed and have genus g’ and multiplicity mt(C,p) = m/(p) at each
point p € p’' N (K*)?; furthermore,

H'(CY,77(C")) =0, (16)

where CV is the normalization and Jz(C") is the (twisted with CV) ideal
sheaf of the zero-dimensional scheme Z C CV that contains the lift of p and
of the points of tangency of C and Torg(dA) on CV and that has length
(C-Torg (dA))y at the lift of p € pNTork (JA), and length (C - Torg (dA)), — 1
at the lift of each point z € CNTorg (JA) \ p.

Here we verify the condition (A5) for the versions of the patchworking theorem
used in [6, 18].

Lemma 8. Condition (A5) holds if

e Either u(p) = 1 for allp € pn (K*)?,
s or the surface ¥ = Torg(A) is one of P2, P? with 1 < k <3, (P')?, the
configuration p~ is contained in one toric divisor E of %, and

4, T =P?
{pepn(K)? : ulp)>1}[ < {5-E>—k, ==P}
3 T = (P12

Moreover, all the curves C in the considered sets are nonsingular along
Torg (dA), are nodal outside p, and have ordinary singularity of order m'(p) at
each pointp € p' N (K*)2.

Proof. We prove the statement only for the original data (A,g,p,m,{B°}scon)s
since the other compatible tuples can be treated in the same way.
Observe that in the first case, each curve C € C(A, g,p,m, {B°} scoa) satisfies

Y ulp) <|CnTor(dA)|—1. (17)
pepn(K*)?
pp)>1

In the second situation, except for finitely many lines or conics (which, of course,
satisfy (AS)), the other curves obey (17) by Bézout’s theorem (just consider
intersections with suitable lines or conics; we leave this to the reader as a simple
exercise).

We proceed further under the condition (17). Letp’ = {p € pN(K*)? : u(p)>1}.
Consider the family C’ of reduced irreducible curves C' € |L] of genus at most g
that have multiplicity > u(p) at each point p € p’, whose local branches centered
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along Torg (dA) are nonsingular, and for which the number of such branches
crossing the toric divisor Torg (o) C Torg (A) with multiplicity i is B for all sides
cofAandalli=1,2,...

By a classical deformation theory argument (see, for instance, [2,3]), the Zariski
tangent space to C' at C € C := C(A, g,p,m,{B°% }5coa) is naturally isomorphic to
HO(CY,J7(CY)), where CV, Jz(CV) are defined in (AS). So we have

degZ = Y, u(p)+C-Torg (dA) — |CNTor(dA)| = Y u(p)
pep’ Pep’

—CKs — |CNTor(dA)| < —CKs — 1. (18)
Hence (see [2,3]) H'(CY,J7(C")) = 0, which yields

R(CY, J7(C")) = C* —28(C) —degZ — g(C) + 1
—CKs +2g(C)—2—degZ—g(C)+1

g(C)— 1+[cnTor(94)| — 3 u(p) 2 p\F| - (g - 4(C)).
pep’ (19)

Since p\p’ is a configuration of generic points (partly on Torg (dA)), we derive that
¢(C) = g and that C is finite.

For the rest of the required statement, we assume that a curve C € C is either not
nodal outside p or has singularities on Tork (JA) or has at some point p € p N (K*)?
a singularity more complicated than an ordinary point of order u(p). Then (cf. the
argument in the proof of [11, Proposition 2.4]) one can find a zero-dimensional
scheme Z C Z' C CV of degree degZ' = degZ + 1 such that the Zariski tangent
space to C’ at C is contained in H°(CY, J,(C")). However, then one derives from
(18) that degZ' < —CKs, and hence again H'(C, 7,(C")) = 0, which in view of
(19) will lead to

(€, Tz (C*) = p\P| - 1,
which finally implies the emptiness of C. ad

3.2 Algebraic Curves over K and Tropical Curves

If C € |LA] is a curve on the toric surface Torg(A), then the closure
Cl(Val(CN (K*)?))) C R? supports an EPT-curve T with Newton polygon A
(cf. Sect. 2.2) defined by a convex piecewise linear function (5) coming from a
polynomial equation F(z) = 0 of C in (K*)?:

Fz)= Y Aw® Aw€K, co=Val(Ay), z€ (K" (20)
weANZ?

The EPT-curve obtained does not depend on the choice of the defining polynomial
of C and will be denoted by Trop(C).
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Observe also that the polynomial (20) can be written

Fi)= Y (a0+0(70)rr(@z®

weANZ?

with the convex piecewise linear function v : A — R as in Sect. 2.2 and the
coefficients a, € C nonvanishing at the vertices of the subdivision S7 of A.

3.3 Patchworking Theorems

The algebraically closed version.

Theorem 2. Given the patchworking data, a PPT-curve Q, and a configura-
tion p satisfying all the conditions of Sect. 3.1, there exists a subset C(Q) C
C(A,g,p,m,{B%}scon) of M(Q) curves C such that Trop(C) = h..Q. Furthermore,
for any distinct (nonisomorphic) curves Q1 and Qy, the sets C(Q1) and C(Q5) are
disjoint.

Remark 9. 'We would like to underscore one useful consequence of Theorem 2: The
PPT-curve Q and the multiplicities of its marked curves must satisfy the restrictions
known for the respective algebraic curves with multiple points.

The real version. In addition to all the above hypotheses, we assume the
following:

(R6) The configuration p is Conj-invariant, Val(Rp) N Val(3p) = 0, where
Rp := Fix(Conj ‘17) and Sp =p\ (Rp).

(R7) The PPT-curve Q possesses a real structure ¢ : Q — Q, G = RGUSG such
that

(i) The bijection ¥ from (A3) takes G NRG into Rp NTork (dA) and takes
G-.NS3G into 3p NTorg (JA), respectively.
(i) h(G,NRG) C Val(Rp), h(GoNIGNTY) C Val(3p).
(iii)) RGNG™ N3T = 0.
(iv) If ye Gon3GNST, mt(y) = (1,0), then mt(c(y)) = (0,1).
(v) Ife €TL, e C RT, then w(e) is odd.

Theorem 3. In the notation and hypotheses of Theorem 2 and under assumptions
(R1)—(R7), the following holds:

> Wsp(C)=W(Q), 1)

ceRe(0)

where RC(Q) is the set of real curves in C(Q), and Wy 5(C) is as defined in (1).
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3.4 Proof of Theorem 2

Our argument is as follows. First, we dissipate each multiple point p € p of
multiplicity k£ > 1 into k generic simple points (in a neighborhood of p), and then,
using the known patchworking theorems ([13, Theorem 5] and [16, Theorem 2.4])°,
we obtain M(Q) curves C € | L] of genus g matching the deformed configuration g.
After that, we specialize the configuration g back into the original configuration p
and show that each of the constructed curves converges to a curve with multiple
points and tangencies as asserted in Theorem 2.

Remark 10. The deformation part of our argument works well in a rather more
general situation, whereas the degeneration part appears to be more problematic,
and at the moment we do not have a unified approach to treating all possible
degenerations that may lead to algebraic curves with multiple points.

Following [13, Sect. 3], we obtain the algebraic curves C over K as germs of one-
parameter families of complex curves C\), 1 € (C,0), with irreducible fibers c\,
t # 0, of genus g and a reducible central fiber C(?). The given data of Theorem 2
provide us with a collection of suitable central fibers C(?) out of which we restore
the families using the patchworking statement [13, Theorem 5].

Step 1. We start with a simple particular case that later will serve as an element of
the proof in the general situation. Assume that Q is a rational, simple, regularly end-
marked PPT-curve, h.Q C Ri is a (compactified) nodal embedded plane tropical

curve, p C Torg(dA), G = Goo, X =X, and p Wxd Gare bijections. Here M(Q)
is given by formula (9), and this number of required rational curves C C Torg (A) is
obtained by a direct application of [13, Theorem 5].

The combinatorial part of the patchworking data for the construction of curves
over K consists of the tropical curve Q that defines a piecewise linear function v :
A — R and a subdivision S : A=A;U---UAy (see Sect. 2.2). The algebraic part
of the patchworking data includes the limit curves C; C Tor(Ay), the deformation
patterns C, associated with the (finite-length) edges e € T'! (see [13, Sect. 5.1] and
[16, Sect. 2.1]), and the refined conditions to pass through the fixed points (see [13,
Sect. 5.4] and [7, Sect. 2.5.9]).

First, we orient the edges of I' as in Lemma 3(ii). Then we define complex
polynomials f,, e € 1_“1, and f,, v € T?, by the following inductive procedure. At
the very beginning, for the I'-ends e with marked points v, we define

folx,y) = (nixP — EPyTye), (22)

where u(e) = (p,q) and (&,n) are quasiprojective coordinates of the point ini(p)
on Tor(e) C Tor(A) such that y = y(p) (here y is the bijection from condition (A3)
above). We define a linear order on '’ compatible with the orientation of T". On each

5The complete proof is provided in [16].
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stage, we take the next vertex v € IV and define fv and f,, where e is the edge
emanation from v. Namely, the polynomials f,, , f., associated with the two edges
merging to v determine points z; € Tor(oy), zo € Tor(o2) on the surface Tor(A,),
where 071,07 are the sides of A, orthogonal to A(e;), h(e), respectively, and we
construct a polynomial f, with Newton polygon A, that defines an irreducible
rational curve C, C Tor(A,), nonsingular along Tor(dA,), crossing Tor(e;) at z,
i=1,2, and crossing Tor(e) at one point z (at which one has (C, - Tor(e)),, = w(e)).
By [13, Lemma 3.5], up to a constant factor there are |A,|/(w(e;)w(e2)) = M(Q,v)
choices for such a polynomial f,. After that, we define f,(x,y) via (22) with &,n
the (quasihomogeneous) coordinates of zy in Tor(o), where o is the side of A,
orthogonal to 4(e). Thus the limit curves C; C Tor(A;) are C, for the triangles

Ay dual to h(v), and they are given by f,, fe,, where ej,e; € I appear in the
decomposition (6) of a parallelogram Ay.

The set of limit curves is completed by a set of deformation patterns (see [13,
Sects. 3.5 and 3.6]) as follows. Namely, for each edge e € "' with w(e) > 1, the
deformation pattern is an irreducible rational curve C, C Tor(A,), where A, :=
conv{(0,1),(0,—1),(w(e),0)}, whose defining (Laurent) polynomial f,(x,y) has
the zero coefficient of x*()~! and the truncations to the edges [(0, 1), (w(e),0)]
and [(0,—1),(w(e),0)] of A, fitting the polynomials f,,, f,,, where vi,v, are the
endpoints of e (see the details in [13, Sects. 3.5 and 3.6]). Recall that by [13, Lemma
3.9], there are w(e) = M(Q, e) suitable polynomials f,.

The conditions to pass through a given configuration p do not admit a refinement.
Indeed, following [13, Sect. 5.4], we can turn a given fixed point p into (£,0), & =
&0+ 0(t>%) € K, by means of a suitable toric transformation. Then, in [13, Formula
(6.4.26)], the term with the power 1 /m will vanish.”

The above collections of limit curves and deformation patterns coincide with
those considered in [13]; the transversality hypotheses of [13, Theorem 5] are
verified in [13, Sect. 5.4]. Hence, each of the

[TM@v)- T]M(Q,e) =M(Q)

vero ecT!

above patchworking data gives rise to a rational curve C C Torg (A) as asserted in
Theorem 2. Notice that all these curves are nodal by construction.

Step 2. Now we return to the general situation and deform the given configuration
p into the following new configuration q.

We replace each point p = (£¢¢+--- nt® +---) € pN (K*)? with multiplicity
w(p) > 1 (defined by (13) or (14)) by u(p) generic points in (K*)? with the same
valuation image Val(p) = (—a,—b) and the initial coefficients of the coordinates

"The mentioned term contains 177, the initial coefficient of the second coordinate of p, and not £?
as appears in the published text. The correction is clear, since in the preceding formula for 7 one
has just n?

justny.
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close to &,m € C*, respectively. Furthermore, we extend the bijection y from (A3)
up to amap y : ¢ — G in such a way that

* Vall_=howy.

* Each point y € G\ T has a unique preimage, and each point y € GNT? has
precisely two preimages.

o If ye GUN\TO, h(y) =x, then y~!(y) is close to p; , or to P2 according to
whether mt(y) = (1,0) or (0,1). '

o Ifye G NIY, h(y) =x, then y~!(y) consists of two points, one close top)
and the other close to p, ...

Next we construct a set C' C C(A,8,4,1,{B%}scoa) of M(Q) curves with the
tropicalization /.Q. By Lemma 8, they are irreducible, nodal, of genus g, and with
specified tangency conditions along Torg (dA).

Step 3. Similarly to Step 1, we obtain the limit curves from a collection of
polynomials in Clx,y] associated with the edges and vertices of the parameterizing
graph I" of Q:

®
(ii)

(iii)

(iv)

Let y € G\ I lie on the edge ¢ € T . Then we associate with the edge e a
polynomial f,(x,y) given by (22) with the parameters described in Step 1.

Let y € Gy be a (trivalent) vertex v of T'. Then f,(x,y) is a polynomial
with Newton triangle A, (see Sect. 2.2) defining in Tor(A,) a rational curve
C, € |L4,] that crosses each toric divisor of Tor(A,) at one point, where it is
nonsingular, and that passes through the two points ini(y~!(y)). Observe that
by [15, Lemma 2.4], up to a constant factor there are precisely |A, | polynomials
fv as above. (Although the assertion and the proof of [15, Lemma 2.4] are
restricted to the real case, the proof works well in the same manner in the
complex case regardless of the parity of the side length of A,.)

Edges emanating from a vertex v € T N Gy do not contain any other point
of G due to the A-general position, and we define polynomials f, for them
by formula (22), where £,7 are the (quasihomogeneous) coordinates of the
intersection point of C, with Tor(c), with o the side of A, orthogonal to /(e).
Pick a connected component K of 1_"\ G and orient it as in Lemma 3(ii). Then
we inductively define polynomials for the vertices and closed edges of K: In
each stage we define polynomials f,, and f, for a vertex v and a simple closed
edge e emanating from v, whereas the polynomials f,/ for all the edges ¢’ of
K merging to v are given. Each of the latter polynomials defines a point on
Tor(dA,), and these points are distinct. We denote their set by X. Then we
choose a polynomial f,(x,y) with Newton triangle A, defining an irreducible
rational curve C, C Tor(A,) that

* is nonsingular along Tor(dA,)

« crosses Tor(dA,) at each point z € X with multiplicity w(e’), where the edge
¢ el merging to v is associated with a polynomial f, that determines the
point z

* crosses Tor(dA,) \ X at precisely one point zg.
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Notice that zp is the unique intersection point of C, with the toric divisor
Tor(o) C Tor(A,), where o is orthogonal to h(e), and (C, - Tor(0));, = w(e).
We claim that up to a constant factor there are precisely M(Q,v) polynomials f,, as
required.

The case of a trivalent vertex v was considered in Step 1. In general, observe that
the set of the required curves is finite, since we impose

(Cv . TOI‘(&AV)) —1= _CVKTOI'(AV) —1

conditions on the rational curves C,, € | L, |, and the conditions are independent by
Riemann—Roch. The cardinality of this set depends neither on the choice of a generic
configuration of fixed points on Tor(dA,) nor on the choice of an algebraically
closed ground field of characteristic zero. Thus, we consider the field K and pick
the fixed points on Torg(dA,) so that the valuation takes them injectively to a A,-
generic configuration in 8Riv. Then the rule (M5) and the construction in Step
1 provide M(Q,v) curves as required. The fact that there are no other curves under
consideration follows from a slightly modified Mikhalkin’s correspondence theorem
(for details, see, for instance, [18]).

We then define f,(x,y) via (22) with £,1 the (quasihomogeneous) coordinates
of zg in Tor(o).

Summarizing, we deduce that the number of choices of the curves C,, v € 19,
and C,, e € 1_"1, is

I1 M(Q.v).

ver?
Step 4. Now we define the limit curves, the deformation patterns, and the refined
conditions to pass through fixed points.

For each polygon A; of the subdivision S of A, the limit curve C, C Tor(A) is
defined by the product of the polynomials f,, f, constructed above corresponding to
the summands in the decomposition (6) of Ay.

The deformation pattern for each edge e € T'! such that w(e) > 1 is defined in the
way described in Step 1.

Finally, the condition to pass through a given point ¢ € g such that y= w(q) € G

lies in the interior of an edge e € T with w(e) > 1 admits a refinement (see [13,
Sects. 5.4] and [7, 2.5.9]) that in turn is defined up to the choice of a w(e)th root of

. =l .
unity, where e € I" contains 7.
So, the total number of choices we made up to now is

T[T M) TT M(Q,e)- [T M(Q,y) =M(Q).

ver? ecT'! yeG

Step 5. Let us verify the hypotheses of the patchworking theorem from [13, 16].
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First, the requirement on the limit curves (see [13], conditions (A), (B), (C) in
Sect. 5.1, or [16], conditions (C1), (C2) in Sect. 2.1) is ensured by the generic choice
of ini(g), ¢ € g. Namely, the limit curves do not contain multiple nonbinomial
components (i.e., defined by polynomials with nondegenerate Newton polygons),
any two distinct components of any limit curve Cy, C Tor(A) intersect transversally
at nonsingular points all of which lie in the big torus (C*)? C Tor(Ay), and finally,
the intersection points of any component of a limit curve C; with Tor(dA;) are
nonsingular.

The main requirement is the transversality condition for the limit curves and
deformation patterns (see [13, Sect. 5.2] and [16, Sect. 2.2]), which is relative to the
choice of an orientation of the edges of the underlying tropical curve. In [13, 16],
one considers an orientation of edges of the embedded plane tropical curve (cf. Sect.
2.2), which in our setting is just 4.(Q) C R?. Here we consider the orientation of
the edges of the connected components of T\ G as defined in Lemma 3(ii). Since
this orientation does not define oriented cycles and since the intersection points of
distinct components of any limit curve with toric divisors are distinct, the proof of
[13, Theorem 5] and [16, Theorem 2.4] with the orientation of T" is a word-for-word
copy of the proof with the orientation of 4(T"). Moreover, comparing with [13, 16],
here we impose extra conditions to pass through the points ini(q), ¢ € g.

The deformation patterns are transversal in the sense of [13, Definition 5.2], due
to [13, Lemma 5.5(ii)], where both inequalities hold, since the deformation patterns
are nodal ([13, Lemma 3.9]) and thus do not contribute to the left-hand side of the
inequalities, whereas their right-hand sides are positive.

The transversality of the limit curve C; C % := Tor(A) in the sense of [13,
Definition 5.1] means the triviality (i.e., zero-dimensionality) of the Zariski tangent
space at Cy to the stratum in |£y, | formed by the curves that split into the same
number of rational components as C; (i.e., the components of C; do not glue up
when one is deforming along such a stratum), each of them having the same number
of intersection points with Tor(dA;) as the respective component of C; and with
the same intersection number, and such that all but one of these intersection points
are fixed. In other words, the conditions imposed on each of the components of
C. determine a stratum with the one-point Zariski tangent space. Indeed, the above
fixation of intersection numbers of a component C’ of C; and all but one intersection
point of C’ with Tor(dAy) has imposed —C’'Ks, — 1 conditions, all of which are
independent due to Riemann—Roch on C'.

Thus, [13, Theorem 5] applies, and each of the M(Q) refined patchworking data
constructed above produces a curve C C Torg (A) as asserted in Theorem 2.

Step 6. Now we specialize the configuration g to p and prove that each of the curves
C € C' constructed above tends (in an appropriate topology) to some curve C € [Lal-

To obtain the required limits, we introduce a suitable topology. Since the
variation of g does not affect its valuation image, the same holds for the (variable)
curves C' € C’, and hence one can fix once and for all the function v : A — R.
Then, writing each coordinate of any point g € g as X = ¢~ V() (¢) and each
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coefficient of the defining polynomials of C as Ay = V(g (t), and assuming
(without loss of generality) that all the exponents of 7 in the above coordinates and
coefficients are integral, we deal with the following topology in the space of the
functions W, (1) holomorphic in a neighborhood of zero: Take the C° topology in
each subspace consisting of the functions convergent in |¢| < € and then define the
inductive limit topology in the whole space.

So we assume that the variation of g reduces to only variation of ini(gq),
q € g (K*)?, whereas the reminders of the corresponding series in 7 are unchanged.

To show that the families of the curves C € C’ have limits, we recall that their
coefficients appear as solutions to a system of analytic equations that is soluble
by the implicit function theorem due to the transversality of the initial (refined)
patchworking data (cf. [13, 16]). Thus, to confirm the existence of the limits of the
curves C € C', it is sufficient to show that the system of equations and the (refined)
patchworking data have limits and that the latter limit is transverse. In particular,
we shall obtain that in each coefficient A, = 1V(?) ¥, (1), @ € ANZ2, the factor ¥,
converges uniformly in the family.

We start with analyzing the specialization of limit curves. Since the given tropical
curve Q stays the same, we go through the curves C,, v € % and C,, e € T‘l.
Clearly, the curves C,, e € Tl, keep their form (22) with the parameters £, 1) possibly
changing as ini(g) tends to ini(p), p € p. Similarly, the curves C, corresponding to
the vertices v € TV of valency 3 remain as described in Step 1, i.e., nodal nonsingular
along Tor(dA, ), and crossing each toric divisor at one point. Furthermore, the curves
C, corresponding to the nonspecial vertices v € I'? of valency greater than 3, remain
as described in Step 3, paragraph (iv), since the intersection points of C, with
the toric divisors that correspond to the edges of T, merging to v, do not collate
and remain generic in the specialization, since they are not affected by possible
collisions of the points ini(q), ¢ € g. So let us consider the case of a special vertex
v € TV, By (T4), C, cannot split into proper components, and hence it specializes to
an irreducible rational curve. Furthermore, the intersection points of C, with toric
divisors that correspond to the special edges may collate, forming singular points,
centers of several smooth branches.

So finally, the transversality conditions for such a curve reduce to the fact that the
Zariski tangent space at C,, to the stratum in | £, | consisting of rational curves with
given intersection points along the two toric divisors that are related to the oriented
edges of T merging to v is zero-dimensional. These are precisely the same stratum
conditions as in Step 5, and the argument of Step 5 (Riemann—Roch on the rational
curve C,) shows that all the —CyKry(,) — | conditions defining the stratum in the
Severi variety parameterizing the rational curves in |£,, | are independent.

Next, we notice that by assumption (T4), the possible collision of intersection
points of C, with Tor(dA,) concerns only transverse intersection points (i.e., those
that correspond to edges of weight 1), and hence affects neither the deformation
patterns nor the refined conditions to pass through p. Thus, each of the curves
C € (' degenerates into some curve C € |£a] that is given by a polynomial with
coefficients A, = tY(®)¥, (1), ® € A, containing factors ¥, convergent uniformly
in some neighborhood of 0 in C.
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Remark 11. (1) Observe that the genus of C does not exceed the genus of C.

(2) Notice also that there is no need to study refinements of possible singular points
appearing in the above collisions of the intersection points of C,, with Tor(dA,).
Indeed, the number of transverse conditions we found equals the number of
parameters; hence no extra ramification is possible.

Step 7. Next we show that at each point p € p with p(p) > 1, the obtained curve C
has u(p) local branches.

Considering the point p € (K*)? as a family of points p{*) € (C*)2, t # 0, we
claim that the curves C¥) C Tor(A) have pi(p) branches at p), 1 # 0. Indeed, we
will describe how to glue up the limit curves forming C when € deforms
into C1), ¢ 2 0. Our approach is to compare the above gluing with the gluing of
the hm1t curves in the deformation of C(%) into C®), ¢ # 0, where C € C’ passes
through the configuration ¢, and this comparison heav11y relies on the one-to-one
correspondence between the limit curves of C and C € C’ established in Step 6.

Letq,,...,q, be all the points of the configuration g that appear in the dissipation
of the point p € p (cf. Step 2), and let %, = w(g;), i = 1,...,s, be the corresponding
marked pointson T, so that % € ¢; € T, i=1,...,s. If the edges h(e;), h(e;) intersect
transversally at V = h(y;) = h(7;), then V is a vertex of the plane tropical curve
h.(Q) dual to a polygon Ay of the corresponding subdivision of A. The components
Ci,C; C Tor(Ay) of the curve C(¥) passing through ini(g;),ini(q;) € (C*)?
Tor(AV) respectively, intersect transversally in ((C*) and their intersection points
n (C*)? do not smooth up in the deformation C), 7 # 0, and the same holds for
the corresponding components C;,C; of C(?) meetmg at ini(p) € (C*)? C Tor(Ay),
since the smoothing out of an intersection point ini(p) of C; and C‘ i would raise the
genus of C above the genus of C, contrary to Remark 11.

Suppose that in the above notation, A(e;) and h(e;) lie on the same straight
line, but e;,e; have no vertex in common (see Fig.3a). We consider the case
of finite-length edges e;,e;; the case of ends can be treated similarly. Let v,',vf»
be the Vertices of e;, and let vj,v’j be the vertices of e;. Their dual polygons

A (see Sect 2.2) have sides E,,EI,EJ,E; orthogonal to A(e;). In the

deformation C< ) — €W, 1 0, the limit curves C; C Tor(A,,) and C! C Tor(A, )

passing through inl(qi) € Tor(E;) = Tor(E]) glue up to form a branch centered

at qft), and similarly the limit curves C; C Tor(A,;) and C; C Tor(A ) passing

V,7 v) V7 v

through ini(q;) € Tor(E;) = Tor(E %) glue up to form a branch centered at q5 ). The

same happens when C specializes to C and q;,9; specialize to p, since again the
aforementioned restriction g(C) < g(C) does not allow the limit curves C;,C! to
glue up with the limit curves C; s C

The remaining case to study is glven by the tropical data described in condition
(T7), Sect. 3.1. Without loss of generality we can assume that all the edges ey, ..., e
have a common vertex v and that their 4-images lie on the same line (see an example
in Fig.3b). Applying an appropriate invertible integral-affine transformation, we
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Fig. 3 Illustration to Step 7 of the proof of Theorem 2

can make the edges ey, ..., e, horizontal and the point x = Val(p) € R? to be the
origin. Correspondingly, v = (—a,0), v; = (;,0), i =1,...,5, with0 < og < --- <
o < oo and

a> Y 20 . (23)

1<i<s—1

In what follows we suppose that ¢ < eo. The case 0, = oo admits the same treatment
as the case of finite o > 0.

Letg; =y~ !(y), 1 <i<s, be the points of the configuration g that appear in the
deformation of the point p described in Step 2. Our assumptions yield that

p=CE+0"),n+0(t7"), ¢;=E&E+0E),mi+010), i=1,....s,

with some £, € C*, & close to &, n; close to 1, i = 1,...,s. Furthermore, the
triangles A, and A,; dual to the vertices v and v;, 1 <i <, respectively, have vertical
edges 0 C dA, and 0; C dA,,, 1 <i<s, along which the function v (see Sect. 2.2) is
constant. By assumptions (T4)—(T6), the limit curve C, C Tor(A,) crosses the toric
divisor Tor(o) at the points 1y, . .., 1); with total intersection multiplicity s, and each
of the limit curves C,, C Tor(A,,), 1 <i <, crosses the toric divisor Tor(o;) at the
unique point 7); transversally, and the corresponding limit curve év,- crosses Tor(o;)
at the point 7 transversally, too.
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Now we move the points q,...,q,, keeping their x-coordinates and making
(q1)y="---=1(q;)y = (p)y. As shown in Step 6, the curve C (depending on
qy,---,q,) converges to a curve C' with the same Newton polygon, genus, and
tropicalization, and the limit curves of C componentwise converge to limit curves
of C'. Consider now the polynomial F(x,y) := F’(x,y+ (p)y), where the polynomial
F’(x,y) defines the curve C'. As in the reﬁnement procedure descrlbed in [13, Sect.
3.4] or [7, Sect. 2.5.8], the subdivision of the Newton polygon A of F contains the
fragment bounded by the triangle 6 = conv{(0,0),(1,s),(s+1,0)} (see Fig.3d),
which matches the points gy, ...,q,. The corresponding function V : A — R takes
the values

v(0,0) =0, V(l1,5)=0, V(kss+1—k)= > o, k=2, 5+1

1<i<k

along the inclined part of 3. The tropical limit of F restricted to the above fragment
consists of a subdivision of § determined by some extension of the function V inside
6 and of limit curves that must meet the following conditions:

 These limit curves glue up into a rational curve (with Newton triangle 0), since
in the original tropical curve, the aforementioned fragment corresponds to a tree
(see Fig. 3b). B

* The intersection points g of the curve Cg := {F5 = 0} with the line x = (p), such
that Val(g), < 0 converge top as qy,...,q, tend to p, where Fj is the sum of the
monomials of F matching the set AN Z?, and the convergence is understood in
the topology of Step 6.

 The subdivision of & contains a segment G of length s lying inside the edge
[(0,0), (s + 1,0)], along which the function Vv is constant and such that the
corresponding toric divisor Tor(G) intersects the limit curves at the points

ST

These restrictions and inequality (23) leave only one possibility: the subdivision
of & shown in Fig. 3c,d (the subdivision (c) for the case o > ot + - - - + ¢, and the
subdivision (d) for the case o < o + - -+ + ). The limit curve Cs C Tor(8') for
a triangle 8’ C & having a horizontal base splits into H(8) distinct straight lines
(any of them crossing each toric divisor at one point), where H (') is the height.
The limit curve Cg C Tor(8’) for a trapeze 8’ C & splits into H(8') straight lines as
above and a suitable number of straight lines x = const (which reflect the splitting of
the trapeze into the Minkowski sum of a triangle with a horizontal segment). All the
limit curves are uniquely defined by the intersections with the toric divisors Tor(o”)
for inclined segments ¢’ (in our construction, these data are determined by the points
g\{q:,....q,} and by the condition (g;), = --- = (g,)y = 0) and by intersections
with Tor(G) introduced above. When ¢q,...,q, tend to p, the subdivision of &
remains unchanged, whereas the limit curves naturally converge componentwise.
Then we immediately derive that components of the limit curves passing through
ini(p) do not glue up together in the deformation C), ¢ € (C,0), since otherwise,
the (geometric) genus of CW, 1 # 0, would jump above the genus of C, which is
impossible (see Remark 11).
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Step 8. By assumption (A5), Sect. 3.1, the curves ¢ c Torg (A) are immersed,
irreducible, of genus g, have multiplicity u(p) at each point p € p N (K*)?, and
satisfy the tangency conditions with Torg (dA) as specified in the assertion of
Theorem 2. It remains to show that we have constructed precisely M(Q) curves C.

Indeed, condition (16) implies that for any dissipation of each pointp € pn (K*)?
into u(p) distinct points there exists a unique deformation of C into a curve C € C
such that a priori prescribed branches of C at p will pass through prescribed points
of the dissipation.

Finally, we notice that the sets C(Q;) and C(Q,) are disjoint for distinct
(nonisomorphic) PPT-curves 01,0,. Indeed, the collections of limit curves as
constructed in Steps 1 and 3 appear to be distinct for distinct curves Q0 and Q»
and the given configuration p. U

3.5 Proof of Theorem 3

The curves C € RC(Q) constructed in the proof of Theorem 2 are immersed, and
hence the formula (1) for the Welschinger weight applies. Thus the left-hand side of
(21) is well defined.

Next we go through the proof of Theorem 2, counting the contribution to the
right-hand side of (21).

First, we deform the configuration p as described in Step 2, assuming that the
deformed configuration g is Conj-invariant and that the map y : § — G sends Rg =
g NFix(Conj) to RG and sends Ig = g\ Rq to 3G, respectively. In particular, if
p € NP, and the points Val(p) is an image of r points of RGN RT and s pairs
of points of RGN 3T, then p deforms into r real points and s pairs of imaginary
conjugate points.

Notice that the replacement of p by g causes a change of sign in the left-hand side
of (21) and a change in the quantity of the real curves in the count on the right-hand
side of (21). We now explain the change of sign: The dissipation of a real point p as
in the preceding paragraph means that for each curve C € C’, we count an additional
r real solitary nodes in a neighborhood of p, since in the nondeformed situation,
the point p should be blown up for the computation of the Welschinger sign. This
change is reflected in the sign (—1)"1, £; = [ RGN ST /2, in the right-hand side of
formula (10).

Next we follow the procedure in Steps 3 and 4 of the proof of Theorem 2
and construct Conj-invariant collections of limit curves, deformation patterns, and
refined conditions to pass through fixed points:

+ By [13, Proposition 8.1(i)], the existence of an even-weight edge e € T'!, ¢ C RT,
annihilates the contribution to the Welschinger number, and hence by (R7)(v),
we can assume that all the edges ¢ C RT have odd weight. In particular, with the
finite-length edges e C RT" one can associate a unique real deformation pattern
with an even number of solitary nodes (cf. [15, Lemma 2.3]).
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+ The limit curves associated with the vertices of RI" contribute as designated in
rules (W2)—(W4) in Sect. 2.6 (cf. [15, Lemmas 2.3, 2.4, and 2.5]).

e The construction of limit curves and deformation patterns associated with the
vertices and edges of 3T (a half of 3T) contributes as designated in rules (W1)—
(W3) (cf. the complex formulas in the proof of Theorem 2 and [15, Sect. 2.5]).
Accordingly, the data associated with ST are obtained by conjugation.

e The refinement of the condition to pass through fixed points contributes as
designated in rule (W2), since we have a unique refinement for y € RT and w(e)

refinements for y € e € 3T

The remaining step is to explain the factor 22, ¢, = (|]SGN3IT| — by(3T))/2, in
formula (10). Indeed, when constructing the limit curves associated with the vertices
of 3T, we start with the respective fixed points, which are all are imaginary in the
configuration g, and thus we choose a point in each of the \GﬁSl_"/| =|GN3T|/2
pairs of the corresponding points in g.

Observe that in the degenerationg — p, | RGN 31_"/| pairs ofs imaginary points of
g merge to real points in p, which leaves only |[3G N 3T|/2 choices in the original
configuration p. After all, we factorize by the interchange of the components of 3T,
arriving at the required factor 22, t
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